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A CHARACTERISTIC RELATION IN FIBRE BUNDLES.* * 


By ALFRED ADLER. 


A problem posed by S. S. Chern can be stated as follows: Given a fibre 
bundle (M,X,F,G,p), whose base space X and bundle space M are Rie- 
mannian manifolds, and whose fibre is a homogeneous space of G, what are 
the Pontrjagin characteristic classes of M in terms of those of XY and F? 
If F is of the form G/K, G a compact Lie group and K a closed connected 
subgroup of G, an answer is given by Theorem 2. 


This paper consists of two parts. In the first, the object is to find the 
curvature form of M in terms of those of XY and F’; the result (for the 
frame bundles) is the content of Theorem 1. In the second part, this 
curvature form is inserted in the Pontrjagin polynomials of M, which then 
split into tensor products, giving Theorem 2. 


The numbers [1], [2], [8] refer to the bibliography. 


Frame bundles. Let (M,X,F,G,p) be a fibre bundle, XY and M Rie- 
mannian manifolds, G a compact Lie group, and F—G/K, K a closed 
subgroup of G. B(X), B(F), B(M) will denote the bundle spaces of the 
frame bundles of XY, F, M (with respect to Riemannian metrics which will 
be defined in the next paragraphs); and O(X), O(F), O(M) will denote 
the orthogonal groups which are the fibres of these bundles. MN and n will 
denote, respectively, the dimensions of X and F. 

The definitions of connections and curvature forms can be found in [1]. 

Let (M’, X, G, G, p’) be the associated principal bundle of (M, X, F, G, p), 
and let P be the natural (fibre-preserving) mapping of M’ onto M. Note 
that (M’,M,K,K,P) is a fibre bundle. If ¢ is a strip map of the bundle 
(M,X,F,G,p), we denote the associated strip map of the bundle (M’, X, G, 
by 

We first define a Riemannian metric on M’. Let ( , )g be the metric 
on G given by the fundamental bilinear form (Killing form), and let ( , )x 
be a Riemannian metric on Y. Let H, be a connection (concept of horizon- 


* Received March 20, 1957. 
1 Written under DA 36-034-ORD-2164. 
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tality) in M’ with respect to the bundle (M’,X,G,G,p’), and define the 
metric ( , )a on M’ in the following way: 


(a) if t, are vectors at a point m’ of M’, with p’m’ =z and pt =j’t’ 
=0, let (t,t’)a = (¢x’"t, this is independent of the 


strip map ¢’, since the metric on G@ is invariant; 
(b) if ¢, ¢’ are H,-horizontal in WV’, let (¢,t’) a = (p’t, x; 
(c) extend this inner product bilinearly. 


Now we define a Riemannian metric on VW: Since P is fibre-preserving, 
a connection H, can be defined on M by the condition H,oP—PoH,. Then 
we define ( , ) in terms of the metrics of .Y and F (the metric of F being 
that induced by the fundamental bilinear form on G@), in the same manner 
as ( , )a was defined in terms of the metrics of X and G. 


Reduction of B(F). Let X,.- - -.X, be horizontal orthonormal left- 
invariant vector fields on G. (By this, we mean horizontal with respect to 
the following connection wr on G: Let g be the Lie algebra of G, £ the Lie 
algebra of K, and m the orthogonal complement of f in g with respect to 
the fundamental bilinear form. Then g—f+ m. If ¢ is a vector of G, 
we define wr(t) to be the f-component of the element of g resulting from 
left-translation of ¢ to all points of G.) Let & be the natural projection of G 
onto G/K, and let Ai(gK) =8(Xi(g)) (so A; depends on g, not only on 
gK). Let t= (eK,A,(eK),: - -,A,(eK)), and define a mapping A of G 
into B(F) by: A(g) = (9K, Ai(gK),: --,An(gK)). Since 
it follows that A(g) =JZ,(in). In particular, if k€ K, then A(k) = L,(it) 
=the matrix of adk with respect to the elements Y,(e),- --,Xn(e) of g, 
i.e., with respect to a basis of m. Let A(g)A(g’) =A(gqg’), and define right- 
and left-translations R4;,) and L4;,, on A(G) in the natural way. Then 
the bundle (B(F), F,O(F),O(F), pr) is reducible to the bundle (A(G@), F, 
A(K),A(K), pr), pr the natural projection of B(F) onto F. 

The connection wr on the bundle (G,F,K,K,8) gives rise to a connec- 
tion on the bundle (A(@), F,A(K),A(K), pr), denoted by adwr. Let Or 
and adQr denote the curvature forms respectively of wr and adwr. Then 
for any pair of tangent vectors ¢t, t’ at a given point of G, we have: 


(ad Qp) (A(t), A(t’) ) =ad(Qp(t, [m], 


the symbol on the right side of the equality representing the matrix of 
Or(t,t’) with respect to the basis Y,(e).- --,Xn(e) of m. adw,y is the 
canonical connection of the 24 kind. 


~2 
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Reduction of B(M). Let matrix addition be defined by 


aiy|0\ 
0 | bi 


(aij) (bis) 


Then the bundle (B,W,.O(X) @®A(K),O(Y) @A(K), pw) is defined in 


the following way: 


(1) fn)| the e; are ‘horizontal’ vectors at mm 
(with respect to the J/-metric), and the f; are vectors of the form ¢,Ai(f)— 
where m= ¢(..f), and ¢ is some strip map of the bundle (M,.Y,F,G, p).] 


(2) pay is the natural projection of B onto JM. 


(3) The strip maps ¢™ are defined as follows: Let ait 1, be 
orthonormal vector fields on a submanifold 6* of Y, and let bj, 1=1,-- -,n, 
be orthonormal vector fields on a submanifold 6” of F; let @ be a strip 
map of the bundle (MW,X,F,G,p). Let ai’, 6 be the following vector 
fields on $(0*, 0"): =¢(ai(r),0(f)), where O(f) is the zero- 
vector at f; and bj (¢(z,f)) =¢2bi(f). If the b; are chosen to be the A; 
defined previously, and if we let ¢"(¢(2,f),r@®A) equal 


(m, +, Sriva’(m), (m),- -, SAinb/ (AL) ) 


—o(zr,f) =m, O(X) A(K)—then ¢” is a strip may of the bundle 
(B(M), M,O(31),O(M), pw), and also of the bundle just defined. It follows 
from the definition of the strip maps of (B(.),M,O(M),O(M/), pw), that 
this bundle is reducible to the bundle M,O(X) @®A(K) @A(K), pw). 

The bundles px), (A(G),F,A(K), A(X), px), 
and (B,W,O(X) @ A(K),O(Y) A(K), pw) will be denoted respectively by 
B(Y), B(F), and B(M). 


(B, B(X), &(G), &(G),*). Let 
Then the following maps ® make (B,B(X),A(G@),A(G@),7) into a bundle: 
If $ is a strip map of the bundle (M,X,F,G,p), then 


Here, the e; are ‘horizontal’ (with respect to the M-metric) vectors at ¢(z, f) 


which project into the é; under p. 


) 

‘ 
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Proof that these ® are strip maps. If ¢ is defined on a submanifold U 
of X and U’ denotes the set of all points x of B(X) with px(z) € U, then ® 
maps U’ X A(G@) 1-1 onto 71(U’), with © and its inverse both C”. Also, 
any two such maps ®, ®’ differ along a fibre m*((2,é@,,- --,@y)) by a 
translation La,,); and, in fact, g depends on x, but is independent of the 


(B, X,O(X) &(G), O(X) A(G), prox). The following maps 4 
make this into a bundle: If ¢* is a strip map of @(X) and © is a strip 
map of (B, B(X),A(G@),A(G@),7), then @(z,r A(g)) = ®(¢* (2,17), A(g)), 
r€O(X). The ©’s are strip maps, since any two differ along a fibre by a 
translation of O(X) X A(G@) (this is a consequence of the fact that the 
element A(g) of the preceding paragraph is independent of the frame at z, 
i.e., independent of r). 


Lemma 1. Let ¢,¢*, 6%, ¢™ be strip maps of the bundles (M, X, F, G, p), 
B(X),B(F), BM); let & be the strip map of (B,B(X),A(G),A(G), 7) 
defined as above in terms of o. Then: 


(1) given 4, on 6*, and on 6", (0%, submanifolds of X, there 
exists a on 0") such that (¢(2,f),r A) = 1), A)) 
for any 6%, fe and r@® AE O(X) 


(2) give d™ on some submanifold 6™ of M, there exist 6, d* on some 6*, 
and $¥ on some such that CO” and 
= for any OX, fE OF, and r@ AE O(X) PA(K). 


Proof. This is a consequence of the definition of ® in terms of ¢, and 
of the type of strip map ¢™ considered in B(1/). 


Curvature. <A choice of coordinates 2, y;’ in neighborhoods in LY, F, 
and a strip map ¢ of the bundle (1/,,F,G,p), define coordinates on an 
M-neighborhood. These, together with coordinates s/, t/ on O(.Y) and A(K) 
and a strip map ¢” of 8(1/), define coordinates 2;, yj, s;, (; on a submanifold 
of B. We denote partial derivatives in the coordinate directions by .Y;, Vi. 
S;, T;. Then a change of coordinates or strip maps (new coordinates being 
denoted by bars) sends each S; into a linear combination of the S;, each 7; 
into a linear combination of the 7;, and each Y; into a linear combination 
of the Y; and 7; (the Y; and 7; span the space of vertical vectors of B with 
respect to the bundle (B, B(X),A(G@),A(G@).7), as do the ¥; and 7;.) 


\ 
( 
I 
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If m is a point of B and m=py(m), then S;(m) =dm”@(t @ 0) for 
some strip map ¢™” of B(M) and some vector ¢t of O(X). Conversely, every 
vector of the form ¢m“(t@0) is a linear combination of the Sj. 


Notation. A point (m,e,,- will be denoted by 
(m,¢i, fi); similarly, points and (f,fi,---,fn) will be 
denoted by (2,e;) and (f, fi). 

LemMA 2. Let Ag be an element of A(G) and ma point of B. Then 
= S;(Ragir). 

Proof. Let m= py(m), m’=py(Rsgm). So, for some strip map ¢ 
of (M,X,F,G,p) and some gK EF, m= 9K), e(m), (GK) ). 
Letting it follows that and 


hence that 

Ryg( ihr) = (GgK, Ai(ggK))) = (6(2, 99K), e:(m’), ).- 
Thus we have 

(*): Rag(o(7. GK), ei(m), poAi(GK)) = (p(x, Gg K), e:(m’), ). 


with pe(m) = pe(m’) = (Note that m=—¢(2,gK) and m’=¢(a, jgK).) 
It follows immediately from the definition of the coordinates s; in terms of 
the strip maps of that pe;(m) = pe;(m’) implies s;° Rag for all 
(for, if then e;(m) = (m) and e;(m’) = Thus 
equation (*) shows that RagS;— Si, since the 2;, y;,¢; coordinates of Rs,(m) 
can be seen to depend only on the 2;,y;,t; coordinates of m, not on the s; 


coordinates of m. 

Lemma 3. There exists a connection on (B,B(X),A(G),A(G@), 7) 
satisfying : 

(a) w(S;(m)) =0 for all i and all me B; 

(b) R.qgw—wo (r@e in O(X) @ A(K), «=A (identity element of G)). 


Proof. A preliminary concept of horizontality H, on B with respect to 
the bundle (B, B(X),A(G),A(G@),7) can be defined by H,S;—S;, H,T;=0, 
H,Y,—=0; this is independent of the coordinates. Let V,=I—AH,, I the 
identity. Note that H,X; is undefined. 

Let H be a connection (concept of horizonality) on B with respect to 
the bundle (B,X,0(X) XA(G),O(X) XA(G), prow); let V=I—H. 
For any tangent vector Z at a point of B, define HZ and VZ as follows: 
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1. VZ=—V,(VZ) 

2. HZ=Z—VZ. 

So HZ and VZ are well-defined, and VZ—V,Z if Z is an S;, 7, or Yj. 

To prove that H is a connection on (B,B(X),A(G@),A(G@),7), it must 
be shown that Ra,Z is H-horizontal for any Ag€ A(G@) and any H-horizontal 
vector Z on B. So suppose Z is H-horizontal. Then Z is either H-horizontal, 
or it is a linear combination of S;’s, or both. If Z is H-horizontal, then 
V (RagZ) = Vo(VRayZ) =0 since Rag preserves H-horizontality ; and if Z is 
a linear combination of S;,’s, Lemma 2 shows that V(Rj,Z) = V,( V(Ra,Z)) 
= V,(RaZ) =0. 

Thus H is a connection; let w be the 1-form of H. Then w(S;) ~0, 
and it must still be shown that R,@,.*o—w. So suppose Z is a tangent 
vector at a point m=—(m,e;,f;) of B. Let rpm, and let ¢ be a strip 
map of (M,X,F,G,p) with m = ¢(z,f) ; choose vectors f; at f with ¢2f;=f. 
Let ® be the strip map of (B,B(X),A(G@),A(G@)z) associated with ¢, and 
define po by: po(d(z’, f’), def’) = fi’), for any point (¢(2’, f’), e:’, 
Then (Z) is the invariant vector field on A(G) whose value at the point 
po(m) is pepV(Z). Now every Rg, maps H-horizontal vectors into H-hori- 
zontal vectors, and V-vertical vectors into V-vertical vectors (since 7° R,9, 
=R,o7r). Thus Furthermore, pe. Thus 
= ocd = = pgVZ=o(Z). 


Let wx be a connection on $(X) with curvature form Qy, and lect w be 
a connection on (B,B(X),A(G),A(@),7) which satisfies the two properties 
of Lemma 3; let © be the curvature form of w. Define o* (ad (ad 
and 0*(ad oy) in the following way: o* ad or(Z) = ad wpr(wZ), ad Qp(Z, 
= ad Opr(wZ,Z’), and ad wr(Z, Z’) = ador(Q(Z,Z’)). These are well- 
defined, since the canonical connection of the second kind adw,y, and its 
curvature form adQ,, are invariant under left-translations by A(G). 


THEOREM 1. o* ts a connection on B(M). Its curva- 
ture form is Q=7*Qy (o* ad + O* ad wf). 

Proof. First, it must be shown that o behaves correctly under right- 
translations by O(X) @®A(K). So let J be the unit matrix of O(.), 
and r@A any element of O(X) @A(K). Since roR,g,a—R,on and 
w° R.g@_-=w, and since wy and adw,y are themselves connections, we have 


Rr ga*o = ox ga) @ ad OF (wR, =wx(R,r) ad or (wR 
=wx(R,r) @ ad wor(ad = ox(R,r) ad or (Raw) 
=adr*(wxomr) ad A*(ad wr Ow) =ad(r © 
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Next, let 6% (m,r @ A) =m be a point of B, and let A ® B be an element 
of the Lie algebra of O(X) @A(K) with value 2@ at the point r@A. 
It must be shown that 3(¢m”(é@B)) =A ®B. So let be the 
strip maps whose existence is guaranteed by Lemma 1, and let g, 2, f be the 
points of B(X), X, F satisfying =a and f) =pu(m) ; let 
m=pu(m). Since dm%(«@0) is a linear combination of (H-horizontal) 
it follows that B) Bf). Thus: 


(a B) ) wx (% B) ) ad op (wbm™ (a B) ) 
= ox (mh (B)) Bad (opm™ (0 B) ) 
wx(b,*(2)) ad or (wd (0, (B)) = ad op(A), 


where \ is the left-invariant vector field on A(G) whose value at f is ¢/"(8). 
Since wy and adw,p are connections, it follows that (a B)) =A @ B. 
Thus, © is a connection on 8(J). 
The equation of structure gives the following expression for ©: 


Q9=do+ AG 
= (dr*wx dwo* adwr) + )(r*ox r*ox ador ad wr) 
(x*dwyx + ( 4 \r*wox A (do* ad wr (4) ad wor wo* ad wr) 


= (3r*Qy ) S (w* ad (d w* —w*o d)ad WF ) 


Let Q be the curvature form of then Q* = dow*—wo*od (see [2]), 
and so Theorem 1 is proved. 

Thus © is a connection on the frame bundle of WV. If K is connected, 
A(K) is contained in the rotation group R(n); and so if wy is chosen tom 
be a connection on the bundle of oriented frames of .\, then @ is a connection 
on the bundle of oriented frames of JV. 

If G/K is any reductive homogeneous space (that is, @ is a Lie group 
and there exists a complement m to the Lie algebra of K in the Lie algebra 
of G), then one can proceed as follows: Let Bx, Br be the bundles of bases 
of Y, and let By’ be the set of all elements (m,e,,- -,eyv,fi,° 
with m€ M, e,,- - -.ey a set of linearly independent tangent vectors at m 
which are horizontal (with respect to (WV,X,F,G,p)), and - a set. 
of linearly independent vertical tangent vectors at m. Then, on the bundle: 
(By’, Bx, Br, G,x)—G@ acts in the natural way—-w is defined as before; 
however, this bundle is not a principal bundle, and so, strictly speaking, w is 
not a connection. If wx is a connection on the bundle of bases of X, and if 
Q* denotes d°w* —w*od, then r*wx © is a connection on the 
bundle of bases of with curvature form Q = ad Op + O*¥ ad or). 


In this case, of course, ad wre is a connection on Br. 
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The characteristic ring of M. From now on, K will be assumed to be 
connected. 
Define tensors T,*, 7T,’, and T,“, on O(X), O(F), and O(4) as follows: 


(a) T,*(A,- - -,C) = (A = (ay),: -,;C=(cy) are r 
N XWN skew-symmetric matrices; 1,,: - -,1, is any set of r numbers from 
among 1,-- -,N; is any permutation of 1,,- - -,1,; is the sign 
of the permutation; and the summation extends over all such permutations, 
and all choices of -, 

(b) - -,C) are r nXn skew- 
symmetric matrices ; i,,: - -,1, is any set of r numbers from among 1,- - -,n) 


(c) TM (A,- -,C) (A4,°°°,C are r vXv skew- 


symmetric matrices, v the dimension of M; 1,,- - -,1, is any set r numbers 
from among 1,: - -,v.) 
Then 7,*(Qy,: - -,Qx), - -,Qr), and -,Q) are 2r- 


forms on B(X), A(G@), and B (the bars denote alternation with respect to 
the vector arguments). They define differential forms P,*, P,’, and P,” on 
X, F, and M, with px*P,~* =—T,* (Qyx,- -,Qx), 
and = 7," (9,- - -,9). A fundamental theorem of Weil shows that 
these differential forms are independent of the choice of connections on B(\), 


B(F), and B(M). 


Definition. P,*, are the 2r-th Pontrjagin characteristic forms 
of X, F, and MW. 


LEMMA 4. 
T.(Q, ,Q) 
== - -, r*Qx) 
(w* ad Or 4. ad °°, w* ad Or ad wr ) 


Proof. This is a direct consequence of Theorem 1. 


Interpretation of 
(w* ad + adwy,: -,o* ad Mp + ad 


M’ gives rise to a space B’ in a manner analogous to the manner in 
which M gave rise to the space B. We can consider G as a homogeneous 
space G/e; then G is a bundle over G/e, with fibre e, and we consider the 
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following horizontal orthonormal left-invariant vector fields on G (note that 
all vector fields on G are horizontal, since the fibre is e): X1,- + -,Xn are 
to be horizontal at every point with respect to the connection wp of 
(G, G/K, K, K,8) 3 Xnu,° + *,Xm— m the dimension of G—are to be vertical 
at every point, with respect to wr. Clearly, A(G@) =G@ Xe for the bundle 
(G, G/e,e,e,I); hence (B’,B(X), G,G,7’), x’ the natural projection of B’ 
onto B(X), is the bundle which corresponds to the bundle 


(B, B(X),4(G),A(G), 7). 


Let py’ be the natural projection of B’ onto M’. If we choose X,,---,Xn 
to be the same vector fields on G as the ones which defined A(G) in the 
case of the bundle (B,G/K,K,K,8), we get a natural mapping P, of B’ 
into B: Let @ be a strip map of (M,X,F,G,p), ¢’ and® the associated strip 
maps of (M’,X,G,G,p’) and (B,B(X),A(G@),A(@),7), and ©’ the strip 
map of (B’,B(X),G,G,x’) associated with ¢’. Then let P,(®’(b(z),g)) 
=(b(r).Ag), € B(X) and g€G. 


Note. Another way of defining this mapping is the following: If 
iit’ = (m’,e1’,- +, fm’) is a point of B’, then 
P,(m’) is the point (Pm’, Pe,’,- - -,Pey’, -, 


The following diagram is commutative (P° py’ = pu°P.): 


Po 
Be 


P 


M 


One can construct a connection w’ on (B’,B(X),G,G,7’) in a manner 
analogous to the construction of w in Lemma 3. Then it can easily be seen 
that there is a connection w on (B,B(X),A(G),A(G@),7) which satisfies 
the conditions of Lemma 3 and which satisfies the further condition: 
P,*»=Acuw’. It follows from the equation of structure that P,*Q =AoQ’. 

Hereafter, the connections w and »’ will remain fixed, chosen as in the 
preceding paragraph. 

Let s; =o* adQe + Q* adowy. Then s; is H-horizontal on B, and 
=ad(r@A)1s,, rBAEO(X) PA(K). 

Let S, be the following linear-transformation valued 2-form on M: If 
t, ’ are tangent vectors at a point m of M, and if T, T’ are tangent vectors 
at a point fn) of B with pyT=t and pyT’=?, 


pu | | pu’ 
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then S,(t,¢’) is the linear transformation of the tangent space to M at m 
whose matrix with respect to the basis e,,- - -,ey,f1,- is 8,(T,T’). 


Lemma 5. Let Then Po*s; =A° Sz. 


Proof. P,*s; = P,*(w* ad Qr + ad wr) = ad P,) + ad ° P,) 
= ad + adwr(A0Q’) = A(Opo’ + of’) (The second-to- 
last equality follows from the definition of the connection adw,r in terms of 
wr and A.) 


Definition. T,* defines a tensor t-” on K in the following way: Ii 
X,:--°,Z are r elements of the Lie algebra of K, then ¢,"(X,-- -,Z) 
T,F(adX[m],---,adZ[m]) (recall that the Lie algebra of G splits, with 
respect to the fundamental bilinear form, into the direct sum of the Lie 
algebra of K and its orthogonal complement m.) Since K is connected, t,” is 
invariant under K. 

Now each tensor ¢,” gives rise to a characteristic form p,” of V with 
respect to the bundle (M’,,K,K,p). We have: 


LemMa 6. The forms -,81) and p,¥ are cohomologous on M. 


Proof. It will be shown that there is a curvature form © on the bundle 
(M’,M,K,K,P) for which p*T,"(S,,- - -,S,) =#,"(Q,- -,Q@); this will 
prove the lemma. It is equivalent, however, to show that py’*i,”(Q,- - -,@) 
= Now it follows from Lemma 5 that P,*7,"(s,,- - 
=1t,P(s.,- + +,82), since A(Z) =adZ[m] for any Z in the Lie algebra of K; 
hence it must be shown that py’*i,"(Q,- - -,Q) =#,"(s2,- -.82). We will 
now prove, in fact, that © can be so chosen that py’*O = s.. 

We define a connection H” on (M’, X,G,G, p’) by the condition py’ o H’ 
=H” copy’, This is well-defined; and if w” is the 1-form of H”, it will be 
shown in the following paragraph that wo’ = py’*w”’. Thus the equation of 
structure shows that 0’ = py’*Q”. Now wr w” is a connection on the bundle 
(M’,M,K.K.P); let Q be its curvature form. Then it follows from the 


equation of structure that Q=o”*0r+0’*or. Thus 
pw’ wo * Or wr = So. 

Proof that wo’ = py’*w”. Let @ be a strip map of (M,X,F,G,p), let 
¢ be the associated strip map of (M,X,G,G,p’), and let ® be the asso- 
ciated strip map of (B,B(X),A(G@),A(G@),7); let ®’ be the strip map of 
(B’,B(X).G.G.x’) associated with ¢’. 


m 
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(a) (where H’+ V’=IJ and H”+V”=—I). For 

any vector Y of B’, 
pu H’Y pu V’Y pu Y HH” Y + V" py’ Y pu H’Y pu’ Y, 
hence py’V’(Y) = V”py’(Y). 

(b) Let b(x) be a point of B(X) and g a point of G; then 

pu'®’(b(x),9) = pu’ (x, 9), be Ai(g)) = (4,9), 

(ec) py’ = Py on Let tr’ = '(b(x),g) be a 

point of B’. So ®y(2)"'(m’) =g, and it follows from (b) that $,’*py’ (th’) 
= ($"(2,9)) = 
We now show that wo’ =w”opy’ on H’-horizontal and H’-vertical vectors of 
B’, thus completing the proof. If Z is H’-horizontal, then w’(Z) =o” (py’Z) 
=0. If Z is H’-vertical, it follows from (a) that py’Z is H’’-vertical; thus, 
if Z lies in the fibre above the point b(2) of B(X), it follows from (c) that 
= pu’ (V’Z) = =o'(V'Z) (where, of course, the 
two middle terms are extended to left-invariant vector fields). 

THEOREM 2. For any positive integer r, = 3%; p*P;* A where 
P.M, P;* are the Pontrjagin forms of M, X, and where p,-/’ is the charac- 
teristic form on M defined by the tensor t,_” on K. 

Proof. T;*(Qx,- = px*P;*, where px is the projection of B(X) 
onto XY; thus -,Qx)) Now py; and 
so it follows from Theorem 1 and Lemma 6 that: 
pu® PM == TM (O,- -,Q) = 3; pu*p*PX~ A = pu*(3; A pr-*). 
Thus == 3, 9*P~ p,-/’. 

Remark. The bundle (M’,M,K,K,p) and the mapping A of K into 
O(n) induce a principal bundle over 1 with fibre and group O(n). So 
pr® is the 27-th Pontrjagin form of M with respect to this bundle. It is known 
that the Pontrjagin forms of degree greater than 2n of a principal bundle 
with group O(n) are zero; bundle; hence p,? =0 if s > 2n. 

Corottary. If the characteristic ring of M with respect to the bundle 
(M’, M,K,K,P) is empty, then: 

(a) if rS dimension of X; 


(b) if r > dimension of X. 


This holds in particular when K is a normal subgroup of G. 
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Proof. Only the second part of this corollary remains to be proved. 
If K is a normal subgroup of G, let f be a cross-section of G/K into G, and 
let f’ be the following mapping of / into W’: f’(¢(2,gK)) =¢'(2,f(gK)). 
So f’ is defined in terms of strip maps, but is clearly independent of the 
strip map used; it is a cross-section of VW into M’, and hence the characteristic 
ring of M with respect to the bundle (M’,M/,K,K,P) is empty. 
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ON MAPS FROM SPHERES TO EUCLIDEAN SPACES.* 


By Cuune-Tao YANG. 


1. Introduction. Knaster [1] proposed the following problem: Given 
a map (continuous function) f of an (m-+n—2)-sphere S™*"-? into 
the euclidean n-space and m distinct points 2,,- - -,%m of S™"-?, does there 
exist a rotation r of S™*"-? such that f(r(z,)) =: - -=—f(r(%m))? Up to 
the present we know only several partial solutions of this problem. For 
the case n = 2, a positive answer follows from the generalized Borsuk-Ulam’s 
theorem by Hopf [2]. If m=3, n=1 and a, 2, zs are end points of 
three mutually orthogonal radii, a positive answer can be found in Kakutani 
[3]. The result of Kakutani was extended by both Yamabe-Yujobé [4] 
and Floyd [5]. The former removed the restriction on m and the latter 
removed the restriction on 2, %2, £3. The purpose of this note is to extend 
the result of Kakutani by removing the restriction on n and weakening the 
restriction On 21, Z, Z3. In fact, we shall prove 


THEOREM 1. Given a number d, 0<d=2zx/3, and a map f of an 
(n+-1)-sphere S"** into the euclidean n-space, there exist three points 2, 
of S"** such that f(x.) =f =f (xs) and the spherical distance 
between any two of 24, L2, 23 ws equal to d. 


Notice that Theorem 1 and Floyd [5] give a strong indication that 
for the case m = 3 the answer to Knaster’s problem is probably in the affirma- 
tive. The proof of Theorem 1 is roughly as follows. Let Xq be the subset 
of Sx §"*t x §" consisting of all the elements (21,722,273) such that the 
spherical distance between any two of 2;, %, Zz is equal to d. If there is a 
map f of S"*? into the euclidean n-space such that for no (2,22, %3) € Xa, 
f(x.) f(r.) =f(2,), we shall construct a map g of Yq into a (2n—1)- 
sphere S?"-! and a subset Y of Xq@ which is topologically a cylinder with the 
Stiefel manifold V,,;,. as its base. Then we arrive at a contradiction by 
proving that g is essential when restricted on one base of Y but is inessential 
when restricted on the other. For the case n= 1, Y consists of two circular 
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cylinders. If Y is replaced by either of these two cylinders, the proof we 
have is essentially the same as that in [3]. 

As in [2], the same proof yields a generalized theorem concerning maps 
from Riemannian manifolds to euclidean spaces. 


2. Preliminaries. Throughout this note, n denotes a positive integer 
and R denotes the euclidean n-space. Let S"** be an (nm -+1)-sphere with 
center Whenever p(x,y) denotes the spherical distance between 
x and y, i.e., the angle between the vectors ox and oy. Clearly p is a 
Riemannian metric on S"** and geodesics are arcs of great circles of 8". 
If 2, are three distinct points of S”"*? such that p(x, 73) = p(2z, 2,) 
= =d, then 0 << d= 22/3. 

For any fixed number d, 0 < d= 27/3, we let Xq be the subset of S™ 
consisting of all the elements (2, 22,273) such that p(22, 
= p(X3,2%,) =d. The elements of Xq are called d-triples on S"". 

‘If d< 2x/3, there is a natural homeomorphism between Xq and the 
Stiefel manifold V,,.,, consisting of all the orthogonal 3-frames with o as 
the origin. In fact, any (21,%2,2;) € Xq determines an orthogonal 3-frame 
(oy, oy», 0y;) as follows. oy, is the unit vector on oz;. oy. is the unit vector 
on the 2-plane [oz,7,] orthogonal to oy, and such that the projection of oz, 
On OY, is positive. oy, is the unit vector on the 3-plane [ox,7.7,] orthogonal 
to the 2-plane [oz,x.] and such that the projection of ov; on oy; is positive. 
The correspondence (21, 22,23) —> (041, 0Y2, 0Y3) is clearly a desired homeo- 
morphism. If d= 27/3, then for every (21,%2,%3) € Xa, %1, Vo, are on a 
great circle of S***. Therefore xz, is on the 2-plane [oz,x,] and is deter- 
mined by 2,, 72. Just as above, the d-triple (x,, 22,273) determines an orthog- 
onal 2-frame (0y;,0y.) and the correspondence (2, 22,23) —> (0491, 0Y2) gives 
a homeomorphism of X.r,/; onto the Stiefel manifold Vn,2,. consisting of all 


the orthogonal 2-frames with o as the origin. 

The function T: Xg—Xq defined by 22,23) = (X2,%3,%,) 18 a 
periodical transformation of period 3 and has no fixed point. 

Let p be a point of S**? and let S" be the n-sphere contained in S™ 
consisting of all the points x with p(p,x) =cos?((1+2cosd)/3)4 It is 
easily seen that every d-triple on with p(p,21) =p(p, 
=p(p,x;) is a (2x/3)-triple on S" and conversely every (22/3)-triple on S" 
is a d-triple on S"*?. Hence all the (27/3)-triples on S" form a subset A, 
of Xq. The set A, is homeomorphic to the Stiefel manifold V,,,,. and is 
invariant under the periodical transformation T. For n>1, A, is con- 
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nected; but for n—1, A, consists of two components each of which is 
homeomorphic to a circle and is invariant under T. 

Let I be the unit closed interval [0,1]. Then a map h: A,X I—~Xq@ 
can be constructed as follows. Given any (21, 22,73) € Ap we let II be the 
n-plane perpendicular to the 2-plane [opz,] at 0. Let (pz,) be the geodesic 
on $"*? joining p and 2, i.e., the shorter arc of the great circle 8"? N [opz,] 
with end points p, z;. For each ¢€ I we denote by o; the rotation of 8"? 
around II such that o;(2,) is the point of (pz,) with p(%,0:(21)) =tp(p, 21). 
Now we define h: Ap I> Xq by h( (a1, Le, 3), = (Le), ). 
Clearly is a homeomorphism of into h(ApX0) and 
By==h(A, X1) consists of all the d-triples (2,,2.,z;) on S"** with 2, = p. 


8. Proof of Theorem 1. Suppose that Theorem 1 is false, i.e., there 
isa map f of S"* into R" and a number d, 0< d < 27/3, such that for no 
(21, 22,2%3) € Xa, f(x.) =f (re) =f (zs). Then a map g of Xq into a 
(2n—1)-sphere S?"-? can be constructed as follows. For any (2, 2,23) € Xa 


we let 
Bi = % — + + Sons) /3, 
Bnsi = + Bonsi = Sensi — + + /3, 


3n 
ys = Bi/( +=1,-- dn. 
Notice that our assumption implies that a= %n.;—=%n,; does not hold for 
3n 
all i=1,---,n. Therefore }}8,?>0 and hence y are well-defined. Let 


the (2n—1)-sphere in R® given by 


= 1, Ui + Unsi + Uonsi = 0, 
Where w;,° *,Usn are coordinates of points in Then g(2, 22,23) 
yon) gives a map g of Xq into 


The map 7: §?"-1 defined by 


is a periodical transformation of period 3 and has no fixed point. Moreover 
qT = Tg. 
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least upper bound. Let A, and B, be as in the preceding section. Then 
for any (2, 22,73) € Bp, 9 (21, 22,73) = (71° Yan) must satisfy => 
Therefore g(B,) is a proper subset of S*"-* and hence g| Bp, i.e., the map g 
restricted on B,, is inessential. As seen in the preceding section, A, and 8, 
may be regarded as bases of a cylinder contained in Xq. Hence, if we can 
show that g|A, is essential, we arrive at a contradiction which completes 
the proof of Theorem 1. 


4. Special homology theory. In order to prove that g| Ap, is essential, 
we need the following special case of the special homology theory of Smith. 
Let X be a compact Hausdorff space and let T be a periodical transformation 
of X which is of period 3 and has no fixed point. Let p, p’ stand for 1—T, 
1+ 7'+ T? or vice versa. As seen in [6], we have, for each integer k = 0, 
a (Cech) homology group H;,(X) and two special homology groups H;°(X) 
and H,°(X), where the group Z, of integers mod 3 is used as coefficient group. 
We also have homomorphisms 


(4.1) Let X, T, 0, 1, 7 be as above. Then the sequence 


] i a 


a j i 
is exact. [6] 


(4.2) Let X, T, 0, i, 7 be as above and let Y, T, 0, 1, 7 be thew 
analogies. Then for any map g: X—>Y with gT =Tg there are induced 
homomorphisms 

g: Hy, (X) Hy, (X), Hie(X) > (X), 9g: Hil (X) (X) 
such that the diagram 
j 1 0 
Hye (X) — — (X) (X) 


Hy? (Y) ——H,(Y) (Y) — (Y) 


is commutative. [6] 


Let p be a point of S"*? where the first coordinate of f(p) attains its 
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As a consequence of (4.1) we have: 


(4.3) Let X, T, 0,1, 7 be as above. If for some integer m>0, H;(X) 
is equal to Z; or 0 according as k=0, m or not, then H,?(X) =0 or Z; 
according as k>m or not. Moreover i: Hm’ (X)—>Hm(X), j: Ho(X) 
>H and 0: Huy (X) AY (X), &=0,---,m—1, are isomor- 
phisms onto. [6] 


5. Continuation of the proof of Theorem 1. Now we return to the 
proof of Theorem 1 and assert that g|A, is essential. Since the homo- 
morphism of homology groups induced by an inessential map is always 
trivial, we have only to prove 


(5.1) The homomorphism g: Hon+(Ap) Hon+s(S*"") tmduced by 
the map g|Ap is not trivial. 


Suppose that n is even. Then H;(A,) is the same as H;(S*"-*) which 


is equal to Z; or 0 according as k =~0, 2n—1 or not [7]. By (4.3), all 
the horizontal homomorphisms in the diagram 


j 


9 g g 
H, (S2"-1) H,?(S?"-1) Hy (S2#-1) 
0 0 a 
9 g 
0 0 a 


are isomorphisms onto. Since A, and S*"" are both connected, g: Ho(Ap) 
~> H,(S?"*") is an isomorphism cnto. Hence, by (4.2), all the vertical 
homomorphisms are isomorphisms onto. In particular, 


9: Hon1+(Ap) > Hon+(S?™") 
is not trivial. 

Suppose that n—1. Then A, consists of two components and each of 
the components is topologically a circle invariant under T. It is easily seen 
that the proof above remains true when A, is replaced by either of its com- 
ponents. Hence for n=1, g: Hon1(Ap) Hon (S?"") is also not trivial. 
Notice that this is essentially the proof in [3]. 
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Suppose now that n is an odd number >1. Since Ay, consists of all 
the (27/3)-triples on S”, it contains a subset A,’ consisting of all the (27/3)- 
triples on an (n —1)-sphere S"“'. As seen in Section 2, A,’ is homeomorphic 
to the Stiefel manifold V,,. and therefore H,(A,’) is equal to Z, or 0 


according as k =0, 2n—3 or not. Therefore in the diagram 


0 0 0 


J 
H,(A,’) —> IT ,°(A,’) e- H,°'(A,’) — (A,’) 
0 | 0 0 
H,(S" 1 ) 1 ) Hy? (8S?) ) (8 ) 


all the horizontal homomorphisms are isomorphisms onto and among the 
vertical homomorphisms which are induced by the map g|A,’, the first one 
on the left is an isomorphism onto. Hence, by (4.3), all the vertical homo- 
morphisms are isomorphisms onto. Let I be the image of Hon-s"'(Ag’) in 
Hon-3®(A,) under the homomorphism induced by the inclusion map. Then 
g maps J isomorphically onto Hey-,?(S?"""). 

If n> 8, it is known [7] that Hs,3(Ap) and Hon.(Ap) are both 0. 
Therefore, by (4.1), 0: Hono?(Ap) > Hons" (Ap) is an isomorphism onto 
and hence 
(5.2) OH 


If n=3, A, is a sphere bundle over S* with respect to the projection 
22,23) Since the projection induces an isomorphism of H;(A,) 
onto H;(S*) and maps A,’ into S*, it follows that i: Hz, (Ap) > H;(Ap) 
maps I into 0. Hence (5.2) also holds for n =3. 
Now we observe the diagram 
0 a 
Hn ——> Hon-s(Ap) 
go g | g g 
0 0 4 a 
Hons? (8?"-") ‘) H on_1” (S?"-*) on-1(S?**) 


It is easily seen that Hon.” (Ap) Hen+s(Ap) is an isomorphism onto. 
Since n=3, Hon-2(Ap) =0. It follows from (4.1) that 0: Hon+” (Ap) 
— Hon.°(Ap) is an isomorphism onto. Since, by (4.3), all the homo- 
morphisms of the lower row are isomorphisms and since 


all 
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we infer from (4.2) that g: Hon+(Ap) > Hon+(S?"") is not trivial. This 
completes the proof of (5.1) and hence Theorem 1 is proved. 


6. A generalization. As in [2], Theorem 1 can be extended to a 
theorem on compact Riemannian manifolds without singularity. 

Let V/V be a Riemannian manifold without singularity. For any point 
a of M and any unit tangent vector v at a there is a geodesic beginning at a 
and tangent to v. We shall denote by (a,v,e) the point of M obtained by 
moving a point along the geodesic a distance e from a. 


THrorEM 2. Let M be a compact (n-+1)-dimensional Riemannian 
manifold without singularity and let f be a map of M into the euclidean 
n-space. Then for any e>0 there exists a point a of M and three unit 
tangent vectors v1, Vo, Vs of M at a such that the angle between any two of 
Vz, Vs ts equal to and f(a, v1,e) =f (a, V2, =f (a, Vs, €). 


The proof of Theorem 2 is the same as that of Theorem 1 except for 
afew modifications. Let V be the totality of (a, v1, v2, v3), where a is a point 
of M and v,, v2, vs are unit tangent vectors at a such that the angle between 
any two of them is equal to 27/3. If Theorem 2 is false, then there is a 
map f: 4-2" and a number e>0 such that for no (a,11, v2, v3) € V, 
f(a, =f (a, v2,e) =f (a,v3,e). Therefore we may construct a map 
g: V—>S*"* as in the proof of Theorem 1. Since M is compact, there is a 
point p of J where the first coordinate of f(p) attains its least upper bound. 
let A, be the subset of V consisting of all the elements (a, ;,v2,v3) with 
a=p. As (5.1), the map g|A, is essential. For any (a, v;, V2, 03) € Ap and 
we define (a(t), 01(¢), vs(t)) € V such that a(t) = (p, — 1, te) 
and v,(#), v.(#), v(t) are parallel displacements of v,, v2, vs along the 
geodesic a(s), OS st. Then 

( (a, V1, V2, Vs), t) (a(t), v1 (4), ve(t), ) 
defines a map h of A, XI into V with 
( (a, V1, Ve, V3), 0) == (A, V4, Ve, V3). 
Since h( A, X 1) consists of all the elements (4, v1, V2, v3) with p= (a, 11, e). 
it follows that the map g restricted on By =h(Ap X 1) is inessential. Hence 
we arrive at a contradiction. 
Theorem 2 is a generalization of Theorem 1, because the former becomes 


the latter if Jf is an (n+ 1)-sphere with the spherical distance function as 
its Riemannian metric and e=—cos((1-+ 2 cos d) /3)4. 


UNIVERSITY OF PENNSYLVANIA. 


the 
one 
0- 
in 
1en 
0. 
to 
on 
0. 
p) 
0- 
a 


CHUNG-TAO YANG. 


REFERENCES. 


[1] B. Knaster, Colloquium Mathematicum, vol. 1 (1947), pp. 30-31. 

[2] H. Hopf, “Verallgemeinerung bekannter Abildungs- und Uberdeckungssiitze, 
Portugaliae Mathematica, vol. 4 (1944), pp. 129-139. 

3. Kakutani, “A proof that there exists a circumscribing cube around any bounded 
closed convex set in R*,” Annals of Mathematics, vol. 43 (1942), pp. 1 
739-741.. 

[4] H. Yamabe and Z. Yujobé, “On the continuous functions defined on a sphere,” 

Osaka Mathematical Journal, vol. 2 (1950), pp. 19-22. 
[5] E. E. Floyd, “ Real-valued mappings of spheres,” Proceedings of the American 
Mathematical Society, vol. 6 (1955), pp. 957-959. 


— 


[6] ————, “On periodic maps and the Euler characteristics of associated spaces,” 
Transactions of the American Mathematical Society, vol. 72 (1952), pp 
138-147. 


[7] E. Stiefel, “ Richtungsfelder und Fernparallelismus in n-dimensionalen Mannig- 
faltigkeiten,’ Commentarii Mathematici Helvetici, vol. 8 (1936), pp. 3-5]. 


432 


can 


Lig 


A FORMULA FOR SEMISIMPLE LIE GROUPS.* 


By HarisH-CHANDRA. 


1. Introduction. Let G be a connected semisimple Lie group and € 
the set of all equivalence classes of irreducible unitary representations of G. 
Let 7, denote the character of any class w€ € (see [4(a)]). Then the 
Plancherel formula for @ is equivalent to the following statement. There 
exists @ unique positive measure dw on E (called the Plancherel measure) 
such that 


Ts(f) de 


for all? C.”(G@). Let denote the Dirac measure on corresponding 
to the unit mass at 1 so that 8(f) =f(1). Then the above formula may 
also be interpreted in the form 


T 


Let 7’ be a distribution and D a differential operator on G. Then, for any 
z,y€ G, we define the distribution T’—2aTy and the differential operator 
D’=2zDy as follows. T’(f)=T(f’) and D’f—Df’ (f€C.”(G@)), where 
(z€G@). Also, put —«Ty, Tr=yTz, for y=1. T is 
called invariant if e7c-*—T for all r€ G. Let 8 be the algebra of those 
differential operators D for which D=«azDy (z,y¢€G@). We say that T is an 
elgen-distribution of 8 if it is an eigen-distribution for every D in 8. Let Z 
be the center of G. Then T is an eigen-distribution of Z if zT is a numerical 
multiple of 7 for every z€ Z. It is known (see[4(a)]) that the characters 
T, (w€ €) are invariant and that they are cigen-distributions of both 3 
and Z. Hence the Plancherel formula may be regarded as an “expansion ” 
of § in terms of such invariant eigen-distributions. 

Although the existence and uniqueness of the Plancherel measure are 
known, so far no general method of computing it has been found. The object 
of this paper is to give a formula which can be regarded as a first step 
towards the determination of dw. Let G’ and S, respectively, denote the sets 


* Received December 4, 1956. 
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of regular and singular elements in G (see [4(c)]). Consider a Cartan 
subgroup A of G and let § denote the algebra of those differential operators 
on A which are invariant under all translations of A. Then for any 
fe C.*(G@), we shall define a function on A’ =A G’ of class C® in 
such a way that the following conditions hold.* 


(1) If (xe G,feC.*(G)), then = Wy. 


2 There exists a homomorphism y of 8 into © such that W., = (2)¥, 
for all z€ 8 and 


(3) For every we § and f€C.*(G), u¥, remains bounded on A’ and J 
W, vanishes outside some compact subset of A. 


(4) The mapping f—¥;, is continuous in a suitable sense (see 
Theorem 2). 


Let 1 be the rank of G. Then ANS is the union of a finite number of 
closed subgroups of A of dimension J—1. (3) implies that wW, has no 
singularities (on A) except possible jumps across AMS. Let A be the 
character group of A and 7T;(f) the value of the Fourier transform of ¥, 
at @€ A. Then it follows from (1) and (4) that 7; is an invariant distri- 
bution on G (see Lemma 17). Moreover, since Z C A, it is clear that 7; is 
an eigen-distribution of Z. For any function ¢¢€ C.*(A), let @ denote the 
Fourier transform of ¢. Then it is clear that, for any w€ §, there exists 
an analytic function on A such that (6€ C,7(A)). Let (z) 
(z€8,a€A) denote the value of (y(z))* at @. Then if W could be 
extended to a function of class C® on A, it would follow from (2) that 


Ti (2f) = xa(z) Ta(f). 
Hence except for the above-mentioned jumps, 7; would have been an eigen- 
distribution of 3. 

Let 1.(A) denote the dimension of the maximal compact subgroup of 
A/Z. We say that A is fundamental if /.(A) has the maximum possible 
value. If A is fundamental, we can select an open neighborhood B of 1 in 
A and a connected component A, of BN A’ such that 1 lies in the closure 
of A, and the following additional condition holds. 


(5) There exists an element u.€ § such that 
(1) f(1) = Lim (a) (a€ A,) 
a1 
for all f€ C,.*(G). 


*Y,=¢,F; | m. | in the notation of Lemma 18. 
ae 


e 
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Let us agree, for a moment, to ignore the complications due to the jumps. 
Then (5) implies the formula 


(II) = fig Ta(f) da (f€ (G)), 


where dé is the (suitably normalized) Haar measure on A. Therefore 
f (G) T's da, 
JA 


and since 7’; are invariant eigen-distributions of Z and 8, we should expect 
this formula to be closely related to the Plancherel formula. 

Let r(G@) be the maximum number of nonconjugate Cartan subgroups 
of G. In case r(G) —1, it is actually true that ¥, can be extended to a 
function of class C* on A for every f€ C-*(G@). Hence the above formula 
holds in this case. Moreover, it is then possible to define a mapping 
é>w(a) of A into € such that T;—=cT. (4), where c is a constant. Then 


Aa 


and, in fact this is substantially the same as the Plancherel formula for G. 
Thus if r(@) —1, the problem of the determination of the Plancherel measure 
is solved completely. This is so in particular if G is either compact or 
complex (see [4(b)]). 
Now in the general case (r(G) >1), the jumps of the function Y, 
(or its derivatives) cannot be ignored, and therefore 7; is no longer an eigen- 
distribution of 8. Nevertheless, there are good reasons to believe (see [4(c)]) 
that for suitable @€ A, Ty is intimately related to a character 7, of G. 
Hence equation (1) may still be regarded as a first step towards the deriva- 
tion of the Plancherel formula. The importance of such a relation has been 
clearly recognized by Gelfand and Graev [3]. 
Now suppose for a moment that A is compact so that A is discrete. In 
view of equation (11) (which, however, is not quite exact due to the jumps 
discrete series” (see [4(f)]) in € para~ 


of ¥,), one would expect to get a 
metrized by A. More precisely, we should expect the existence of a mapping 
which assigns to each 4 lying in a suitable subset A, of A, a discrete class 
»(a) in € such that the Plancherel measure of w(@) is cito(@), where c is a 
constant independent of @. This expectation has actually been confirmed in 
a large number of cases (see [4(f)]). 

If @ is simple, its first Betti number 5(@) is either 0 or 1. Assuming 
that A is compact, we should expect to get a discrete series in both cases. 
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So far, a general method for constructing a discrete series has been obtained 
only when 0(G) =1 (see [4(d), (e), (f)]). 

This paper is divided into two parts. The main results of Part I are 
contained in Theorem I and the Corollary to Lemma 12. We need them in 
Part II in order to carry over the results of [4(h), (i)] from its Lie algebra 
to the group G itself. Sections 4 and 5 are devoted to the verification of 
the five conditions stated above. A short account of the principal results of 
this paper has appeared in [4(j) ]. 


Part I. 


2. Proof of Theorem 1. Let f and C be the fields of real and complex 
numbers, respectively, and let G be a connected semisimple Lie group with 
the Lie algebra g, over R. Let hy be a Cartan subalgebra of g, and A the 
corresponding Cartan subgroup of @ (see [4(c),§2]). Our main object in 
this section is to prove the following theorem. 


THEORM 1. Let ay be an element in A and & the centralizer of ay in G. 
Denote the natural mapping of G on the factor space G* =G/Z by r—>2* 
(x€G). Then we can find a neighborhood B of a) in A with the following 
property. Given any compact set w in G, there exists a compact set Q* 
in G* satisfying the condition that, if rax-1€w for some a€ B and z€ G, 
then z*€ 


The proof is rather long and requires considerable preparation. First 
we need two results on nilpotent groups.: Let F be a field which is either 
R or C, and let N be a connected Lie group and n its Lie algebra over F. 
(If F = C, we assume of course that NV is a complex analytic group.) Suppose 
n is nilpotent and n™ (/—1,2,---) are ideals in n such that n@ =n, 
[n,n] C n@ (k= 1) and n® = {0} if & is sufficiently large. Furthermore 
suppose n can be written as a direct sum of two subspaces 1, me satisfying 
the following two conditions: 


(1) mm, is a subalgebra of n, 
(2) n=—n,N n™ for all 21. 
Then we have the following result. 


Lemma 1. Under the above conditions every element in N can be 
written in the form exp X,expX,, where X,€ n, and X2€ ne. 
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Without loss of generality, we may assume that N is simply connected. 
Then n being nilpotent, the exponential mapping is a one-one regular mapping 
of n onto N. We denote its inverse by t—loga (rE N). X being any 
element in N, we shall first show that for every integer k = 0, we can find 
Y,€ m, such that 


log (exp X exp(— X,) ) € ng + n@), 


We use induction on k. If k=O our assertion is true trivially. So let 
us suppose k=1. By the induction hypothesis, we can choose Y, € m 
such that Z = log(exp X exp(— Y,)) € n™. Select Z’ € n™ such that 
Z—Z’€n.. Then Z’=Z,+Z,, where (i=1,2). Hence, by 


the Campbell-Hausdorff formula, we get 


log (exp Z exp(—Z,) ) =Z —Z, mod n@*, 


Moreover, Z—Z, = (Z —Z’) + te, and therefore 


log (exp X exp(— Yi )exp(—Z)) € te + 


However, 1, is a nilpotent algebra, and therefore exp Z,exp Y, X, fof 
some 1, € Hence log(exp X exp(—X,)) € 12+ nO, 
Now taking & sufficiently large, we get X, = log (exp exp(— Xi) ) € th, 
and so exp XY,expX,. This proves the lemma. 
Let X,,---,X, be a base for n over F such that [Xi, Xj] € 2X, 
J 


(IStSjSr). Put mo) — {0}, — FX, (14SjS 1), and let 2; 
15i5j 


IIA 


denote the projection of n on given by X; and 
(j}<tsr). Let denote the Cartesian product of with itself m 


times. 


LemMA 2. Suppose N is simply connected and m is a positive integer. 
Then for each (1 Sj Sr), there exists a polynomial mapping p; of 
into (3, such that 


w;log(exp Yi exp - Ym) 
for all 


We shall prove this by induction on r—dimn. If r—1, n is abelian 


®>Let U, V be two vector spaces over F of finite dimension. A mapping p of U 
into V is called a polynomial mapping if, for every linear function 4 on V, the function 
u>XA(p(u)) (wéU) is a polynomial function on U. 


lex 
ith 
in 
G. 
* 
1g 
Y 


738 IHARISH-CHANDRA. 


and our statement is obvious. Put n* = n/FX, and 
N* == N/N,, where N, is the one-parameter subgroup of N corresponding 
to X,. Since X;, lies in the center of n, it is clear that log(exp X exp Y) 
=AX+Y (X€n,Y€FX,), and therefore the exponential mapping of n* 
onto N* is still one-one. Let X—>X* (X€n) denote the natural mapping 
of n on n*, and let 1(;)* be the image of nyj) (17 S71) under this mapping. 
Define the projection of n* on by = (XEn, 1 Sj S71). 
Then since dimn* <dimn, our induction hypothesis is applicable to n’*. 
Hence for each j, there exists a polynomial mapping q; of mttij-1) into n, 


So now suppose r= 2. 


such that 
ajlog(exp Y,- - -exp Ym) 


for Y,,---,¥mE€n. But if <r, my N(FX,) = {0}, and therefore 


On the other hand, if j7 =r, z, is the identity mapping of n. Moreover, it is 
known that (Y,,- - -, ¥m)— log(exp - -exp Ym) is a polynomial mapping 
Of mil = mir) into n (see Birkhoff [1]). Now put 


Pr(¥1,- ¥m) =log(exp Y,- - -exp Ym) Ym). 


Then since X, belongs to the center of n, it is clear that p,(Y1,- - -, ¥m) 
= pr(mr1¥1,° Hence 


and this proves our assertion for 7 =r. 


Let g, § be the complexifications of go, ho, respectively, and let G, be 
a complex analytic group with the Lie algebra g. From now on we shall 
use the notation of [4(g), (h)] without further comment. In view of the 
Corollary of Lemma 1 of [4(c)], we may obviously assume that 6(§,) = bp. 
For each root 2 (of g with respect to h), select an eleemnt X,+0 in g such 
that [H, X,] =a(H)Xa for all HE h. Define the set P of positive roots as 


in [4(h),§5], and put n= } CX,. Let A, be the analytic subgroup of G, 
aeP 


corresponding toh. If @ is a root, we denote by é, the corresponding character 
of A. so that é&(expH) —e*™ (HE). Let a, be a fixed element in A, 
and P, the subset of those roots 2€ P for which &,(a)) =1. Then if P2 
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is the complement of P, on P, we put CXa. Let 


a, be all the roots in P. Put 
n® == CXq, (kK=1). 


kSi=r 

Then it is obvious that all the conditions of Lemma 1 are fulfilled. Let N, 
and NV, be the (complex) analytic subgroups of G, corresponding to n and m, 
respectively. Also, let Nz denote the set of all elements in N, of the form 
expX (X€un-). It is well known that NV, is simply connected, and therefore 
the exponential mapping defines an isomorphism of the complex vector space n 
onto NV, (with respect to its structure as a complex manifold). Hence Nz is 
closed in N,. 

Choose a compact neighborhood B, of a) in A; such that, if «€ P2, then 
&, never takes the value 1 on B,. 


Lemma 3. Let =, denote the centralizer of a) in G, and r—>2* the 
natural mapping of G, onto G.* =G,/E-. Then for any compact set we in 
G,, we can select a compact set 2,* in G,* satisfying the following condition. 
If Ew, for some G, and a€ By, then z*€Q,*. 


We shall derive Theorem 1 from the above lemma. But in order to 
prove this lemma, we need some additional facts. 


Lemma 4. There exist compact sels 0, w2 in Ny, No, respectively, 
having the following property. Suppose n,ann2" € we for some a€ B,, n, € N, 
and n»€ No. Then n,€ and wo. 


It is well known that A,N, is closed in G, and the mapping (a,n) > an 
(a€A,.n€ N.) of A,X N, into G, is topological (see Iwasawa [5]). We 
define logn (n€N,) as before and denote by t (a€P) the Cartesian 
coordinates in the complex Euclidean space n corresponding to the base 
(Xa) <p: Then it would be enough to show that, under our assumptions, 


t.(logn,) and fa(logn.) remain bounded for every a€ P. Putta= CXz, 
0<B<a 


and let x, denote the projection of n on given by maXg—Xg (0< B<z) 
and rX¥g—0 (82a). Then from Lemma 2, there exists a polynomial 
function pg On te X te X Me such that 


t.(log (exp XY, exp X,exp Y3)) =te(X1 + Xo + + taX 2, TaXs) 


for X,,X.,X;€n. Now Since we is compact, 
it follows from what we have said above that if a’n’€w, (a’€ A,,n’E€ N,), 
then ¢,(logn’) remains bounded for every @€P. This shows that 
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t.(log(a-*n.an,n-1)) must remain bounded for every a€ P. Now suppose 
the assertion of the lemma is false. Then let B be the lowest root in P such 
that] ¢g(logn,)| + | tg(log nz)| does not remain bounded when 7, nz and a 
vary in such a way as to fulfill our assumptions. Put Y¥;—logn; (1—1, 2). 
Then* log(a-*n.a) = Ad(a*)X, and so it is clear that?” 


) = tg( (Ad(a-') —1)X2+4+,) 


+- pp(wpAd(a') Xo, rgX1,— 
Therefore 


—1)tg(X2) + te(X1) 
= ) — pg(mgAd (a-!) Xo, rgX1, — 


Now it follows from the definition of 8 and the compactness of B, that the 
right side remains bounded. Moreover, if B€ P;, then tg(X.) —=0. On the 
other hand, if B€ P., then tg(V,) —0 and (&g(a-?) — 1)-! = &¢(a)(1 — 
remains bounded for a¢ B,. Therefore, in either case, we conclude from the 
above equation that | ég(Y,)| + | ¢g(¥.)| remains bounded. As this contra- 
dicts the definition of 8, the lemma is proved. 


Corottary. There exists a compact set w* in G,* with the following 
property. If nan-*€ we for some n€ N, and a€ By, then n*€ o*. 


From Lemma 1, n= non, (no€ Hence nan“ =n,an,’n-", 
where n,’ a-'n,an,"'. Choose compact sets corresponding to Lemma 4. 
Then n.€ 2. Moreover, since N, C =,, it follows that n* = n.* € w.*. Hence 
we can take w* —o.*. 

Now we come to the proof of Lemma 3. Let U be the real analytic 
subgroup of @, corresponding to the compact real form u =f, + (—1) 4p 
of g. Then U is compact and it is well known (see Iwasawa [5]) that 
G=UA,.N,=UN,A_-. This implies that G, = UN.N,A,. Moreover =, D N,A¢. 
Now suppose € w, G,,a€ B,). Then if U, n2€ N2, 
n,€ N,.a’€ and we have 


rar? = E we. 


Therefore n,an,’n21€ Uw. Since Uw,U is also compact, we can select sets 
w;, #2 in accordance with Lemma 4, corresponding to Uwo,U. Then nz€ o, 
and r€ Uw,N,A, C Uwe®,. Hence z*€0,*, where 2,* = (Uo,)*. This 
completes the proof of Lemma 3. 


*As usual Ad(a) (w€G@) denotes the adjoint representation. 
* Here 1 stands for the identity mapping of g. 


it 
of 
b 
a 
C 
I 
¢ 


A FORMULA FOR SEMISIMPLE LIE GROUPS. i4] 


We now return to Theorem 1. Let Z be the center of G. Since Z C &, 
it is clear that, for the proof of this theorem, we may replace G by any 
other connected group locally isomorphic to it. Let us therefore assume 
that G is the real analytic subgroup of G, corresponding to go. Also, it will 
be convenient to suppose that G, is simply connected. Let y be the conju- 
gation of g with respect to go. Then » can be “extended” to a (real) 
automorphism of G, which we again denote by y. Since @ is the connected 
component of the subgroup consisting of those points of G, which are left 
fixed by 7, G@ is closed in G, Also A=A,NG (see [4(c),§2]) and 
==GN,. Therefore G*—G/= may be regarded as a subset of G,*. 
It is clear that Theorem 1 would follow immediately from Lemma 3 if we 
can show that G* is closed in G,* and the inclusion mapping of G* into 
G,* is topological. An elementary argument shows that this mapping is 
certainly continuous. Hence it is sufficient to prove the following result. 


Lemma 5. Let {z,*},+, be a sequence in G* which converges in G,* 
to some point x*. Then G* and z,* converges to in G*. 


Define the structure of a Hilbert space on g by means of the positive- 
definite Hermitian form || X |? —=—B(X,6(X)) (X€q) as in [4(h),§5] 
For any linear transformation J on g, put || T ||?—sp(T*T), where T* is 
the adjoint of 7. Then || X || —||adX || (X€ gq). We write || x || — || Ad(z) || 
(c€ G,.) and call a subset w’ of G, bounded if || z || remains bounded for 
zr€w’. Since the center of G, is finite, it is clear that w’ is bounded if and 
only if its closure in G, is compact. Select points 7,€ G and r€ G, lying 
in the cosets z,* and 2*, respectively. Then obviously 2,a97,°1—>za,r* in 
G,, and therefore || z,a 97," || remains bounded. But as we shall show below 
(Lemma 6) this implies that z,* are all contained in a compact subset of G*, 
and from this, the assertion of Lemma 5 follows immediately. Thus it 
remains to prove the following lemma. 


Lemma 6. Let w be a compact set in G. Then there exists a compact 
subset Q* of G* satisfying the condition that if raz*€Ew (EG), then 
0%. 


Let 3. be the centralizer of a) in go. Then it follows from Lemma 7 
of [4(c)] that 6(3.) = 3, and therefore (see [4(h), Lemma 10]) 4 is 
reductive in go. Moreover ho C 3, and therefore the ranks of g, and 3o are 
the same. Now it is convenient to drop our earlier notation and redefine by, 
and fh, as follows. Let hy, be a maximal abelian subspace of gp, = 30M Po. 
We extend it to a Cartan subalgebra hy of 3o. Then ho—JBy,-+5;,, where 
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hr, = bo Mf, and since the ranks of go and % are equal and 4, is reductive 
in go, Hy is also a Cartan subalgebra of go. We now introduce the notation ® 
of [4(h),§5] corresponding to the new ho. In particular, A is now the 
Cartan subgroup of G corresponding to }) and Ay—exphy,. Since hy, is 
contained in the centralizer of ad, it is obvious that a,€ A. Let a, ~a,a,, 
where a4,€ AM K and a,€ Ay (see [4(c), Lemma 7]). Clearly my, and n, 
are invariant under Ad(a,). Moreover, since hy, is maximal abelian in 4y,, 
dp. My, = {0}. Therefore Ad(a,) can never take the eigenvalue 1 in im), 
Put mo’ = 30M and let mo” be the orthogonal complement of nyo’ in 
Since Ad(a,) is unitary and Ad(a,) is self-adjoint and they commute, it 
follows that both no’ and no” are invariant under Ad(a,) and no eigenvalue 
can be 1. The same argument shows that 3y, and mp, are 


of Ad(a)) in no’ 
mutually orthogonal. 

Now let 3, mp, §, n’, 1’, n, gx (AEB) denote the complexifications of 
30> Mlp,, Bo, Moy Mo’, Mo, Gor, Tespectively, in g and similarly for the others. 
Since every element in ad(hy,) is self-adjoint, both 1’, n” are invariant under 
ad(hy). Put Ng, m”’—n’Ng (AEF). Then n)’ and are 
mutually orthogonal and invariant under Ad(a,), and 1’ n” 


where both sums are orthogonal. Moreover, Ad(a ) never takes the eigen- 
value 1 on ny”, while its restriction on n’ is the identity. Choose a base 
for g, (A> 0) consisting of eigen-vectors of Ad(a,)). Then every element of 
this base lies either in nm)’ or in n)”. Moreover, all these bases, put together 
for all > 0, form a base (.Y,,- -,X,) for n. We number the elements 1; 
in such a way that if X;€ gq, X¥;€ g, and O<A<yp, thent<j. Then it is 
obvious that X;] CX, (lSi<jsq). 
>i 


Let N, N’, respectively, be the analytic subgroups of G corresponding 
to i, No’ and put N”=expn,”. Define M and M,—expmy, as in [4(h), 
§5]. Then from Lemma 11 of [4(h)], G—=KM,N Ay, and it is obvious 
that = D N’Ay. Moreover, it follows from Lemma 1 that N= N’N’. Finally, 
since G is imbedded in the complex group G,, the center of @ is finite, and 
therefore K is compact. Therefore, we may assume without loss of generality 
that Kok. Now suppose r=kmna K,mé€ My,n€ N,a€ Ay) and 
Then (mna)ao(mna)€ and therefore 


Ao = Ao E 


* Unless it is explicitly stated otherwise, the various symbols mo, mMyp,, Mo, gor (A € 8) 
etc. are always meant to have the same meaning as in [4(h),§5] corresponding to 


the new fp. 
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where y==mna. On the other hand, 
ao = (ao *nagn-*) 


and MyMy C MC KMy while € = N. 
Therefore, since d)*w is compact, it follows from Lemma 11 of [4(h)] that 
both || || and || || must remain bounded (as « 
varies in G subject to the condition that zaya*€w). However, as we shall 
see in Lemma 7, the boundedness of || a>-tma om || implies that m remains 
within a compact subset of My. Since || m-*zm || S || m* || | z |] || m |] for any 
2€ G, it follows that || ao“naon- || also remains bounded. Now let n=non, 
(n,€ Then do = do But as we shall prove in 
Lemma 9, the boundedness of || ao~!n on." || implies the boundedness of || nz |. 
Then if we have and | 2, |= || S || m || | ne |. 
This shows that x, stays within a bounded subset of G, and therefore x* = 2,* 
within a compact subset of G*. Hence our assertion is now proved. 
We have still to prove the two results which were used above. 


LemMA 7. Suppose m varies in My in such a way that || magm" || 
remains bounded. Then ||m|| also remains bounded. 


Define a,, a, as above. Ther a@)—a,a, and a, commutes with every 
element in My since [Hp,, my,] = {0}. Therefore maym-* = (ma,m-)a2, and 
so || ma,m-? || remains bounded. Moreover, the exponential mapping being 
one-one and regular on )o, we may denote by log its inverse on exp). Then 
it would be sufficient to show that || log m || remains bounded. For this we 
need the following lemma. 


Lemma 8. Let k be an element in K. Then if n—dimcg, 
|| pkp* || 2 cosh(n- || log p— Ad(k) (log p) |!) 
for for p€ exp Po. 


Assuming this for a moment, Lemma 7 can now be proved as follows. 
We have seen that Ad(a,)) never takes the eigenvalue 1 in my, and 
Ad(a,)) = Ad(a,) on my, Hence we can find a positive number c such 
that || ¥ —Ad(a,)X || 2c|| X || for all X€ my,. Therefore, from Lemma 8, 


|| ma,m- || = n4 cosh(n-2c || log m ||) 


for all m€ My. But as we have seen above || ma,m-* || remains bounded under 
the assumptions of Lemma 7, and so the same holds for || log m || and || m |. 
Now in order to prove Lemma 8, we proceed as follows. Let EF be the 
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space of all endomorphisms of g. Put <S,T>—=—sp(S*T) (S,T€ E£), where 
S* is the adjoint of 8. This scalar product defines the structure of a Hilbert 
space on L. Let dy (X€q) denote the linear mapping of F given by 
dxyT = [ad X,T], where [8,7] —=ST—TS (8,TE€F). If XE po, ad X is 
self-adjoint, and therefore 


<8, dxT> = sp(S*[ad X, T]) =— sp([ad X, 8*]T) 
= sp((dxS)*T) = <dx8,T). 


This proves that dx is also self-adjoint. Moreover, if p—expX € exp py, it 
is obvious (by considering H as a Lie algebra under the bracket operation 
[S,7']) that exp dy is the mapping op: T— Ad(p)T Ad(p*) of 
Clearly op is also self-adjoint. Hence we can choose an orthonormal base 
(T,,- - -,7,) of consisting of eigen-vectors of dx and Let be the 
eigenvalue of dy corresponding to T; (l1SiSr). Then if T= 


(c,€ C), it is clear that o)7 => ceT;, and therefore || opT ||? = > | c; |? e. 
a 4 
Now put 7—Ad(k), where k& is some fixed element in K. Then this 
equation becomes 


| pkp* |? 


On the other hand, since || Y || = || 6(Y)|| (Y €q), 6 is a unitary transforma- 
tion of g, and therefore || 6S@* || || S || for any S€ #. Moreover, since 
6(X) =— YX, it follows that = Ad(p*kp). Therefore 


2 || pkp™* |? = || |? + |] p*kp ||? = + 
=2 > | cosh 
1Si=r 


But cosh2¢—1-+2sinh?¢ and s(t) —sinht/t= > is an 


increasing function of ¢ for {=0. Therefore 


1Si=r 
Moreover, ¢; |? = || k since Ad(k) is unitary. Now choose an 
index (1Sj Sr) such that | cjA;|—= max | cA;|. Since | S || & || 
1SiSr 


it follows that s(n-3|cA;|) Ss(|A;|), and therefore 


|| |? Sn + 2 | |? 8(Aj)? + 2 | | |) }? 


=n cosh (2n-4| cA; |). 
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On the other hand, || dxyT ||? = ca; |? and r=dim =n’. 


=3=fr 


Therefore | cjA;| =n || dxT' || and 
| || = nd cosh || dxT |) 


since coshé is an increasing function of ¢ for £20 and cosh 2t= cosh? t. 
But T= Ad(k) is unitary, and therefore 


| dxT || = || (dx) || = || (ad X) —T (ad X)T* | 
= || ad(X — Ad(k)X) || || X— Ad(k)X |. 
This proves that 
|| || = n4cosh(n-2 || — Ad(k)X ||) 


which is equivalent to the statement of Lemma 8. 
The second result which was required during the proof of Lemma 6, 
may be stated as follows. 


LemMA 9. Suppose n varies in N” in such a way that || ao naon" || 
remains bounded. Then ||n|| itself remains bounded. 


Consider the base (X,,---,X,) of n introduced during the proof of 
Lemma 6 and let (t,,- - -,¢,) denote the complex Cartesian coordinates in 
n corresponding to this base. For any 7 (1Sj4q), define the projection 
7; as in Lemma 2, and put and (OSjq). Then from 


Lemma 2, there exist polynomial functions p; on nj-1 X mj-1 such that 
tj(log(exp Y, exp + (LSj7S49) 


for Y,;,¥Y,€n. Now put X=—logn. Then it would be enough to prove 
that ¢;(X) (1=j=q) all remain bounded. Suppose this is false. Then 
consider the least index 7 such that | t;(X)| does not stay bounded. Put 


Z = = log (exp(Ad(a.?) X )exp(—X)). 

Then 

t;(Z) == t;(Ad(ao*)X) —t;(X) + pj (aja Ad X,— 7X). 
But since X; is an eigenvector of Ad(a.), Ad(a.)Xi=oX; (1SiSq), 
where c; are nonzero complex numbers. Therefore = c;*t;(X) 
and 

(c7*—1)t; (X) =t;(Z) — — 

In view of the hypothesis of the lemma and our choice of j, the right side 
remains bounded as n varies. Moreover, c; 41 if and t;(X) =0 
if Y;€ 1’. Therefore, it follows from the above equation that t;(X) remains 


3 


| | 
| 


746 ITARISH-CHANDRA. 


bounded in either case. As this contradicts the definition of 7, the lemma 
is proved. 
The proof of Theorem 1 is now quite complete. 


3. The sets V and Vg. In order to prove our next result, we need a 
simple lemma. Let W be a vector space over C of finite dimension. We shall 
call an endomorphism X of W unipotent if Y—1 is nilpotent. (Here 1 
stands for the identity mapping of W.) 


Lemma 10. Let TN and €, respectively, be the sets of all nilpotent and 
unipotent endomorphisms of W. Then X—>expX (XEN) is a one-one 
mapping of N onto €. 

Since expX —1=— X*/k!, it is obvious that expXeE € for XEN. 


For any Y € €, define log Y = } (—1)**(¥ —1)*/k. Since Y is unipotent, 
k21 
this series is actually finite, and it is clear that log Y€ NT. Our assertion now 
follows from the well-known identities (see Birkhoff [1]) Y=log(exp JY) 
(XEN) and Y—exp(logY) (Y€E€). 
Now G being as in Theorem 1, we shall prove the following result. 


LemMA 11. Let V be the open set in the real Euclidean space q, 
defined as follows. An element X of qo lies in V if and only tf the absolute 
value of every eigenvalue of adX is less than™ +. Then the exponential 
mapping of gq) into G is regular and univalent on V. 


If Xe V, it is clear that adX can never have an eigenvalue of the 
form 27(—1)4n where n is a nonzero integer. Therefore 


(1 —exp(—ad Y))/ad ¥ = (—1)™(ad X)™/(m+1)! 


m=0 
is a nonsingular transformation of go. This shows (see Chevalley [2(a), 
p. 157]) that the exponential mapping is regular at X. Now suppose 
exp X, —expX, (X1,X.€V). Put o=(1—exp(—adX,))/adX,. Then 
Ad(x) —1~exp(ad —1—Ad(z)cadX,, where 
Since Ad(z) and o are both nonsingular, it follows that Ad(z)Y —Y for 
some Y€q if and only if (adX,)Y¥—0. Let cy denote the centralizer 
of z in go. Then cy is also the centralizer of X, in go. But obviously 
Ad(z)X¥.—X., and therefore ¥,, X, commute. Hence 
=exp XY, exp(— X.) = 1. Let Ax (1S j7=7;) denote all the distinct eigen- 
values of ad X; (t—1,2). Then every eigenvalue of ad(X,—X.) must be 


7 Here w denotes, as usual, the smallest positive root of the equation sin t = 0. 
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of the form Aj;,;—Ax2. for some j and #&. Moreover it follows from the 
definition of V that |Aj:—Axe| <2. Hence exp(Aj:—Ax2) 1 unless 
Aj Therefore since expad(X,— XY.) = Ad(exp(X,—X2)) =1, zero 
is the only eigenvalue of ad(Y¥,—X,). This implies that ad(X,— Xz) is 
nilpotent, and so it follows from Lemma 10 that ad(X¥,—2X,) =0. But g 
being semisimple, we can now conclude that X,—X>., and therefore the 


exponential mapping is univalent on V. 
Let Vag denote the image of V in G@ under the exponential mapping 
and let Z denote the center of G. Obviously Vg is open in G. 


Corottary. If z€Z then Vq does not intersect zVg unless z—1. 


This follows by applying Lemma 11 to G/Z instead of G. 
The following property of V is important for our applications. 


LemMa 12. Let X, (r21) be a sequence in V. Then tf || exp X,|| 
remains bounded, the same holds for || X, |\. 


For the purpose of this lemma we can obviously replace G by any 
connected group locally isomorphic to it. Hence we may assume that 
iC G, (see §2). We shall now use the notation of the proofs of Lemmas 
3 and 4. Put Since G=UA,N, and is 

ue 


invariant under Ad(A,N,), it is obvious that for Gy. 
Since every regular element of g is conjugate to some element in § under 
(r, (see Chevalley [2(b)]), g: contains the set of all regular elements in g. 
On the other hand, since U is compact it is clear that g, is closed in g. 
Therefore, since regular elements are dense in g, g==Qg:. Hence we can 
choose u,€ U and Y,€h--n such that X¥,—Ad(u,)Y,. Since Ad(u,) is 
unitary, || {| and Let Y,—H,+ 2, 
(H,€6,Z,€ 1). One proves without difficulty that the eigenvalues of ad Y, 
and ad H, are the same. Therefore since X,€ V, it follows that | a(H,)| <7 
for every root «€ P. This shows that || H, || remains bounded. Now let F(t) 
denote the entire function on the complex plane given by the series 
F(t) = (1 

Let /1, be a fixed element in h and let t, («#€ P) denote the complex Car- 
tesian coordinates in n corresponding to the base XY, (a€ P). Then if HE} 
and Z€ n, it is obvious that Ad(exp(H + Z))H,—H,€n. For any B€ P, 


consider the function 


=tg(Ad(exp(7 + Z))H,— Ho) + (B(A)) B( Ho) tp(Z) 


la 
a 
d 
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on h+n 1). Obviously, it is holomorphic. Moreover, if B <y 
(y€P), it is easily seen that fg(H,Z+tX,) =fp(H,Z) (t€C). Hence 
fg depends only on H and ¢,(Z) (O<a@Sf). Let us now consider 
{(d/dt)fg(H,Z + tXg) }1-0. We know (see Chevalley [2(a), p. 157]) that 


Ad(exp(H + Z + tXg)) Ho} 1-0 = Ad(exp(H + Z)) (ad ¥) Hy, 


where 
Y = {(1— exp(—ad(H Z)))/ad(H + 
=F(8(H))Xg mod>CX,. 
Therefore 


{ (d/dt) fp(H, Z + tXp) = F(B(H) )tp(Ad(exp(H + Z))[Xp, Ho]) 
+ (B(H))B(Ho). 


But =— B(Ho) Xp and Ad(exp(H + 
y>B 
Hence, it follows that {(d/dt)fg(H + tXg)}:-.0—0, and therefore fs 


depends only on H and #,(Z) (0<a< 8). 

Now suppose the assertion of the lemma is false. Then there exists a 
root B€ P such that tg(Z,) does not remain bounded. Select the least such 
root Then ||H,|| and ¢,.(Z,) (0<«<) all remain bounded and 
therefore fg(H,,Z,) also remains bounded as ro. On the other hand, 
by our hypothesis, || exp Y, |], and therefore, also, || Ad(exp(H,-+ Z,))|| stay 
bounded. Hence the same holds for 


( B(H,)) B(Ho)tp(Z,r) = Z-) — tg(Ad(exp(H;, + Z,-) )Ho—H,). 


On the other hand, | 8(H,)| <=, and so eA4){F(B(H,))}-* also remains 
bounded. Therefore by choosing H, in such a way that B(/1,) #0, we con- 
clude that tg(Z,) also remains bounded. As this contradicts the definition 
of B, the lemma follows. 

Let us say that a sequence z, (r= 1) in G tends to infinity, if for every 
compact set w of G, we can select a positive integer 7, such that 2, gw for 
r=r,. Obviously if z,->0, the same holds for any subsequence of {z;}. 


Corottary. Let z, (r=1) be a sequence in Z which tends to infinity. 
Then if 2, € also tends to infinity. 


For otherwise, by selecting a subsequence, we can arrange that z, con- 
verges tosome t€ G. But 2,—2z,expX,, where Y,€ V and || 2; || = || exp X; | 
remains bounded. Therefore by Lemma 12, || Y;|| also remains bounded 
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and so again by selecting a subsequence, we may suppose that X, converges 
to some X€ go. Then z,—a,exp(—4X,) zvexp(—Y), contradicting our 


hypothesis that z,—>0. 


Part II. 


4. Proof of Theorem 2. Let A be a Cartan subgroup of G (see [4(c), 
§2]) and the Lie algebra of A. We assume that 6()o) Let 
(c€ G) denote the natural mapping of G on G* = G/A and put = 
(c€G,he€ A). We shall call a subset of G bounded if its closure is compact. 


LemMaA 13. Let w be a bounded set in G and B the set of all hE A 
such that w for some G*. Then B 1s also bounded. 


Let h, (71) be a sequence of points in B. We have to show that 
some subsequence of {h,} is convergent. Choose z,€ G@ such that h,*""€ o, 
and for any y€ G, define A(y) as follows. If A,,- - -,As are all the distinct 


eigenvalues of Ad(y) and m, is the multiplicity of 4, then 


A(y) = mi | Ar |? +> me| ds 


Since » is bounded, we can find a positive number M such that A(y) SV 
for all y€w. Hence A(h,) =A(A,-7") SM. But it is obvious that A(h) 
=|/h|* for he A (in the notation of §2). Therefore || h, |? M, and so 
by selecting a subsequence, we can arrange that Ad(h,) is convergent. 
Choose A such that Ad(h,) Ad(h,). Then Ad(h,”)—1 if h,” 
=h,h,1, and Z being the center of G, it is obvious that we can select z,€ Z 


2 


such that h,’ = z,-1h,/’” converges to 1 in G. Since h,—<2z,h,’ha, it is enough 
to show that some subsequence of z, is convergent or, what is equivalent, 
that z, cannot tend to infinity. Let =, denote the centralizer of h, in G 
and z, the coset in G/E,. Since Ad(h,) Ad(h,) and h,*"€ w, we 
can. by applying Theorem 1 to Ad(G@) = G/Z at the point Ad(h.), conclude 
that #,. are all contained in a compact subset of G/Z,. But 2z,(h,’)?” 
= (h,h,1)*”. Therefore, since h,*"€, the right side remains within a 
compact subset of G. Moreover h,’->1, and so we can assume without loss of 
generality that h,’€ V@ (in the notation of §3). Then (h,’)?" is also in Ve, 
and hence it follows from the Corollary of Lemma 12 that z, cannot tend 
to infinity. This proves the lemma. 

From now on let us agree to use the notation of [4(h),§5]. For any 
x€ P, let », denote the character of A given by Ad(h)X¥qg—na(h)Xaq (hE A). 
Put 


A’(h) = IT (1 ) (hE A). 


| 
} 
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Let A’ be the set of those points h € A where A’(h) 40. Then A’ is exactly 
the set of regular elements in A (see [4(c),§2]). Let dx* denote the 
invariant measure on G* =—G/A. 

Lemma 14. Put? 

F,(h) =A’(h) f(h2") (he A’, Ce (G)). 
7 G*® 

Then the above integral is convergent and Fy is a function of class (* 
on A’. 

Fix f€ C.*(G@) and h,€ A’, and select a compact set w in G such that 
f is zero outside w. Then if = is the centralizer of hy in G, it follows from 
the Corollary of Lemma 3 of [4(c)] that =/A is finite. Hence by Theorem 
1, we can select an open neighborhood B of h, in A’ and a compact set 
in G* with the following property. If zhz-'€ w for some hE B and z€ G, 
then z*€2*. Therefore it is clear that 


f for (he B), 


and from this our lemma follows immediately. 


Let 8 be the universal enveloping algebra of g and § the subalgebra 
of 8 generated by (1,h). Then we can regard the elements of 8 and § 
as left-invariant differential operators on G and A, respectively (see [4(c). 
§4]). 8&(6) being the symmetric algebra over bh, there exists a unique 
isomorphism of S() onto § which preserves 1 and also every element in J. 
For any q€ S(h), we denote by 0(q) the image of q under this isomorphism. 
Then @(q) is a differential operator on A. 

Let A, be an open subset of A. We regard it as an open submanifold 
of A and consider the space @,(A;) of all complex-valued functions g on 
A, of class C® satisfying the following two conditions. 


(1) g vanishes (on A,) outside some bounded subset of A,. 


(2) For every’ ve §, 
= sup | g(h3v)| <o. 
he Ay 


Define a topology in @,(A,) by means of the collection of seminorms 7, 
(v€S). Then 6,(A,) is a locally convex space and the same holds for 
C.”(G) under its usual topology (see Schwartz [6, p. 67]). Our main 
object now is to prove the following theorem. 
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THEOREM 2. Let 
F,(h) =A’(h) J (he A’, fe 
G* 


Then Bo(A’), and f— Fy is a continuous mapping of into 
6(A’). Moreover, for any bounded open subset w of G, we can select a 
bounded subset B of A’ such that Fy is zero outside B for every? f€ C.* (w). 


We begin by first proving the following weaker result. 


Lemma 15. There exists an open neighborhood .A of 1 in A with the 
following property. Put ,A’= .AMA’ and let denote the restriction 
of Fy on oA’ Then oFs€ Bo(cA’), and f—>oFy ts con- 
linuous mapping of C.*(G) into Bo(oA’). 


Let 1 be the rank of g and n the complex dimension of g. Then if A is 

an indeterminate and J the identity mapping of g, 
det (AJ —ad X¥) (X€g), 
lSr<n 

where* p,€I(g). Then if ¢ is a sufficiently small positive number, the 
inequalities | p,(X)| Se (I Sr<n) imply that every eigenvalue of ad X 
is less that +/2 in absolute value. Choose a function ¢(¢) of class C® of 
(n—1) real variables t, (IS r<n) such that ¢(¢) unless max |t,|Se 


and if max|t,|Se/2. Let ®(X) denote the function on Qo 


obtained from @ under the substitution t, = p,(X) (X € go). Define V as in 
§3 and let V, be the set of those ¥€ V where max|p,(X)|<«/3. Then 


obviously, V, is an open neighborhood of zero in V and Ad(z)Vo= V4, 
(c€G@). For a given f€ C.*(G@), consider the function f on go defined by 
=f(expX)®(X) qo). It is obvious that the carrier of f is con- 
tained in V and —f(expX) for (XY € V.). Now define <*H = Ad(z)H 


(c€G,H€Eh) and r—J[] a. Let hy’ be the set of those points H€ h, 
aeP 


where r(H) 0. The function (1—e-*)/z of the complex variable z, is. 
holomorphic at z—0 and takes the value 1 there. Therefore, since 
no(exp H) =e) (F7€ ho), it is clear that we can select an open neighbor- 
hood h, of zero in }yM V, and an analytic function ¢ on h, such that 


A’ (exp H) =¢(H)x(IZ) (H€ he). 


Choose another open neighborhood §, of zero in §) such that the closure of 
is compact and contained in h,. Obviously, =1 and ¢ is never 


* We are using here the notation of [4(g) ]. 
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zero on Put and .A=exph,. Then is an open neigh. 
borhood of 1 in A andexpH€ .A’=,ANA’ if HEh,’. For any g € (qu), 
put 


fg (H € h,’). 
G* 


It follows from Theorem 3 of [4(h)]| that the above integral is convergent 
and® ¢,€ 6(§:’). Moreover, it is obvious that F;(expH) ={(H)¢7(H) 
(H€6,’). But it follows from the definition of },, that® 0(q)£ remains 
bounded on for every g€ S(h). Therefore 6(H1’)) is a con- 
tinuous mapping of @(f,’) into itself. In view of Theorem 3 of [4(h)], 
this proves that g> (g€ C.* (go) ) is a continuous mapping of (q,) 
into @(,’). On the other hand, ,A’~exph,’ and, since the >xponential 
mapping is one-one and regular on , and the closure of }, is compact, it is 
clear that a function y on ,A’ lies in @o(oA’) if and only if the function 
(H€ hy’) lies in @(6,’). Moreover, it is obvious that 
is a topological mapping of @)(.A’) onto 6(h,’). Put (i) 
=F ,(expH) (f€C.*(G),H€,’). Then it would be enough to show that 
F/ € 6(b,’) and f>F/ is a continuous mapping of C.*(@) into @(h,’). 
3ut we have just seen that F// —{¢;, and therefore, in view of what has 
been said above, it is sufficient to prove that o: ff is a continuous mapping 
of C.”(G@) into C.*(go). Let » be a bounded open subset of G. Since 
C.” (go) is a locally convex space, it would be enough to prove that o is 
continuous on C,.*(w) (see Schwartz [6, p. 69, Theorem II]). Let @ denote 
the closure of » and W the carrier of 6. Then W C JV, and it follows from 
Lemma 12 that exp W is closed in G. Hence oM exp W is compact. Let 2 
denote the complete inverse image of OM exp W in V under the exponential 
mapping. Then by Lemma 11, 2 is also compact. Select an open neighbor- 
hood Q, of Q in gy such that its closure 2, is compact and contained in VJ. 
Then for any p€ S(g), 0(p)® remains bounded on Q,. Since the exponential 
mapping defines an analytic isomorphism of V with Vg, it is now clear that 
for any g€ S(g), we can choose a finite number of elements 0,,- - -,dm€% 
such that 
| | flexpX5b,)| 


=t=m 


for all f€C,*(w) and X€Q,. But since f is zero (on go) outside Q, this 
obviously implies that o is continuous on C,*(w). Hence the lemma is proved. 
Now fix a point h, in A and let = and 4, be the centralizers of h, in @ 


®* We are using here the notation of [4(h), § 5]. 
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and Qo, respectively. Then as we have already seen in §2, go is reductive 
in go and rankj,—rankgo. Let = be the analytic subgroup of @ corre- 
sponding to g.. Then we know from Lemma 15 of [4(i)] that 2/22 is 
finite. Put G—G/Z and let eZ (x€G@) denote the natural mapping 
Gon G. Since go is reductive, there exists (see Weil [7, p. 45]) an invariant 
measure d= on G. Similarly there exists a measure d&* on 2* —%/A which 
is invariant under the operations of =. It is well known (see Weil [7]) 


that d¥ and dé* can be so normalized that? 


(a) di (7 € C,(G*)), 
where 
and cy* = (xy)* (a,y€G@). Select an open, connected and bounded neigh- 


borhood B, of 1 in A, such that B —h,B, satisfies the condition of Theorem 1. 
We assume that By is so small that | 7a(h) —1| 24] e(ho) —1| for hE B 
and a€P. Let 3 be the complexification of 35 in g and P’, the set of all roots 
z€ P for which XY, € 3. Also let P, the the complement of P,; in P. Then if 
A/= II (1—7") (t=1,2), 
aceP, 
it is clear that A,’ is never zero on B and A’(hoh) = Ay’(R) (heh) (hE Bo). 
Hence B,’=h,1(BQ A’) consists of all those h€ B, where A,’(h) 0. 
Let =,* denote the image of =, in =* and put =,—=,A. Since =, is normal 
in E, =, is a group and 2, D =.Z. Therefore, in view of the finiteness of 


=/=,Z, we can select a finite number of elements In 
such that = is the disjoint union of the cosets Ym (1StSr). Then 2 
is the disjoint union of the open sets and = A. 
Since 3, is reductive, Lemma 15 is obviously applicable to =, in place of G. 
Moreover, By C Bo since By is connected. Put 


for g€ C.* (=). Then if By is chosen sufficiently small, it follows from 
Lemma 15 (applied to 2%) that ¥,€ @o(Bo.’) and g—y, is a continuous 
mapping of (2) into 6,(By’). 

Now if f€ C.*(G@), it is clear that 


drt fth: 2)d2 (he BNA’), 
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where 


f(h: : 


1SiSr Fo” 


Let w be a bounded open subset of G. Then it follows from our definition 
of B that there exists a compact set © in G with the following property. If 
rhz'€ w for some z€ G and he B, then Z€Q9. Let dz and dé denote the 
Haar measures on G and 2%, respectively. We normalize them in such a 


way that 
{_ (y€ C.(G@)) 
G G 


where y’(Z) -{ y(zé)dé (x€ G@). Select a function 2€ C.(G@) such that 
2’ == 1 on © and put 


G 


1SiSr 


for any f€ C.*(w). Then it is clear that 
( ff (oh: (hE B,’) 
G* Q 


for Put 
B’(h) = A.’(h) B(ho th) (hE BN A’) 


for BE 6(By’). It is obvious that A,’ is bounded away from zero on B. 
Therefore B— f’ is a continuous mapping of @,(B,’) onto 6(BN A’). On 
the other hand, if f€ C.*(w), 


Fy = A’(hoht) f f((hoh)**) 
G* 
= A,’ (h) By’), 


and therefore on BOA’. The mapping of C,*(w) into 
C.” (Zo) is obviously continuous. Therefore f— y,,’ is a continuous mapping 


of C.*(w) into @.(BM A’). Thus we have obtained the following improved 


version of Lemma 15. 


LemMA 16. Let ho be a point in A. Then there exists an open neigh- 
borhood .A of hy in A with the following property. Put ,A’= AMA’ and 
let denote the restriction of Fy on (f€E Then € Bo(0A’) 
and is a continuous mapping of C.°(G) into 
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It is now easy to deduce Theorem 2. Let w be a nonempty bounded 
open set in G. Define B as in Lemma 13. Then it follows from Lemma 16 
and the boundedness of B that there exist a finite number of nonempty open 
subsets A; of A (1S=i=r) such that BC [LU A; and the following con- 


1SiSr 

ditions are fulfilled. Let ,#,; denote the restriction of F; on A; for f € C.* (@). 
Then 6 (A; A’) and the mapping of into A’) 
is continuous for every 7. Now if f€C.”%(w), Fy is zero on A’ outside B. 
Hence it is clear that 

sup |F;(H;v)|S= S sup | (ve $), 

He A’ 1SiSr HEA’; 
where A; =A; A’. Therefore it follows that F;€ @,(A’) and the mapping 
f>F, of C.”(w) into @,(A’) is continuous. All the statements of Theorem 
2 are now obvious. 

The following lemma is an immediate consequence of Theorem 2. Let 

dh denote the Haar measure on A. 


LemMA 17. Let g be a measurable function on A which 1s bounded on 
every compact set. Then the mapping 


jo (Fe 0." (@)) 
is a distribution on G. 
This holds in particular if g is a character of A. 
5. The main theorems. Let 8 denote the center of 8. Then from 
Lemma 18 of [4(c)] there exists an isomorphism 7’ of 8 into S() such that 
BX (z€ 8). 


aeP 
THEOREM 3. Define F; as in Theorem 2. Then 
Py =8(y' (2) ) Fy 
for and z€ 8. 


Fix a point h, € A’and let w» be a bounded open subset of G. Then as we 
saw during the proof of Lemma 14, there exists an open connected neighbor- 
hood B of hy in A’ and a compact set 2,* in G* with the following property. 
If the € w for some h€ B and r€ G, then z*€,*. Therefore 


F,(h) =A’(h) (h€ Big € (w)). 
e 
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Let 2* be a compact neighborhood of Q)* in G*. 
measures dx and dh on G@ and A, respectively, in such a way that 


— f B(ah) dh (BE C.(G)), 
«7G JA 


and select 2€ C.*(G@) such that a(ch)dh =1 if (xEG). Then 


if fe C.”(w) and z€ 8, it is obvious that 
Fy(h) =A’(h) a(x) f(cha*;2) dx (he B). 
JG 


Now we use the notation of [4(c),§$7] and put f(z: h) =f(arha*) 
he B). Then it follows from Lemma 23 of [4(c)] that 


ai(h)T, uj) (he B), 
1<iSN 
where b;€ Bq,u;€ S and a; are analytic functions on B. Since Bg is the 


- 


are linear! 


direct sum of ©’ and an! 1, (8h XS) = {0}, we may assume that 0; 


and u; (131 vy independent. Then since z*==z, it follows 


of [-4(c)] that b'==b; A). Therefore 


from Lemma 22 
hs PBi(z)) + a(h)f(e3bi: (he G) 
1SiSN 
and 


= A’(h) a(xr)f(r: h:Bn(z))dz 
7G 
+ > a(hyar(h) hes 
1SiSN G 


for he B. (Here b;* is the adjoint of b;). We now claim that 
h3u;)dx=0 


It is clear that for a fixed h, f(x: h;u;) depends only on z*. Hence it 
would be enough to prove that 

a(rh;b;*)dh =0 

if «*€ Q)*. Choose a point x € G such that 2)* € O,* and let U be an open 
neighborhood of 1 in G@ such that (2U)* CQ*. Then it follows from the 
definition of a that 


a(2,yh)dh —=1 (y€ U). 


Normalize the Haar 


Put 
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sinc 


On 
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A FORMULA FOR SEMISIMPLE 


Put a(z: h) = a(ch) (c€G,hEA). It is obvious that (b,*)"—5,* (hE A) 
and therefore h) =a(ah;b,*). Therefore 


f a (ah | h)dh =0 
A A 


en since b,* € Bg and f a(xoy: h)dh =1 for y€ U. This proves that 


=A’(h) h;Bn(z))dz (hE B). 


On the other hand, Theorem 2 of [4(c)] gives us a formula for B,(z). 

Gf Define d as in this theorem. It follows easily from Lemma 7 of [4(c)] 
that conj ya(h*) =a(h) for P and he A. Now if® a€ P,, the same 
holds for —@a. Hence if P’ =P, U P_ (see [4(h),§5] for notation), it is 
clear that 


conj 4’(h) IT (1—qea(h)) — (—1)" (hE A), 
sf where r’ is the number of roots in P’. Therefore 
(na(h-*) —1) (ya(h) —1)| 

=| IT 0(h)| | | ma(h)A’(h)?. 


aéP, 


But 
conj [I ya(h) = IT noa(h*) = II 


Py, ae P, 
and so 


| d(h)| == IT ma(h)A’(h)?. 


Put p= > @ and select an open connected neighborhood §, of zero in Ho 
aeP 


such that B, —h, exp}, C B. Then it is clear that 
| exp H) = (hy exp H) (H€h:), 
where ¢ is a constant such that ¢#—1. Therefore, it follows from Theorem 2 
of [4(c)] that B(z) = (A’)-10(y’(z)) oA’ on B, and so 
= Fy (hE B,). 


This proves that F., and 0(y’(z))F; coincide at ho, and hence the theorem 
is established. 


| 
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Put 
A,’(h) = TI (1— Ao (h) = TT (1—a(h-*)) (hE A). 


Then A,’(h) is real since 


conj A,’(h) = TIT (1—7 a(h)) = TT (1—7a(h")) =A,’ (h) 
P, aeP, 
LEMMA 18. Let e,(h) (h€ A’) denote the sign of A,’(h) and A” th 
set of all points h€ A where A,’(h) 40. Then for any f€ C.*(G), «Fy can 
be extended to a function of class C® on A”. 


We use the notation of the proof of Lemma 15. Then 
F,(exp H) =£(H)$y(H) by’), 


Put 7,= [J] «€S8(h). It is obvious that if h, is sufficiently small, 


aeP, 
A,’(exp H)/z,(H) can be extended to an analytic function on h, which is 


nowhere zero and which takes the value 1 at H=0. Therefore, since x,(H) 
is also real for H € ho, it has the same sign as A,’(expH) for HE h,’. Hence 
it follows from Theorem 3 of [4(h)] that e,F;, can be extended to a function 
of class on BN A”, where B~exp 

Now ho being a fixed point in A”, we use the notation of the proof of 
Lemma 16. Then F;=—y,,/ on BMA’. Since A,’ is never zero on B, it is 
clear that «, differs on B from the sign of 

II (1—70(h*)) 
ae PynP, 
only by a constant factor. Therefore, by applying the above result to &,, 
we can conclude that there exists an open neighborhood B, of hy in B such 
that «.y,,/ can be extended to a function of class C* on B,N A”. Since 
«, Fy =e,y,, on B, A’ and A’ is dense in A”, the assertion of the lemma 
is now obvious. 

Define , and ¢ as in the proof of Lemma 15 and put’ 7’ = IT {a +a, p>} 

ae 


and consider the differential operator @(7’) of on h,. As usual we denote 
its local expression at zero by (@(2’) °Z)o. 


LEMMA 19. (0(2’) 


Since 
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and 0 it would be enough to prove that (@(7) 


where 


acP 
and g denotes the entire function (et/*—e-'/*) /t of the complex variable 1. 


Then 
=] + Pk 
k21 


where p, is a homogeneous polynomial in S(h) of degree k and the above 
series converges to £, in some neighborhood , of zero in §;. Let W be the 
Weyl group of g with respect to h. Then ¢, can be regarded as a holomorphic 
function on some complex neighborhood U of zero in h, and we may assume 
that sJ =U (s€ W) and the above series converges to £, on U. Then 
since £,(sH) =£,(H) (s€W), it follows that (s¢W,k21). 
Moreover, if f is any homogeneous element in S(h), it is obvious that 

where r is the degree of x. But it follows from Lemma 18 of [4(g)] that 
op.) =0, and so f(0;0(r)°f,) =f (0;0(r)). Hence, if (A(7)°%1)o 
—é(r) =8(q) (q€ S(h)), then® <p,qg>=0 for all p€ S(h), and therefore 
(see [4(¢),§2]) g—=0. This proves the assertion of the lemma. 

We say that the Cartan subgroup A is fundamental if }, is fundamental 
IN go (see [4(h), §8]). 


THEOREM 4. We can select a neighborhood B of 1 in A with the 
q 
following property. Suppose A, is a connected component of A’ B whose 
i 
closure contains 1. Then there exists a real number c such that 


Lim F; (zh ;0(2’) ) = ef (z) (hE 
hol 
for all f€ C.* (@) and z2€ Z. Moreover, c=0 if A is not fundamental. 


If z= 1, our statement is an immediate consequence of Lemma 19 and 
the fact that 
Fy (exp H) =¢(H)4;(H) hy’), 


if we take into account Theorem 2 of [4(i)]. For any arbitrary z€ Z, 
write f,(z) =f(zz) (t€G@). Then 


Lim F, (zh ;4(x’)) = Lim =cfe(1) =cf(z) 
h>1 h->1 


THEOREM 5. Suppose A is fundamental and A,,A2,---,A, are all 
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the distinct connected components of A’ B whose closures contain |, 


Let c; be the real number of Theorem 4 corresponding to Aj. Then 


This follows immediately from Theorem 3 of [4(i) J. 


Note added on August 3, 1957. Recently I have been able to prove 
that c;—=C.—=-:--+=—c, in Theorem 5. Since the normalization of the 
measure dz* in Theorem 2 is arbitrary, only the sign of c, is of interest. 
Assuming that }, is fundamental, let p, and p,) denote the number of roots 


in P, and Po, respectively. Then p, is even and, if g=—po+4p., the sign 
of c, is (—1)%. 
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DIVISORS AND ENDOMORPHISMS ON AN ABELIAN VARIETY.* 


By SercE LANG. 


We consider here the fundamental theorem on the algebra of endo- 


| morphisms of an abelian variety dealing with the existence of a positive 


definite quadratic form defined by means of the trace. We shall give a 
direct proof on abelian varieties for Weil’s formula o(&’) >0, which will 
exhibit the positivity as a formal consequence of the definitions. Weil’s 
method is to show that the trace can be expressed as an intersection number 
(Proposition 20 of [6], No. 47). However, even on a Jacobian, his proof 
that o(€) coincides with the penultimate coefficient of the characteristic 
polynomial is somewhat indirect (Theorem 34 of [6], No. 66). In the 
present exposition, this will be straightforward, and we shall obtain a simple 
representation of the trace as an intersection number canonically determined 
by a given projective embedding of the abelian variety A, or as Weil would 
say, a polarization of A [8]. 

More generally, if a (t—1,---,d) are endomorphisms of A and 
m; (t==1,- - -,d) are integers, then we give an expression for the coefficients 
of the homogeneous polynomial v(m,a,-+-:---+ maz) in terms of inter- 
section numbers canonically determined by the a and the given polarization. 

Our arguments are based on only two properties of abelian varieties: 
The theorem of the square (see below), and the fact that a divisor which is 
=0 is numerically equivalent to 0. (Weil [6], No. 62 and Morikawa [5], 
Lemma 7.) For the convenience of the reader, we reproduce in an appendix 
asimple proof of Weil for this fact. 

We shall begin by defining a bilinear mapping of the endomorphisms 
of A into the Neron-Severi group of divisors N(A), given by the formula 
Dy(a, B) == (a + B)7(X) —at(X)—B1(X). The properties of the trace 
are then reflected from analogous properties of our divisorial pairing. We 
shall take XY to be a positive non-degenerate divisor. We call a class of 
divisors in N(A) positive if a suitable positive integral multiple of it con- 
tains a positive divisor. The formula tr(a«’) >0 then comes from the fact 
that Dr(a,«) is positive. 

We then discuss a pairing of endomorphisms into the group N,(A) of 


* Received February 15, 1957. 
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1-cycles modulo those which are numerically equivalent to 0. It is dual i 
the above, and is defined by the formula Z¢(2, 8) = (a + B)(C) — a(C) — B(C), 
Properties of Dxy(a,8) are easily transferred to properties of Zco(a,B). We 
introduce the Pontrjagin product between cycles of A, which is dual to the 
intersection product, and are then able to recover all the numerical statement: 
contained in Weil [6] (for instance, the Lefschetz fixed point formula fo 
curves). Some questions concerning the Pontrjagin product remain uw. 
answered, principally those concerning the more precise duality which exists 
between this product and the ordinary intersection product. 

The above section dealing with 1-cycles is not used in the section 
following it, where we analyse the positivity of divisor classes in N (A), 
We generalize results of Morikawa [5], except that we work only in the 
tensor product of N(A) with the rational numbers, and do not consider 
integrality questions related to the positivity. For instance, let Y be a divisor 
and suppose that there exists an integer m > 0 and a divisor Y,; >0 such 
that mY =Y,. Does there exist a divisor Y.>0 such that Y=Y,.? 

Finally, we have pointed out how one can see directly on an abelian 
variety that the characteristic roots of the Frobenius endomorphism all have 
absolute value g4 without having to go through the theory of curves. Together 
with the Lefschetz fixed point formula, this gives a more natural proof for 
the Riemann hypothesis for curves. 


1. Applications of the theorem of the square. For the rest of this 
paper, A, B will denote abelian varieties and X.Y,Z,- - - will be divisors 
on A or B. We denote by H(A,B) the module of homomorphisms of 4 
into B, and by H(A) the ring of endomorphisms of A. The tensor products 
with Q will be denoted by Hg(A, B) and H@(A) respectively. If «€ He(A,3) 
and v(~) +40, then there is an element 8 of Hg(B,A) such that Ba is the 
identity. We write B=a. 

We denote by A the dual variety (Picard variety) of A. If X is: 
divisor on A, algebraically equivalent to 0, then Cl1(X) denotes the point o 
A associated with the linear equivalence class of ¥. The theorem of the 
square states that the mapping 


gx: u>Cl(X,— YX) 


is a homomorphism of A into A. By definition, XY = 0 if and only if gx =?. 

We let D(A) be the group of divisors on A, and D,(A) the subgrouj 
of divisors linearly equivalent to 0. Let «€ H(A,B). Let X be a divisor 
on B. Then o*(X) may not be defined, but if ¢ is a generic point of 3 
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then 2 7(.\,) is always defined. Furthermore, if X is algebraically equivalent 
to 0 on B, then X;~X, and if X~O on B and a*(X) is defined, then 
71(X)~0 on A. If V is a variety, we denote by Da(V) the group of 
divisors algebraically equivalent to 0 on V. Then the above remarks show 
that 2 induces a linear map a! of Da(B)/D,(B) into Dg(A)/D,(A). (Later 
we shall use the terminology of the Picard variety, and we call this map 
the transpose of a.) 

We denote by N(A) the factor group of D(A) by the subgroup of 
divisors of A which are =0. Then q@ will also induce an inverse mapping 
x! of N(B) into N(A) as follows. We contend that if ¢ and wu are generic 
points of B then #*(.Y,;) =a7(X,). To prove this, we first state a lemma 


explicitly. 


LemMA. Let A: AB be a homomorphism, X a divisor on B, v a point 
of A such that X*(Xyy) ts defined. Assume also that »*(X) ts defined. 
Then (X) == (Xyv) ; 


Proof. The translation (v,Av) on A XB leaves the graph of A fixed. 
It moves A“'(X) on its translate by v, and moves X on its translate by Av. 
The lemma is then obvious. 

Returning to the proof of our contention, we let v be a generic point 
of A, independent of ¢ and wu. Then o*(Xtey) and a*(Xusay) are defined, 
and a trivial computation starting with the definitions, together with the 
theorem of the square proves our contention. 

(tiven a divisor XY on B, and «€ H(A,B), then from the theorem of the 
square, we know that X;== YX, and hence the class a-1(X;) in N(A) depends 
only on Y and @ and not on the auxiliary generic point ¢. By an abuse of 
language. we shall denote this class by a*(X). The context will always 
make clear whether we deal with a class in N(A), or whether we deal with 
a divisor Y in D,(B), in which case a-?(X) will mean the linear equivalence 
class in Dg(A)/D,(A). 

The following theorem and its proof are directly inspired from Weil’s 
Proposition 31, [6], No. 73. For the special case of elliptic curves, see 
Hasse [4]. 


THEOREM 1. Let a,B€H(A,B). Define 
Dx (a, B) = (a+ B)1(X) —a?(X) —B*(X), 
this being an element of N(A). Let m,n be integers. Then 
(ma + nB)1(X) = m?x1(X) + mnDx(a, B) + n?B1(X). 


il io 
(C), 
We 
the 
ents 
for 
un- 
cists 
A), 
der 
ch 
lan 
ave 
her 
for 
his 
ors 
A 
cts 
B) 
he 
he 

Ip 


764 SERGE LANG. 


Proof. The proof will be carried out in three steps. Throughout, we 
let BX: B—>B be the sum on the product of B n-times with 
itself, and we let px: BX-- -xX B—>B be the projection on the i-th factor, 

1.) M==0 if and only if s,7(X)~D p(X). 

For simplicity take n=2. Then for wu generic on B, we have 
(BX 4a) =X, XK 
Hence XB)]. (BXu)=(X4—A) Xu. Th the 
this is linearly equivalent to 0, and hence we can write 
~ (X XB) + (BXY) 


for some divisor Y on B. By symmetry, we must have Y ~X. The converse 
is equally clear. 


2.) If X=0 then 
B)7*(X) ~a*(X) + B(X). 


Let A: A> BX B be the composite map (%, 8), so we have Aw = (au, Bu) 
for win A. Then sA~a-+, and pA—« or B according as 11 or 2. 
Using the formula (fg)-'=—g"f which is applicable in the present case, 
together with step 1, we get what we want. 


3.) We finish the proof in this step. Let X be arbitrary. Using the 
above lemma, we get 


((ma + nB)*(X))y— (ma + = (ma + B)*(X (masnpyu— X). 


For any v€ B, X,—X=0. Using step 2 and making repeated use of the 
theorem of the square, we see that this expression is linearly equivalent to 


(1) + mna*(X¢,—X) 
+ mnB-(Xau—X) + X). 


Let Z = a7(Xg, —X)+ BU(Xar—X). To prove our theorem, it suflices to 
shrow that Z~ Dx(a,8B)u—Dx(a,B). One sees this by putting m=—n=!1 
in formula (1), and using the lemma. 

To go further, it is convenient to use the language and formalism 0! 
the Picard variety. (At present, a complete exposition is not yet published. 
Some of it will be in Chow [3], and the commutative diagrams below are 
due to Weil. See also Morikawa [5].) Given a homomorphism 2 € J/(A. J), 


then one has an induced contravariant mapping on the Picard varieties. 
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tg; B-> A, which we shall call the transpose of a. We shall use constantly 
the linearity property 

(2) ‘(a+ B) = ‘a+ 

which is essentially step 2 in the proof of Theorem 1. If 64: A — A denotes 
the canonical map of A onto its double dual, and Y is a divisor on A, then 


the following diagram is commutative: 


(3) A A 


lf a€ H(A,B) and if Y is a divisor on B, then the following diagram is 


commutative : 


(4) Pa 


le, we have = 


It follows just as in Theorem 1 that 
(5) = gx OB + a 


for any divisor VY on B. Conversely, one might also use the present formalism 
to deduce the following generalization. If are homomorphisms 


of A into B, and m,.: - +,mg¢ are integers, then 


the sum being taken for 1,7—=1.- - -,d, so that each term appears twice 
and we therefore divide by 2. 

In addition, the linearity property of the transpose gives us immediately 
a bilinear map of H7(A,B) into N(A), namely the class of Dx(, 8) obeys 


the rules: 
D1. Dx(a+B,y) =Dx(4, y) + Dx(B,y).- 
D2. Dx(a, 8) =Dx(B,«@). 
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D3. Dx(ma, B) =mDx(q@, B). 
D4. Dx(a,«) =2a7(X). 


Condition D4 is due to the commutative diagram (+). The others are clear, 

For the rest of this paper, we shall take B—=A. Following Morikawa 
[5], we say that a divisor XY on A is non-degenerate if the kernel of ¢y i: 
finite. As Weil has shown [7], it is practically obvious that if V is positive 
and non-degenerate, then a suitable positive multiple of Y is ample, i.e. 
becomes a hyperplane section in a projective embedding of A. From now on, 
AX will denote a positive non-degenerate divisor on A, whose class in N(A) 
will remain fixed throughout. It then follows that for any 2A0 in H(A), 
there exists an integer m > 0 and a divisor Y >0 such that ma'(X) =Y 
Condition D4 can thus be interpreted as a condition of positive definiteness, 

Relative to our divisor XY, we define an involution on Hg(A) by letting 
a’ == yy totgoyy. The commutativity relations (3) and (4) show that 
a— 2’ is an anti-automorphism, i.e., that 


(a+ B)’ =a + =a, F=6. 
Our pairing Dxy(a,B) in N(A) can then be extended to a bilinear map 
of Hg(A) into Ng(A). We can rewrite formula (5) in the form 
(7) px(a.B) = + 

It will be convenient to introduce still another symbol. We define 
Dx (a) = Dx(a,8) = (a+ (XY) —X. 

If 2€ H(A), then «—>Dx(a) gives a linear map of H(A) into N(A) 
which can be extended to a Q-linear map of Hg(A) into N@(A). 


We can supplement D1-D4 by more formulas which give the behavior 
of our pairing under multiplication, namely, for any divisor Y, we have 


Dd. Dx(¢x" ‘apy B) == Dy(a, B). 
D6. Dx (Aa, AB) == (2, B). 
D?. Dx (ad, BX) =A7Dx(a, B). 


These formulas are direct consequences of the definitions and commutativity. 
From D5 we deduce immediately formulas for Dx(#), namely, 
D8. Dx (a, B) = Dx(a’B). 
D9. Dx(aB, y) = Dx(B,@’y). 
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D10. Dx(B’aB) 
D11. D x(a) =Dx(¢@’). 


The preceding formulas exhaust the formal behavior of our divisorial pairing, 


and we shall now turn to its application to the trace. 


2. The trace. In this section, we use as our basic fact that if X =0, 
then XY is numerically equivalent to 0. In an appendix, we shall reproduce 
a simple proof due to Weil, based only on the theorem of the square. 

We consider divisors up to numerical equivalence, since we are concerned 
here with numerical statements. If Y is a divisor on A, then the inter- 
section of }’ with itself s times is understood to be up to numerical equivalence. 
If are independent generic points, then is an 
element of that class, for instance. We let r be the dimension of A. If C 
is any positive cycle of dimension 1 on A, then deg(X-C) >0 because we 
have assumed .\ positive non-degenerate, hence essentially a hyperplane 
section of A. 

In what follows, we shall also use the formula 


(Yo), 


which holds whenever both sides are defined. Generic translations will always 
insure that this is the case. Note also if a is a 0-cycle, and v(a) 0, then 


deg (a! (a) ) = v(a)deg(a). 


From these remarks, we first note that if we intersect both sides of (6) with 
themselves r times (7 == dim A), then we recover immediately Weil’s theorem 
that v(m,a,-+-- mgaq) as a function of (m,,---,ma) is a homo- 
geneous polynomial of degree 2r. Moreover, its coefficients are easily deter- 
mined explicitly in terms of intersections of the Dx (a, a;). 

We are particularly interested in the special case which yields the 
characteristic polynomial of an endomorphism. In Theorem 1 we take m = 1. 
and B68. We get: 


(x + =n2X¥ + nDx(a) + 
Again raising this equation to the r-th power, we get 
v(a + nb) deg(X¥) = con?" + +--+ 


where \( denotes the class up to numerical equivalence of the intersection 
of VY with itself r times, and the ¢c; are integers which are easily determined 
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explicitly in terms of intersections of #*(X), Y, and Dy(«). For instance. 
we have 


Cor = deg Cor. = 17 deg(X-) - Dx(a)), Co =v (a) deg Xv), 


This shows that v(«#-+ 8) is a polynomial in n with rational coefficients, 
In [6], No. 67-68, Weil gives a simple and direct argument showing 
that the characteristic polynomial is actually that obtained from an l-adic 
representation. 

The trace of a, which we denote by tr(a), is defined by the formula 


tr(«) =r/deg(X) -deg(X"-)- Dy(a)). 
From D5 we immediately get 
tr(2’B) =r/deg(X¥) - Dy (a, B)). 


he main properties of the trace are then directly traceable to the properties 
of the divisor class Dy(a, B). 

On the algebra Hg(A) over the rational numbers, we can define a scalar J 
product (taking its value in Q) by putting (a, 8) =tr(2’B). We then have 
the usual properties of a bilinear form, whose quadratic form is positiv 
definite, and in addition we have the multiplicative property («8, y) = (f. a’y). 
This follows immediately from the analogous properties of Dx(a,8). The 
strict positivity comes from the fact that for some integer m >0, mX isaff 
hyperplane section of A, and hence the class of ma+*(X) in N(A) contains a 
divisor Y > 0. As we have noted before, we must then have deg(X-» - a-?(X)) 
>0. From D4 and the definition of (¢,a) we conclude that (2,2) > 0. 

We define the norm ||| as usual by (a.«)3. Aside from the usua 


properties of a metric, we have in addition the following statements : 

N1. 

N2. || a’a || = || aa’ | 

N3. If 20 and then | < |] BI. 

The first two are clear from the commutativity of the trace. As 1 
the third, we have 

|| ||? = tr(B’a’aB) tr(a’aBp’) = (a’a, BB’) S | || || BB’ 

this last inequality being the Schwartz inequality. We are therefore reduce! 


to proving the inequality || |< ||a|?. By definition we have | 
tr(a’ae’a) —tr((o2’)?). Let w; be the characteristic roots of Ther 


4 
. 
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vj are the characteristic roots of (a@’)?. It is known, and we shall recall 
the proof in the next section, that the w; are totally real totally positive 
algebraic numbers. Our inequality is equivalent to }.,;* <(o;)? which 
is true in view of this fact. 

As an application, we consider an abelian variety A defined over a finite 
field & with g elements, and assume that Y is rational over /. Then one 
verifies trivially that if « is the Frobenius endomorphism relative to k, then 
an == == 98. Hence in that case, || || —=(2rq)4. Furthermore, tr(7z) 
= tr(75) = (7,8) and by the Schwartz inequality we get 


| tr(m)| | = ere. 


For any integer n, we get |tr(#")|S2rq”’/. If o; are the characteristic 
roots of a, then o;" are those of 7”. From this one sees easily that the 
absolute value of a characteristic root can be at most g3. Since we have 
(7) = q’", the product of the characteristic roots of z must be equal to + q’” 
Hence the absolute value of each one of the characteristic roots is exactly q?. 


3. A dual pairing.* We introduce a pairing of the endomorphisms of 
1 into the group of 1-cycles on A modulo numerical equivalence which is 
dual to the divisorial pairing of Section 1. The symbol = will now denote 
numerical equivalence, and N;,(A) denotes the factor group of 1-cycles by 
those which are numerically equivalent to 0. 

Let Z be a cycle on A. Let «€ H(A). As usual, we mean by «(Z) 
the intersection (ZX A) ]. 

We shall be particularly interested in 1-cycles. Let C be a 1-cycle. If 
)’ is a divisor on A, then we have the transposition formula 


(8) deg(a(C)-Y) =deg(C-a7(Y)). 
The easy proof runs as follows. 


-= deg{((C X A)-Ta) (AX Y)}. 


hecause the degree of a 0-cycle is preserved under projection. All that remains 
to be done is to use associativity, and then unwind the above expression with 
respect to Y, just as we have done with respect to C. 

We can transfer to the 1-cycles properties of divisors by transposition. 
For a. B€ H(A) we define 


Zo(a, B) = (a+ B)(C)—&(C)-—B(C),  Ze(a) =Zc(a,8), 


* This section was added March 22, 1957. 
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these being elements of NV,(A). We get trivially 
(9) deg[Zc(a, -Y |] —deg[C- Dy(z, B) ]. 

This shows that Zc(¢,8) gives a bilinear map of H(A) into N,(A), and 
D4 becomes Zo(a, a) =2a(C). In addition, we obtain 


(10) (ma + nB) (C) =m?a(C) + mnZo(a, B) + n?B(C) 
(11) (a+ nd) (C) + nZe(a) +4(C). 


In order to apply a numerical calculus dual to the intersection calculus 
of cycles used in Section 2, we must define the Pontrjagin product of cycles 
on A as follows. Let V, W be two subvarieties of A. By V @ W we shall 
denote the set theoretic sum of V and W taken in A. It is the variety 
consisting of all points v4-w with vé€ V and we W. There is a rational map 
F: VX W—V@ W which may or may not be of finite degree. By d(V, WW) 
we denote the degree of F if it is finite, and 0 otherwise. Similarly, we 
define d(V,,- --,Vm) for any finite number of subvarieties of .1 to be the 
degree of the rational map from their product to their set theoretic sum if 
it is finite, and 0 otherwise. We denote by V « W the cycle d(V, W)(V 9 W), 
and one sees immediately that V+ W—pr,[S:(V & WXA)]. where S is 
the graph of the sum s.: AX AA. Note that V+ W=0 if and only if 
the dimension of V @ W is smaller than dim V+ dim W. From the defini- 
tions, one also sees that the Pontrjagin product is associative, and_ that 
V,2V,%- --,Vm)(V:18 The product 
extends naturally to cycles by linearity, and if Z,, Z, are two evycles, then 


prs[S- (4, X42 A) |. 


From the fact that the expression on the right is built up from the standard 
operations of intersection theory, we see that the Pontrjagin product defines 
a commutative ring structure on the graded module §} N;(A). 

Let 2€ H(A). Then z induces an endomorphism of our ring. 1.6, 
we have 


This is easily seen by applying the definitions. We are now in a position 
to use the same method as in Section 2 to get an expression for the charac- 
teristic polynomial v(a#+ 785), except that we use the Pontrjagin product 
instead of the intersection product. We are mostly interested in the trace. 


Raising both sides of (11) to the r-th power, using (12), we get 
(13) tr(a) =r/d(C,- - -.C)-deg[C*"- * 


provided we take for C a curve which generates 4. Here, C*¢-) means the 
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Pontrjagin product of C with itself (r—-1) times, and the degree is defined 
to be the coefficient of A appearing in the expression on the right. It is 
convenient to transform this expression into an intersection number. When- 
ever V and W have complementary dimesion, we have 


(14) d(V, W) =deg(V-W-) =deg(V--W), 


denoting by V~ the transform of V by the map sending each point into its 
inverse. This is a restatement of an elementary result concerning algebraic 
groups (Weil [6], No. 13, Cor. 2 of Th. 4). If V is a divisor, then V-=V, 
say, by taking «—-—é6 in the commutative diagram (4), and hence the 


expression for the trace becomes 
(15) tr(«) =r/d(C,: - 


We have thus recovered all the numerical results contained in Weil’s 
treatise on Abelian varieties. Consider the special case where A —J is the 
Jacobian of a curve C. Then = (g—1)!0, and d(C,- - -,C) =g!. 
Using the transposition formula we get 
(16) tr(«) == deg(De@(«)-C). 

We remark that if we had tried to obtain this directly from the expression 


of the trace obtained by the ordinary intersection product, we would have 
needed the extra information that 


@9-1) == (g—1)!C and deg(0) —g!. 


Remarkably enough, there does not seem to be an easy proof available for 
this fact. Such a proof would require a closer analysis of the relations which 
exist between the ordinary and the Pontrjagin products of cycles. 

Formula (16) allows us to recover the Lefschetz fixed point formula 
(and hence the Riemann hypothesis for curves), for we can now use the 
proof given by Weil ([6], No. 47) which is quite transparent. For the 
convenience of the reader, we reproduce this proof. If T is a correspondence 
oC (i.e., a 1-cycle on C XC), we let + be the associated endomorphism 
of J. The fixed point formula states that 


deg(T-A) =d(T) —tr(r) + d(T). 
We let s. be the sum on J XJ, and consider the following diagram: 


fs (7, 3) So 


Cx C— J X JI XI —> 


Hi; 


nd 
us 
es 
all 
ap 
ve 
he 
if 
is 
if 
is 
ct 
t 

Cc — 


SERGE 


LANG. 


Here, f is the canonical mapping, f, is the product of f with itself, and h,, H, 
(t—1,2,3) are described as follows: For 1= 1 we take the diagonal mapping. 
For the others, we may assume that we have a point P on C such that f(P) =0 
is the origin on J. Then h, maps C on PXC and hs maps C on C XP. 
Similarly, H, maps J on 0 & J and H; maps J on J X 0. Then the square 
is commutative. Put A= (7,5). Then is a correspondence 
T on C XC whose associated endomorphism is precisely 7. (Of course, in 
taking our inverse mappings, we first make a generic translation on @,) 


Furthermore, we have 
From the commutativity, it is then obvious that 


deg[ (+ + ¢6)7(—0)-C| =deg(T-A), deg[7-*(—@) -C] = d(T), 
@:-C)=d (T). 


deg 


This concludes the proof. 


4, Positive endomorphisms. We shall say that an element « in H(A) 
is symmetric if aa’. These elements form a subspace Sg(A) of H@g(A) 
over the rational numbers. We have a Q-linear map Dx: Sg(A) > N@(A), 
defined by «— Dx(a). It is in fact an isomorphism, and we shall define 
its inverse by: Ng(A)— Se(A) as follows. If Y is a divisor representing 
a class in N(A) then we put ®xy(Y)—dyxtyy. The map Y>®,x(Y) 
clearly induces a Q-linear map of Ng(A) into Hg(A). The commutativity 
relations (3) and (4) show that it is into Sg(A), ie. that gy yy is 
symmetric. From (7), we see that Dy®y and @yDy are both equal to the 
identity, and hence are isomorphisms. 

If Y is a divisor representing a class in N(A), we shall write 2 Y to 
mean that 


Proposition 1. Let a be a symmetric element of Hg(A), and suppose 
Let »X be any element of Hg(A). Then In par- 
ticular, VA A1(X). 


Proof. This is a reformulation of D10. 

We shall say that an element of Hg(A) is positive (relative to the 
divisor Y) if it is symmetric, and if there exists an integer m > 0 such that 
the class of Dy(ma) in N(A) contains a divisor Y>0. We then write 
a> 0. 
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Proposition 2. Let a be symmetric. 


a.) If and ts any element of Hg(A) then NaA=0. 
b.) If Hg(A) and then 0. 
ec.) If «>0, then tr(a) >0. 


Proof. Our statements are immediate from Proposition 1 and the 
definitions. ‘ 

As a corollary to Theorem 2, we shall see that if «>0 and «0, 
then actually A’aA > 0. 

We shall give below some equivalent conditions for an endomorphism to 
be positive. Referring to Albert [1] and Morikawa [5] we recall first an 
abstract theorem for the convenience of the reader. 


THEOREM 2. Let R bean algebra over the rationals Q, with an involution 
satisfying (xy)’=y'2 and (2’)’=2, and a Q-linear functional 
a: R>Q which satisfies o(xzy) =o(yxr), and such that for x40 we have 
o(za’) >0. Then: 


1.) ws semisimple. 
2.) If ca’ 40, then Q[x] ts a direct sum of totally real fields. 
3.) If then o(yry) for all ye Q[x] tf and only if x 


isa sum of squares in Q[a]. 


Proof of 1. We first prove that if r—2’=40, then z cannot be nil- 
potent. If it were, then we would have z?”"—0O but z?”"=0, and hence 
(2?"")? As is symmetric, this contradicts the strict posi- 
tivity of o. Now if «0 is an element of a nilpotent right ideal, then 22’ 
is symmetric, is in the ideal, and hence is nilpotent, thereby contradicting 


again the positivity of o. 


Proof of 2. Consider Q[z] with c—2’~0. It is a commutative 
subalgebra of R, and the involution and trace on # induce on it an involution 
and trace with similar properties. Being semisimple, it is a direct sum of 
fields. On each such field F we have again induced an involution and a trace. 
We may therefore assume that R—F. But any Q-linear function on F is of 
type o(€) = S(aé) for some a in F. Here § denotes the ordinary trace from 
F to Q@. We have by assumption S(aé) =o(é) >0, if E40. If some 
conjugate of « is not real, then the corresponding conjugate of F’ is dense 
in the complex numbers, and we choose €€ F such that a is very large 


negative at this conjugate, and very close to 0 everywhere else. This gives a 
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contradiction, and is totally positive. Similarly, one sees that F is totally 


real. 


Proof of 3. We may again assume that & =F is a totally real field, 
Then o(ré?) > 0 for all «40 in F, and as we have seen above, this implie 
that « is totally positive. Hence it is a sum of squares. The converse js 
equally clear. This concludes the proof of our theorem. 

Corotuary 1. Let R me as in the theorem, and €€ R be such that 
E=£, and 20 for all AC Then given BER such that 
we have > 0. 

Proof. We can write with Q[é]. If we put 
then at least one element p;p; is not 0, and 

a (BEB) = > 0. 

Corotitary 2. Let R be as in the theorem, let «=a and assume that 
zis a sum of squares in Q[a]. If A€ R and if then 0. 

Proof. Writing with Q[«], we must have for 
some Hence (A’B;) (A’Bi)’ =A BPA. Since o(A’B7A) =O for each i. 
and for at least one i is > 0, this shows that ’aA cannot be 0. 


THEOREM 3. Let a€ Hg(A) and assume Then the fol- 


lowing conditions are equivalent: 


1.) a ts positive. 
2.) All the characteristic roots of « are totally real and totally positive. 


3.) a is a sum of squares in Q[a]. 


Proof. The equivalence between 2.) and 3.) is well known. If 2 i: 
positive, and B€ Q[a] then by D10 and the definition of the trace, we see 
that tr(BaB) =0. Hence a is a sum of squares by Theorem 2. This proves 
that the first condition implies the third. If we can write «=> BiR/ = dBi 
with 8;€ Q[a]. then there is an integer e > 0 and there are positive divisors 
such that (eB;)(eB:)’ =¢x ey, (Proposition 1). Putting 


i 


we see that e?a—gy'gy, and hence that @ is positive. 


Corottary 1. If « and B are two symmetric elements of H@(A) such 
that a>0. B>0 and then tr(aB) > 0. 


Proof. We write a= SA? with %€ Q[a], and we have therefore 
ir(zB) = Str(AZzB) = Str(ABr) 20. Actually, for some 7%, we have 
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\8~ 0, and hence by Corollary 2 of Theorem 2, 48470. Hence the strict 


inequality holds, as desired. 


CoRoLLARY 2. Let Y > 0 be a divisor on A, and Z* > 0 a divisor on A. 
If and a0, then tr(a) > 0. 


Proof. Let gw with W=gy'(Z*) and let B=gy'gy. We use 
the commutativity relations (3) and (4) to conclude that «=A, and we 
can then apply Coroilary 1. 

Finally, note that if the abelian variety is defined over a finite field & 
with g elements, if Y is rational over /, and if a is the Frobenius endo- 
morphism, then from the relation wx’ = 48, we can conclude from the above 
considerations without taking powers of z that the characteristic roots have 
absolute value g#. Indeed, the algebra generated over Q by w and 7’ is 
commutative, and, in view of Theorem 2, is a direct sum of fields which are 
either totally real, or totally imaginary such that ra’ is the complex 
conjugation. If e; is the idempotent of one of those fields, and if we put 


7; = 7¢;, then we see directly that the absolute value of x; is q’. 


Appendix. 


We shall now reproduce Weil’s proof that if X is a divisor, X =0, then 
X is numerically equivalent to 0. The only property of abelian varieties 
that is used is the theorem of the square. To begin with, we have: 


THEOREM. Let f: CA be a rational map of a complete non-singular 
curve into A, such that f(C) generates A (i.e. A=f(C)+---+f(C) 


n-1 
ntlimes, wheren=dimA). Let W=Df(C). Let X =0 be a dwisor on A, 
1 
and let 
f>(X) m;(P;). 


(If necessary, make a generic translation on X so that f-+(X) is defined.) 
Let M,,- --,M, be independent generic points of C over a common field 
of definition k for f, C, and A, and let 
n n-1 
d= [k(M,,- +, My): k( dy = [k(M,,- Mn+): k( 
i=1 i=1 
Then dX mjWyp,). 


Proof. Let fa: CX:::-XC—7AX::-XA be the product of f 
with itself n times, and s, the sum on A. Let P=s,f,. Then d is the degree 
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of F. A standard computation yields Fo F-*(X) =—dX. On the other hand, 


using step 1 in Theorem 1, we get 
4 j i=1 


We shall take F of this, and see that it gives the desired result. Let ( be 
the graph of F, and let P be a generic point of C. Then by F-VII, Th. 12, 
we first take G(P) on the product CX:---XO@X:--XCXA (where ( 
is omitted in the 1-th place), i.e., we take the projection on this variety of 


SA). 


This is a variety, whose set theoretic projection on A is Wyp). Taking now 
its projection on A in the sense of intersection theory, we obviously get 
dyW; p). If we work with a special point P; which is a specialization of P, 
then we use the compatibility of intersection and projection with specializa- 
tions, together with the fact that Wy,p) has the uniquely determined 
specialization Wy;p,), to conclude the proof. 

Now by the theorem of the square, we get 


> —W) ~W,—W=0, 


where > mjf(P;). Consequently, we get O=dX¥ =nd,(m;)W. Ii 
we can prove that }} m;=—0, this will show immediately that dX ~ W,—W 
and will prove the numerical equivalence of X to 0. We are therefore reduced 


to proving the following lemma. 


Lemma. Let Y bea divisor, ¥ >0. Then Y cannot be =0. 


Proof. If Y =0, then for ¢ generic on A, we have Y;~ Y. This would 
yield a representation of A into the complete linear system of Y, and thus 
a representation of A into the projective linear group. This representation 
must be trivial, and hence Y;—Y, which is an absurdity. 

It should be noted that Morikawa’s Lemma 7 [5] is an immediate 
consequence of the above result, which, in fact, shows that the divisor W i: 
non-degenerate. Cf. also Weil’s arguments concerning the projective em- 


bedding of abelian varieties [7]. 
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SCHWARZ’S LEMMA AND A SINGULARITY 
OF BRIOT-BOUQUET.* 


By AvREL WINTNER. 


1. The following lemma (in which 


90 
(1) f(z,w) = 3S fi(z,w), where fi— 
m+n>0 i=1 m+n=t 


need not be divisible by z) contains (if (1) is chosen to be divisible by z) 


the classical result on the initial-value problem 
(2) w’ =9(z,w), w(z)|2-0=0, (w’ = dw/dz), 
where g (=f/z) is a function regular at (z,w) = (0,0). 


Lemma. Let a function f(z,w) of two complex variables be regular 


on the dicylinder 


(3) <1, lw| <1, 
and let 

(4) | f(z,w)|=1 on (3) 
and 

(5) f(0,0) =0 
[hence 

(4 bis) | f(z,w)| <1 on (8)]. 


Then the (singular) initial-value problem 

(6) zw’ =f (z,w), W | = 

has a unique solution w=w(z) which is regular on the circle 
(7) <1. 


It will be clear from the proof how this lemma can be worded so as to 
apply when the single equation (6) is replaced by a system, that is, when 
the w and the f of (6) are vectors. 


* Received June 16, 1957. 
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A SINGULARITY OF BRIOT-BOUQUET. 


2. Since (1) holds on (8), it follows from (4) that | ¢mn | <1 (Cauchy), 
where sign of equality holds only if f(z,w) is w”z" times a constant of 
absolute value 1. In particular 


(3) | Cos | <1 
unless (6) reduces to 
(8 bis) zu” = Cw, w =), (| | 1), 


and (Sbis) is trivial, since its only solution is w(z) ==0. But (8) is certainly 
sufficient for 


(9) Con €1,2,°° 


the “ eigenvalue” condition of Briot and Bouquet, who have shown that, under 
the proviso (9), there must exist for (6) a unique regular solution w(z) on 
some circle | z|<const., in which, however, the “sufficiently small” value 
of the const. remains unspecified * (correspondingly, neither (3) nor (4), 
hut merely the absolute convergence of (1) on some neighborhood of (z, w) 
= (0,0) is needed in this result). 

Accordingly, the point in the lemma is the specification of the radius 
of regularity for w(z), that is, the assertion that, under the assumption (4) 
for (1). the entire circle (7), admitted in (8) for f(z,w), follows for w(z). 


3. Actually, the interest of the lemma lies in a final nature of the 
(normalized) absolute constants which it supplies. 


First, if (4) is relaxed to the assumption that 
(4*) |f(z,w)| <<1+e on (3), (e>0), 


where « > 0, while all the other assumptions of the lemma are satisfied, then, 
no matter how small the positive constant « may be, (6) need not have a 


*For three variants of the proof of Briot and Bouquet, see, respectively, 
L. Schlesinger, Einfiihrung in die Theorie der Differentialgleichungen (1900), pp. 103- 
107; E. L. Ince, Ordinary differential equations (1926), pp. 295-296; L. Bieberbach, 
Theorie der gewéhnlichen Differentialgleichungen (1953), pp. 68-69. The circle 
z|<const., which results in this manner as an assured domain of regularity for 
w(z), is very unsatisfactory. In fact, the procedures are such as to involve not only 
the prinicple of majorants but, what is worse, an appeal to the calcul des limites as 
well as an application of the local existence theorem of implicit functions (for the 
majorant). For a discussion of these matters in the regular case, cf. A. Wintner, Acta 
Math., vol. 96 (1956), pp. 142-156, and Rend. Palermo, ser. 2, vol. 5 (1957), pp. 275-287. 
The nature of the “best absolute constants” in the general case of (9) remains 
undecided. 


780 AUREL WINTNER. 


solution w(z) which is regular on (7). As a matter of fact, (6) need no! 
have any solution w(z) (regular at z=0) tf (4) ts replaced by (4*). This 
is shown by the example f(z,w) =«z-+w, which satisfies (4*) but reduces 
the first of the equations (6) to dw/dz=e-+ w/z, a linear differential 
equation for which every solution w—w(z) becomes singular at z=0 if 


« = const. 0. 


Secondly, if all assumptions of the lemma are satisfied, then the radius 
(—1) of the circle (7) is the best absolute constant. What is more, w(z) 
can become singular on the boundary of (7). In order to see this, choos 
{(z,w) to be independent of w, say f f(z), and put g(z) =f(z)/z. The 
(4) and (5) will be satisfied if g(z) is regular on (7) and | g(z)| <1 hold 
on (7). Since this is compatible with a function g(z) having the circun- 
ference |z|—1 as a natural boundary, and since (6) now requires that 
w(z) = fg(z)dz (with w(0) 0), the assertion follows. 


Remark. The formal source of all of this is the circumstance that 
z-( )’==zd( )/dz on the left of (6) as a homogeneous operator, of degre: 
0, in z. Let this operator be replaced by the identity operator. Then (6) 


becomes replaced by 


(6 bis) w==f(z,w), = 0. 
And there results a correct statement if (6bis) ts read, in place of (6), 
in the lemma of §1 (and if all the other assumptions, and the assertion, 
of the lemma are retained). This variant of the lemma, a theorem con- 
cerning implicit functions (rather than singular diffeerntial equations) is of 
a standard type. It can be proved, for instance, along the lines of Rouche’ 
theorem, by appealing to general fixed point theorems (Poincaré-Brouwer). 
Another proof for the case (6bis) follows directly along the lines ot 
the proof to be given for the case (6). But the resulting approach to (6 bis) 
is more straightforward (cf. $11), since it does not involve, as (6) does. 
a Schwarzian lemma (cf. §4). This contrast makes sufficiently clear th 
actual content of the lemma of §1. 


4. The proof of the italicized statement of §1 will substantially 
depend on the following corollary of Schwarz’s lemma (which explains the 


title of this paper) : 


Let g(z) be a function which is regular for |z| <1, vanishes at z2=0. 
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and satisfies the inequality |g(z)| <1 for |z| <1. Let w=w(z), where 
z| <1, denote the (unique, regular) solution of the initial-value problem 


(10) zw’ = g(z), w |z:0 = 0. 
Then |w(z)| <1 for |z| <1. 
In fact, if h(z) =g(z)/z, then |h(z)| <1 for |z| <1. But (10) 


means that 


Jz] 


h(€)d&; hence ff | dé |, 


and so | w(z)|=|z|, where 


5. This Schwarzian lemma will now be combined with the process of 


successive approximation, which will be set up as follows: 
, 
(11) (2) == f (2, We (2) ), Wri (0) = 0, 


where wo(z) is any function which is regular on (7) and satisfies the case 


it=0 of the following pair of conditions: 
(12) <1 on (7), and w,(0) =0 


(for instance, wy(z) = 0). 

Suppose that, for a fixed k 20, the function w;,(z) has been defined 
on (7) so as to be regular and to satisfy (12). Then, since f(z,w) is 
recular on (3) and satisfies (4) and (5), the function g,(z) =f (2, 
is regular on (7), satisfies | g.(z)| <1 on (7), and g,(0) 0. Hence, if 
(11) is identified with (10), it follows from the lemma of §4 that w;,.(z) 
is regular on (7) and satisfies | w;,,,(z)| <1 on (7%). This completes the 


induction. 
6. It will be shown in §7 that the sequence 
(13) *,We(2),° °°, Where w,(0) 
is convergent on a certain circle 
(14) |z| <d, (d=1), 
* The best estimate of | w’(z)| for fived z and variable g in (10) is supplied by a 
substantially deeper result of Dieudonné (depending on Pick’s non-euclidean formula- 


tion of Schwarz’s lemma; cf. p. 18 of Carathéodory’s Funktionentheorie, vol. 2, 1950) 
which, however, does not lead to | w(z)|<1 on |z|<1 for fixed g. 


: 0 0 
| 
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for which the value of d will not be determined. But since the functions 
(13) are regular on (7) and satisfy (12), it will follow from the oldest 
theorem (Stieltjes) of the theory of normal families that the sequence (13), 
being convergent on (14), must be uniformly convergent on every closed 
subset of (7). 

Let w(z) be the limit function of (13) on (7). Then w(z) ts regular 
on (7) and is a solution of (6). This follows from the uniformity of the 


convergence if (11) is written in the form 


4 


(15) en we(£)) (jz! <1). 
0 

In fact, it is clear from (4), (5) and (12) that, in view of Schwarz’s lemma. 

the integrand of (15) is regular and (in /) uniformly bounded on (7). 


7. The proof of the convergence of (13) on (14) (if d is small enough) 
proceeds as follows: 
Let (1) be written in the form 


(16) f(z, w) = + Cow +h(z,w), where h(z,w) = & fi(z,w). 


~ 


Then h(z,w) is regular on (3) and contains only terms of second or higher 
order (in z and w together ), which implies that 0h/dw— 0 as (z,w) > (0,0). 
Hence it is clear that there belongs to every « > 0 a pair of positive numbers, 
say dd, and D=D,, which are less than 1 and have the property that 
the absolute value of the difference h(z,w*) —h(z,w**) will not exceed 
¢ | w* —w** | whenever z, w*, w** are complex numbers within the respective 
circles |z| <d, | w*| < D, | w**|<D. On the other hand, it is seen from 
(12) and from Schwarz’s lemma that, if D = D, is fixed and d = d, is chosen 
small enough, then | w;(z)| << D will hold on (14) for every /. Consequently, 


(17) | h(z, we(z)) —A(z, wea(z))| Se| we(z) —we on (14), 


where « and dd, are independent of k. 
According to (11), (16) and (17), 


(18) (z) — zw,’ (z)| SO + (| cor | + €)| we(z) —wes(z)| on (14). 


But if the trivial case (8bis) is disregarded, then (8) holds and so, if the 
postitive number « (which thus far was arbitrary) is chosen small enough. 
the sum | co; | + will be less than 1. Consequently, from (18), 


(19) | 2ttrar’(z)| SO| ux(z)| on (14), 
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where = const. <1 and 
(20) Up = We (Z) — 


Finally, it is clear from (12) and from Schwarz’s lemma that, if d is 
chosen small enough, the functions (20) will be such as to satisfy ux (2) | <1 
on (14) (in fact, d << } is sufficient to this end). In addition, u,z(0) =0, 
since w,(0) —0. Hence, if Schwarz’s lemma is applied to (19) in the 
same way as it was applied to (10) in the proof of the italicized assertion 
of §4, it is seen, by induction, that (19) leads to 


(21) (z)| < const. on (14). 


In fact, since the operator zd/dz remains invariant under the substitution 
:>Rz, where R is a positive (or just non-vanishing) constant, it is clear 
that in contrast with Schwarz’s own lemma, its “integral” corollary, that 
formulated in §4, is independent of the radius of the z-circle (so that 
z| <1 can be replaced by any |z| <d). 


8. Since the (positive) constant 6 is less than 1, the convergence of 
the sequence (13) on the circle (14), chosen in §7, is clear from (21) and 
(20). According to §6, this proves that (6) has a solution w(z) which is 
regular on the entire circle (7). Hence, in order to complete the proof 
of the lemma of § 1, all that remains to be ascertained is that (6) cannot. 
have two distinct solutions (which are regular at z=0). 

The truth of this assertion of uniqueness is trivial in the case (8 bis). 
Hence it is sufficient to consider the case (8). But (8) implies (9) and. 
according to Briot and Bouquet, (9) alone is sufficient in order that the 
solution w(z) of (6) be unique (in a neighborhood of z=0). 

The classical proof of this fact depends on a comparison of coefficients. 
Another proof (valid in the case (8) only) results by an adaptation of the 
“Lipschitz” uniqueness proof, customary in the real field. In fact, if 
w=w(z) and w=v(z) are regular solutions of (6) on (14), then it is 


clear from §7% that, corresponding to (19) and (20), 
(22) | 2u’(z)| [6|u(z)!, where u(z) = w(z) —v(z) 


and 6<1, holds on (14), if d is small enough. But (22) leads to what 
results if u,(z) is replaced by w(z) =w(z)—v(z) in (21), which means 
that w(z) ==v(z) holds (on (14) and, therefore, on (7)). 
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9. The italicized assertion of §1 can be completed by the following 
facts: 

Under the assumption of the Lemma of §1, 

(i) both 
(23) | w(z)| <1 and | w’(z)| <1, where |z| <1, 


hold for the solution of (6) (and the sign of equality ts excluded in (23) 
unless (1) is of the form f(z,w) =Cz, where |C|=—1); 


(ii) tf Cyo and Co, are the coefficients of the linear terms in (1), then 
the solution w(z) vanishes identically unless | ¢o,| <1; while if 


(24) Co 1 and 
then 


25) w’(0) where a= Cy/(1— C1) 


(so that w(z) ts schlicht near z=0); 


(iii 


) 
where w(0) =0, ts schlicht, and less than 1 in absolute value, on the circle 


if (24) ws satisfied, then the inverse, z=2z(w), of w=w(a), 


where a= 


If (i) and the second part of (ii) are granted, then (ili) follows if a 
result of Landau, which he obtained in connection with his treatment of 
the problem of Bloch’s constant, is used in the same way as I used it 
recently (vol. 78 (1956), pp. 552-553, of this Journal) in the regular case, 
(2), of (6). In fact, it is sufficient to combine (23), (24) and (25) with 
theorem (*) on p. 552, loc. cit., in order to obtain (iii) (the proof of (*). 
depending on Landau’s result, is on p. 558, loc. cit.). Accordingly, only (i) 


and (ii) remain to be proved. 


10. It is clear from the process of sucessive approximations which led 
to w(z) that | w(z)| <1 for |z| <1; ef. (3)-(7). Hence it is clear from 
(4) that the function ¢(z) =f(z,w(z)) is regular, and does not exceed 1 in 
absolute value, on the circle |z| <1. In addition, ¢(0) 0 and w’(z) 


= ¢(z)/z, by (5) and (6). It follows therefore from Schwarz’s lemma 


that | w’(z)| 1 if |z| <1, where the sign of equality is excluded unless 
w(z) =Cz, where |C|—1. 
This proves (i). Since the first part of (ii), that concerning the 


identical vanishing of w(z). is contained in the remark made in connection 
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with (8)-(8bis), only the assertion of the second part of (ii) remains to 


ie proved. 
That assertion assumes (24) and claims (25). Hence it is sufficient 
to verify that, whether (24) is satisfied or not, 


(26) (1— = Cro. 


jut if (1) and w(z) = w(0) + w’(0)z+- - -, where w(0)—0 and w(0) =a, 
are inserted in (6), then it is seen that 


2(a+const.z+- =Cie+ ep 
where the dots are terms which are of second or higher order in z. Hence 


(26) is obvious. 


11. It is easy to see how the theorem mentioned in the Remark of §3 
can be proved by the method applied above. The assertion of that theorem 
is that the implicit equation w =f (z,w) possesses a unique solution w= w(z), 
atisfying w(0) 0, which is regular (and less than 1 in absolute value) 
on the entire circle |z| <1, if f(z,w) is regular on the dicylinder (3) and 


satisfies both (4) and (5).f 

+In the particular case in which f(z,w) is independent of z (so that (6 bis) 
reduces to w= ef(w)), this fact has the following variant: If f(w) is regular, and 
f(w}/w | is not less than a positive constant K, on the circle |w|<l, and if f=0 
and df/dw = 0 at w=0 (hence K=1), then the solution w= w(z) of Lagrange’s 
equation w= 2f(w) is a regular and schlicht function not exceeding 1 on the circle 
21<2(1/K), where 


(and 2(1/K) is the best absolute constant for every fived K). In order to see this, 
it is sufficient to put F(w) = w/f(w), then to interchange the parts played by the 
variables z and w, and finally to apply the following theorem of Landau (quoted, after 
the correction of a misprint in the third line of the wording of the theorem on p. 91, 
from Valiron’s Fonctions Analytiques (Paris, 1954), pp. 90-93): If a function F(z) 
is regular, and does not exceed M in absolute value, on the circle |z|<1, and if 
F(0)=0 and F’(0) =1 (hence, 0<M <1), then the local inverse, z=¢(w), of 
w= F(z) is regular, and less than 1 in absolute value, on the circle | w <02(M), 
and 2(M) is the best absolute constant for every fixed M. 

Correspondingly, if the preceding device of replacing z, w, f, K by w, z, F, M=1/K 
is used in the reverse direction, it is easy to verify that a result of Hartman and myself 
(Rend. Palermo, ser. 2, vol. 3 (1954), pp. 287-291) can simply be interpreted so as to 
state the following: If w= F(z), where F(0) = 0, is a regular function satisfying 
P(z)| for |z|<1, then the circle |2|<1 is the (schlicht) image of a convex 
w-domain contained in the circle | w <1 (and containing, of course, the point w= 0). 
The wording of this curious assertion becomes understandable only if it is noted that, 
as readily seen from Rouché’s theorem, the whole of the circle | w| <1 must be contained 
in the w-image of the circle |z|<1 (an image which is schlicht by necessity), if 
w= F(z), where F(0) = 0, is a regular function satisfying | F(z)| =|2| for | 2|< 1. 
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First, (4) and (5) imply that | f(z,w)| <1 on (3), and so it follows 
from (1) that (8) holds unless f(z,w) is of the form (where | | 1). 
But the latter case can be disregarded, since it leads to the trivial solution 
w(z)=0. On the other hand, (8) means, by (1), that the absolute value of 
the partial derivative f,,(z,w) is less than 1 at the point (z, w) = (0,0), and so 
the partial derivative (w—f)»~—1—f, does not vanish there. Conse- 
quently, there exists a solution w(z) on some circle |z|<«. But on such 
a circle, w(z) can be obtained by the method of successive approximations 
also. For, in view of (8), there is available for (1) a uniform Lipschitz 
constant 6 < 1 on a sufficiently small dicylinder about the origin. The replace- 
ment of |z|<e by |z| <1 now follows, as above, by having recourse to 
Stieltjes’ theorem on normal families. 


12. Under appropriate restrictions on the terms actually occurring in 
(1), Briot and Bouquet and their successors* have dealt with the (local) 


* For references, cf. p. 38 and p. 40 of Painlevé’s article II, 15 in the Ene. des 
Sci. Math. (1910). In view of the comments which follow above, it is necessary to 
correct a curious oversight which runs through the literature initiated by pp. 95-100 
of Borel’s celebrated paper on divergent series (Ann. Ec. Norm., ser. 3, vol. 16, 1899). 
There Borel proved for the case VN < (of any polynomial not containing linear terms), 
and surmised for the case N < % (of any power series not containing linear terms; 
an extension subsequently proved, along the lines of Borel’s treatment of the polynomial 
case N< 0, by Rémoundos (1908) ; cf. footnote 124) in Painlevé’s article, p. 38), that, 
if the differential equation is 


N 
(27 bis) = bw+ sfi(z,w), (2=N=0%), 
4=2 


where f,(z,w) is, as in (1) and (27) above, a form of degree i, and b is a negative 
constant (so that f,(z,w) certainly does not vanish identically), then the situation is 
as follows: Not only can the coefficients a, of the formal solution w(z) = a,2°+.--- 
of (27 bis) be calculated uniquely (Briot-Bouquet), but the Borel associate, 


@ 
W(z) = 3 a,2*/k!, of w(z) = 3 a,2* 
k=2 k=2 


will have a non-vanishing radius of convergence (which means that | a,/k! |'/* = 0(1), 
i.e., | a, |'/* = O(k); this cannot be improved to | a, |'/*=O(1), since w(z) itself 
need not have a convergence circle). But in both editions of his Legons sur les séries 
divergentes (p. 117 of the first edition (1901), p. 150 of the second edition (1928)), 
Borel misquotes his result, by claiming it simply for 


N 
(27, bis) zw’ = wv), 
=2 


rather than only for (27 bis), where 0>6 ~ 0 (or, at least, Reb<0). Actually, even 
if the formal existence of the power series w(z) is granted in the case (27, bis), the 
proof for the convergence of the associated power W(z) (for small |2|>0) breaks 
down completely, since 0<—1/b<© (or, at least, 0>Re(—1/b)<™) is essential 
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problem which results if the differential operator zd/dz of the (non-local) 
lemma of §1 is replaced, not by the identity operator of §11 (which is 
again of degree 0), but by the differential operator 2°d/dz (of a positive 
degree) ; so that (6) becomes replaced by 


(27) 27’ == f(z, w), |2=0 = 0, | 2-0 = 


where, as before, f(z,w) is a function regular in a neighborhood of the 
point (0,0) and vanishing at (0,0). Suppose that not only fo(z,w) =f (0, 0) 
=( but also f,(z,w) =0 holds in (1) (this seems to be, but actually is not, 
the case in the literature initiated by Borel; cf. the preceding footnote). 
Then, with the exception of one point, the proof of the lemma of §1 on (6) 
can be repeated. But that point, though only of a local nature, happens 
to be fundamental enough to vitiate the final result. 

The same holds if the case f,(z,w) =0 of (1) and (27) is generalized 
from j7 = 2 to any integer j > 1, as follows: 


(28a) =f (z,w), (28b) f(z,w) = 3 fi(2, Ww), 
i=j 


where f;(z,w) is a form of degree 1, as in (1). If 71, then (28a)-(28b) 
reduces to the differential equation of (6), since (5) was assumed in (6). 
Correspondingly, suppose that a function (28b), belonging to a given 7 > 1, 
is regular on the dicylinder (3) and satisfies (4). 

Since f;(z,w) =0 in (28bis) if i<j, it is easily realized that, after j 
applications of Schwarz’s lemma, the italicized lemma of § 4 can be extended 
(from j==1 to any 7) so as to lead to the following result: Corresponding 
to (11)-(13), where j 1, the 1+) conditions 


(11;) =f (2, Wra(z)); D'w;,(0) =0, 0OSh<j, 


where wo(z) =0 and D=d/dz (with D' = DD*™ and D°v =v), define for 
every k (>0) a unique function w;,(z) which is regular on (7) and satisfies 
the j inequalities 


(12;) | D'w,(z)| <1 on (7), where OSh <j 


(in particular, (12) holds). Hence, the argument applied in the case j = 1 
could be repeated without any change if the purely local aspect of the issue 
were in order, namely, if the sequence w,(z),w.2(z),° - - of the successive 
indeed in the majorization process on which the proof depends in the case (27 bis). 
Curiously enough, the error is repeated in the report of Painlevé (p. 38, loc. cit., is so 
explicit as to say that b peut étre nul), who must have been misled both by Borel’s 
and Rémoundos’ mistaken formulations of what they had actually proved. 
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approximations, just secured on (7), were convergent on some circle |z| <¢ 
as in §7. 

3ut precisely this classical (local) part of the issue leads to difficulties 
if the fixed 7 is greater than 1 in the initial value problem which, for a 
function w(z) in a neighborhood of z= 0, is assigned by 


(28c) D'w(0) = 0, OSh <j, 


and (28a), with (28b). Apparently, the difficulties cannot be overcome with. 
out placing very specific restriction (to be supplied by a Newton polygon) 
on the set of the 7+ 1 coefficients a,,, of the leading term, 


(1;) = Cmn2™"W", (f; 0), 


m+n=j 
of the double power series (28b). [Correspondingly, it is possible to allow 
in the power series (1) of (28a) a leading term f;(z,w) having a degree 
i==t) lower than the exponent j on the left of (28a), provided that still 
more specific restrictions are placed on the 1-1 coefficients Cm, of that 


leading term. | 


Appendix I. 


If the function g(z,w) occurring in (2), $1, is now denoted by f(z, w), 
then the classical result of the successive approximations, the result referred 
to at the beginning of $1, is as follows: 


(i) If f(z,w) is regular on the dicylinder 
(1) (lz! <1,'!w] <1) 
and if f(z,w) ts bounded, 
(2) |f(z,w)|=M on (1), 
then the solution w—=w(z) of the initial-value problem 
(3) dw/dz = f(z, w), W | exo = 0 


exists. as a regular function satisfying 


(4) | w(z)| <1, 
on the circle 
(5) |2| < min(1, 


(at least). With regard to the last (parenthetical) remark, it is known that 
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the radius of the circle (5) is the best absolute constant for every fixed value 
of the positive constant M occurring in (2); cf. my note in vol. 57 (1935), 
pp. 539-540, of this Journal. 

Whereas the assumption (2) of (i) represent an upper limitation, 
(i) has a curious counterpart, (ii) below, in which only a lower limitation, 
|f(z,w)| = K—=const.>0, is assumed. But it will be clear from the 
proof that K cannot be allowed to be less than 1; so that, in view of the 
comments made in the first part of §3, the resulting dual of (i) lies 
along the lines of the Lemma (§1), rather than of (i) itself. The dual 
of (i) in question, which I considered in a rough form (and, in addition, 
in terms of a normalization which disguises the true situation) on pp. 551- 
553 of vol. 78 (1956) of this Journal, is as follows: 


(ii) Let f(z,w) be regular on (1) and, on (1), let |f(z,w)| be 
bounded from below by a constant which is not less than 1 (1.€., let 


(6) K =1, and |f(z,w)|2K on (1), 


while (2) need not hold for any M<o). Then the solution w=—w(z) of 
(3) exists, as a regular function satisfying (4), on the circle 


(7) | z| <(6), where 6=K/| f(0,0)| 


[hence, 0< O01, by (6)], if denotes the (positive, increasing) 
function 


(8) ¢(0) =1— (1—6-*) log (1 — 6”), 


where 6(+0) =0, =1. 


Remark. It will be clear from the proof that either the regular func- 
tion element w=w(z), given on the circle (7), or a direct analytic 
prolongation of this function element must attain, at some z—=2z(w), every 
value w contained in the circle |w|<1. But this, together with the fact 
that (3) and (6) imply the non-vanishing of dw(z)/dz (hence the unramified 
character of the inverse function) on (7), does not of course mean that 
w(z) is schlicht on the circle (7). 

The proof of (ii) will follow by an appropriate combination of two 
known facts, those listed under (I) and (II) below. The application of 


these two facts will be made possible by writing (3) in the form 
(9) dz/dw =1/f(z,w), = 0, 


l.e., by first interchanging the parts played by z and w. 
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(1) The classical result (the result which supplies the radius of (5 
if a1 and }=1) states that if f(z,w) is regular, and does not excee 
M in absolute value, on a dicylinder (|z| <a,|w| <b), then the solution 
w—=w(z) of (3) is regular, and satisfies the inequality | w(z)| < 6, on the 
circle |z| <min(a,b/M). 


(11) <A theorem of Landau (his Satz X on p. 473 of his paper jin 
the Sitzber. Preuss. Akad. Wiss., 1926) states that if a function w= w(; 
is regular, and has a derivative w’=dw/dz satisfying the inequality 

w’(z)| = S/R, on the circle |z| << R, where R and S are given positive 
numbers, and if w(0) —0 and w’(0) 40, then the (local) inverse function, 
z= 2(w), of w=—w(z) (i.e., the function element z(w) assigned, near w =( 
hy w(0) 0 or z(0) =0) is regular, and less than F in absolute value, 
the circle | w| where 6 and are defined by 6=R | w’(0)|/s 
and (8) respectively (clearly, the assumption 0< 61 of (8) is satisfied. 
and @= 1 holds only in the trivial case f(z) =const.z). Landau (loc. cit. 
has also shown that the radius of his w-circle is the best absolute constant 
for any given triple of positive numbers R, S, | w’(0)|. 

In order to prove (ii), suppose that f(z,w) is regular on (1) and that 
there exists a constant K satisfying (6). Then, if z and w are interchanged, 
(3) becomes (9), and (1) is applicable when a, b, M and f are chosen t 
be 1, 1, K-* and 1/f(z,w) respectively. Thus the radius of the w-circl 
supplied by (IIT) becomes min(1,K), which is 1, since K = 1, by (6). 

Accordingly, the solution z—2z(w) of (9) is regular, and _ satisfies 
the inequality |z(w)|<1, on the circle |w|<1. In addition, since 

1/f(z,w)| SK on (1), it follows from (9) that the absolute value 4 
the derivative dz(w)/dw does not exceed K- on the circle | w| <1. 

Consequently, if (II) is applied so as to interchange z and w, then the 
assumptions of (II) are satisfied when R, S and | w’(0)| are chosen to be 
K, 1 and T respectively, where T denotes the value of | dz(w)/dw| at w=0 
3ut (9) shows that T=! f(0,0)|-1, where f(0,0) 40, by (6). It follow 
therefore from (II) that the inverse function of z—z(w), which is now 
the function w= w(z), is regular, and satisfies the inequality | w(z)| <1 
on the circle (7). This proves (ii). 

The question raised by the Remark, following (ii), can be answerel 
if (II) is replaced by another theorem of Landau, which can be formulate! 
as follows (cf., e.g., p. 95 of Valiron’s Fonctions Analytiques, 1954) : 


(111) If w(z) is regular, and satisfies the inequality | w(z)|<S, a 
the circle R, and if w(0) and w’(0) 40 (where w’ = dw/d:), 
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then w(z) is schlicht on the circle |z| < Ry(6), where w’(0)|/S 
(hence, 0<0=1), if ~—wy(O) denotes the (positive, increasing) function 


(10) (0) = [1— (1—6*)4]/6 


(so that Y(-+ 0) =0, y(1) =1). Landau also proved that the radius of 
his z-circle is the best absolute constant for any given triple of positive 
numbers PR, S, | w’(0)|. 


(iibis) Under the assumption of (ii), there erists a positive A=A(6), 
depending only on the ratio @=K/|f(0,0)| and having the property that 
the solution w= w(z) of (8) is schlicht on the circle |z| <2(@). 


In fact, it is clear from (ii) and (III) that a A=A(@) satisfying the 
requirements of (iibis) can be obtained by composing the two positive 
functions (8), (10). No such composition is needed in what corresponds to 


(iibis) when (ii) is replaced by the classical result (i): 


(ibis) Jf f(z,w) is regular on (1) and satisfies (2), then the solution 
w= w(z) of (3) fails to be schlicht on any circle |z| << if f(0,0) 0; while 
if f(0,0) 40, and if W(6) is defined by (10), then w(z) is regular and schlicht 
on the circle |z| <y(f(0,0)|) or on the circle |z| <y(| f(0,0)|/M)/M 
according as M=1 or M=1. 


In fact, w’(0) =f(0,0), by (3). Hence the assertion of (ibis) is 
obvious for the case f(0,0) 0. In the remaining case, it is seen from (i) 
that (III) is applicable with S=1, | w’(0)| =| f(0,0)| >0, and R—1 or 
R=M- according as M=1 or M1. It is readily verified from (10) 
that, in both subcases of the case f(0,0) 0, the z-circle supplied by (ibis) 
is contained in (and, except in the trivial case |f(0,0)|—M, where 
i(z.w) =const., is smaller than) the z-circle, (5), of (i) itself. 

* 


* 


Let finally be mentioned the following theorem (ii,) which, on the one 
hand, represents the limiting case of (ii) and, on the other hand, can be 
interpreted as a refined form of (the local part of) a classical result (Briot- 
Bouquet, Fuchs, Poincaré) on the exceptional standing of Riccati’s equation: 


(iio) If the coefficients of a quadratic polynomial 


(11) f(z,w) =a(z)w? + B(z)w + y(z) 


are regular and bounded on a circle |z| <a, and if b, L is a pair of positive 
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constants having the property that the absolute value of the quadratic poly. 
nomial a(z) + B(z)w-+y(z)w? is less than L on the dicylinder (|z| <u 
|w|<b), then, unless a(z) vanishes identically, the (generalized Riccati) 
differential equation w’ =f (z,w) possesses on the circle 


(12) |z| <min(a, (bL)-) 


a unique solution w=w(z) which is regular at every point 20 of th 
circle (12) and satisfies the “initial condition” w(0) =o, the function 
w(z) having a pole at 20; in addition, | w(z)| >b on (12). 


Note that w’ —f(z,w) is a Riccati equation of standard type, reducible 
by the substitution w= v’/v to the linear differential equation w” p(z),’ 
+ q(z)v=0 (where p=—£, gq =—y), only if a(z) is identically 1; and 
that, even without regard to the explicit value of the radius* of the circle 
(12), division by a(z) introduces a singularity (of the linear differential 
equation of second order) at z= 0 if a(0) 0, whereas the vanishing of a(0) 
is allowed in (iio), the only restriction being the not identical vanishing oi 
a(z), i.e., the exclusion of the linear case, w’ = B(z)w + y(z), of w’ =f (z,w) 
itself. 

In order to prove (iio), put w=1/w, F(z,u) =—vu*f(z,1/u), and 
N=0b*L. Then (11) and the definitions of a, b, Z show that F(z,u) is 
regular, and less than N in absolute value, on the dicylinder (|z| <j), 
|u|<b). Hence, u’—F(z,u) has on the circle |z|<min(a,b/N) a 
unique (regular) solution u—u(z) satisfying u(0) 0, and | u(z)| <i 
holds on this circle. Since the latter is precisely (12), the assertions of 
(ii,) follow from w(z)=1/u(z). The exclusion of the identical vanishing 
of a(z) is needed in order to prevent that w(z) becomes oo identically. 


* For the case in which a(z) and §(2) are identical with ] and 0 respectively (s0 
that w’ = f(z,w) reduces to w’ = y(z) + w*), a radius sharper than that of (12) wa: 
obtained by Dieudonné (Bull. des Scien. Math., vol. 55 (1931), part 2, pp. 99-104), 
whose result is of a final nature in this case. His method, based on an adaptation of 
Sturm’s comparison theorem to the complex field, contains in nuce what, in my paper: 
referred to in the footnote to § 2 above, I called the “ principle of subordination,” and 
which goes back to a note of Nakano (Proc. Imp. Acad. Japan, vol. 8 (1932), pp. 29-31) 
a note of a somewhat later date than Dieudonné’s paper dealing with w’ = y(z) +. 
For an extension of Dieudonné’s result to other Riccati equations (and for systems 0! 
such equations), cf. M. Miiller, Math. Ztschr., vol. 41 (1936), pp. 174-175. Dieudonné: 


Sturmian inequality and the final nature of his absolute constant were rediscovered 


by Z. Nehari (Bull. Amer. Math. Soc., vol. 55 (1949), p. 549). 
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A SINGULARITY OF BRIOT-BOUQUET. 


Appendix II. 
The theorem of Briot and Bouquet, referred to in §2, states that the 


differential equation 


(1) zw’ =az-+ Bw+t o(z,w), where $(z,w) = Gmn2™w", 


m+n=2 


possesses ON some circle about z=0 a unique solution 


(2) w(z) == c,2*, 


| if the power series #(z,w) converges on a neighborhood of (z,w) = (0,0) 


and a,8 are two constants the second of which is not a positive integer. 
But no reasonable estimate is supplied for the radius of the circle (about 
2=0) on which (2) is convergent, the methods of proof being those referred 
to in the footnote to § 2. 

The purpose of the first part of this appendix is to fill in somewhat 
this gap, by obtaining (via §11) an estimate which is explicit enough and, 
at the same time, is free of one of the weak points criticized in that footnote, 
viz, of the step which involves the use of Cauchy’s coefficient estimates 
(the “calcul des limites”). Still, the result to be obtained cannot possibly 
be of a final nature; in fact, two processess of majorization remain to be 
dispensed with. 

In the latter part of this appendix, it will be shown that one at least 
of these two, substantially weakening, processes of majorization can be dis- 
pensed with (via $1, rather than, as before, via §11); so that just one of 
the three aspects criticized in the footnote to §2 will ultimately remain. 
For it will turn out that, owing to the lemma of $1, the majorization of the 
differential equation (1) by an “implicit equation” of the form w—f(z,w), 
a majorization which since Briot and Bouquet is an essential point in all 
treatments of (1) (cf. the references in the footnote to §2), can be avoided 
entirely. 

The only remaining weak point will therefore be the majorization of (1) 
by a case of (1), with B=0 but a=0 and ay, =O (the latter constants 
8, a, mn are not, of course, the same as in (1); the new dmn is the absolute 
value of the old @mn_). But even this single process of majorization must 
prevent a result which is as sharp as possible (except as a result of majoriza- 
tion; ef. the first of my papers referred to in §2). Correspondingly, what 
will be involved is only that (compartively straightforward) particular case 
of the lemma of §1 in which the coefficients of the double power series 


f(z,w) are = 0. 
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If h(z,w) is any power series, let h*(z,w) denote its best majorant, 


put 
(3) h*(z,w) | Omn|2”w" if h(2z,w) & 
m=0 n=0 m=0 n=0 


Thus h*(z,w) is convergent on a dicylinder 

(4) |z| <a, lwl<b 

if h(z,w) is, but the function h*(z,w) need not be bounded on (4) if the 
function h(z,w) is. Suppose however that, if ¢(z,w) is the power serie 
occurring in (1), the radii of the dicylinder (4) are chosen so small that 
not only ¢(z,w) but also ¢*(z,w) will be hounded on (4). Next, in term: 
of the second of the constants occurring in (1), a constant B which can be 


complex but is, by assumption. not a positive integer, define a positive 


number y= y(f8) bv placing 
(5) y= min |n—B|. 

Finally, since 1 is a positive integer, hence |a/(1—)|, where a is the first 
of the constants occurring in (1), is a non-negative value distinct from «, 
it is possible to choose the radii of the dicylinder (4) so small that the 
inequality 


(6) |a/(1—B)| a? + $*(a,b)a/ySb 


becomes satisfied (in fact, since a, 8 and y=y(B) >0 are fixed, and since 
$(z,w), hence ¢*(z,w), vanishes at (0,0) in the second (collective) order 
(of z,w), at least, the inequality (6) will be satisfied by a sufficiently small 
a>0 even if ba). The explicit result, to be proved, can now be form- 
lated as follows: 


If B is not a positive integer, y is defined by (5), and a> 0 1s chosen 
so small that (6) holds for some b=b,>0, then (1) possesses a (unique) 
regular solution w(z), with w(0) on a circle |z| < const. the 
of which is not less than a. 


First, if (2) is substituted into (1), comparison of like powers of : 
supplies for # >1 the recursion formula 


(7) (k — B) cy, = ©; (4, ¢; =a/(1—8), 


where ®, is a polynomial (in k—1 variables), with coefficients which are 
polynomials in the coefficients dm, of ¢(z,w). Let +, denote 
the polynomial (with real, non-negative coefficients) which results if ever! 
Amn is replaced by | dm, in Then it is easily realized 
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from the definitions, (3) and (5), of the symbol * and of the number y 


that the sequence of the absolute values |c,|,|c2|,--- of the numbers 
(;,¢2,° °° defined by (7) is majorized by the (real, non-negative) sequence 
°° defined by 

(8) = Vi Cer), ¢; = |a/(1—8)|, 


where k > 1. On the other hand, it is clear from the definition of , that 
substitution of (2) into 

(9) yw =z -+ o*(z,w), where \=y|a/(1—8)|, 

leads to the first or to the second of the relations (8) according as k > 1 
or k=1. Hence, in order to prove that (1) possesses a solution w= w(z), 
satisfying w(0) 0, which is regular on a given circle |z| <a, it is suffi- 
cient to prove that (9) possesses such a solution on that circle. 

Next. if f(z,w) is regular, and |f(z,w)| is less than a constant V, 
on a dicylinder (4), and if f(0,0) 0, then the equation w—f(z,w) has 
on the circle |z|<a@ a (unique) regular solution w—w(z) satisfying 
w(0) 0, provided that the inequality JJ = b/a is satisfied by a, b, M. For 
if all three constants a, b, M are normalized to be 1, then the assertion 
reduces to that of §11. But if z, w and w—f(z,w) are replaced by pz, 
qu and rw ==7rf(z,w) respectively, where p, g, 7 are positive constants, then, 
by choosing the latter so as to render 1 the resulting values of a, b, M, the 
assertion follows. 

Finally, let w—f(z,w) be identified with what results if (9) is written 
in the form 


(10) w —=|a/(1—B)|z2+ 6*(z,w)/y. 


Then it is clear that | f(z,w)| <M holds on (4) if M denotes the value 
which the sum occurring on the right of (10) attains at (z,w) = (a,b). 
But this choice of 1/ reduces the inequality 1/ = b/a to the inequality (6). 
Thus $11, when applied to the majorant (10) of (1), supplies precisely that 
explicit form of the Briot-Bouquet theorem which was italicized after (6). 

Unfortunately, what was used here from §11 is substantially more on 
the surface than $11 itself, since all coefficients of the double power series 
i(2,w) are non-negative in the case (10) of w=f(z,w). Without this cir- 
cumstance, produced by the process of majorization, a result sharper than (6) 
would follow from § 11. 


There is however an additional weak point in the majorization of (1) 
bv (10). This point is the circumstance that the replacement of (7) by 
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(8). where y is independent of /, implies the sacrifice of all the convergence. 
producing effects of the big factor (k—B)~k—o on the left of (7%), 
But it turns out that this drastic step,t which goes back to Briot-Bouquet, 


can be avoided entirely. 


instead of the positive constant y—=y() defined by (5), introduce th 
positive constant p= defined by 


(11) p= max |n—B|/n; 
ne 
so that » > 0, in contrast with y > 0, does not fail to involve the fact that (1) 
(k —) is large for large k. Nevertheless, the situation is as follows: 
the | 
The statement italicized after (6) remains true if the factor 1/y of th (Ri 
second term in (6) ts replaced by the factor 1/p defined by has 
max |1—8/n| (4) 
(cf. (5) and (11)). sine 
In fact, it is clear from (11) and from the definition of W, that, _ 
instead of (8), ther 
exel 
(8 bis) phecy = (C1,° ¢;=|a/(1—8)| pap 
can be used as a majorant system of (7). But it is also clear that this tots 
majorant system belongs to the solution (2) of the differential equation - 
Im} 
(9 bis) pzw’ = dz + $*(z,w), where A=y|a/(1—8)], 
in the same way as (7) belongs to the solution (2) of the differential equation 
(1). Consequently, division by the constant » > 0 shows that if the differ- my 
ential equation 
(10bis) zw’ —f(z,w), where f(z,w) =|a/(1—8)|z+ $*(z,w)/p, the 
possesses a solution w=—w/(z), satisfying w(0) 0, which is regular on a 
given circle | z| <a, then such a solution w(z) will exist, on the same circle, (5) 
for (1) also. Consequently, the last italicized statement follows if §1 1s 
applied to (10 bis) in the same way as $11 was applied to (10). 
wh 
THE Jouns Hopkins UNIVERSITY. (il 
7 The possible effect of this step is well illustrated by the following example: It 
the recursion formula is ke, = ¢,.., where c= 1, then w(z) - - is the 
solution w(z) = expz of w’ = w, whereas if the factor k is omitted on the left, then, the 
since the recursion formula becomes c, = c,_,, there results the solution w(z) = 1/(1 —+ der 


of w= zw. But whereas expz is an entire function, 1/(1 — 2) is not. whi 
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REMARKS TO TWO PREVIOUS PAPERS 
(vol. 69, 1947, pp. 87-98 and vol. 71, 1949, pp. 587-594).* 


By AUREL WINTNER. 


Let f(t) be a continuous function on the (for instance, open) half- 
line (0,00), and consider the three differential equations 


(1) 2”’—f(t)t—0, (2) yv=y’—f(t), (8) (logz)’——y, 

the second of which is equivalent to the first by virtue of the third if x(t) 40 
(Riccati). A classical result of A. Kneser states that if f(t) 20, then (1) 
has a solution .«(#) which is positive and non-decreasing on (0,00) (so that 


(4) c(t) >0 and a’(t) =0, hence = 0, 


since 2” = fa, f = 0), and this solution 7(¢) of (1) is unique up to a positive 
constant factor. If appropriate additional conditions are placed on f(t) = 0, 
then more than (4) can be said about Kneser’s solution z(t). This is 
exemplified by the sequence of successive conditions which, in the first of my 
papers quoted in the title of this note, led to the following result: If f(t) is 
totally monotone (in the sense of the Hausdorff-Bernstein theorem), then 
the same is true of x(t). The following remarks consider similar but different 
implications which refer to Riccati’s y(¢) in (3), rather than to x(¢) itself, 
as follows: 

(i) If f(t) =0 on (0,0), then (2) possesses one and only one 
solution y(¢) which exists and satisfies y(t) 20 on the whole of (0,0). 

(ii) If =O is non-increasing and differentiable, i.e., f’(t) 

(iii) In addition, y”(¢) 20, if f(t) 20 and f’(t) [0 are subject to 
(5) 16f9(t) 27f2(L). 

(iv) If f(t) 20 is convex (from below),+ so that f’(¢) 20, then, 
whether (5) is satisfied or not, the assertions, y’(t) <0 and y”(t) =0, of 
(ii) and (iii) imply the assumption, f’(¢) =0, of (ii). 


* Received July 22, 1957. 

+ The derivatives f’, f” (and y”) occurring in the wording of (iv) are meant in 
the sense customary in the theory of measurable convex functions: f’ as a unilateral 
derivative, which is absolutely continuous, and f” as the derivative of f’ aimost every- 
where. 
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Note that the assertions of (i), (ii), (iii) on y(¢) and its derivative 
claim for (2) what, without the additional assumptions placed on f(t) >) 
in (ii) and (iii), the inequalities (4) ensure for (1) by virtue of f(t) > 


alone. In fact, (i), (ii), (iii) can be summarized by saying that 

(6) f(t) 20, f(t) 

and (5) together imply that 

(7) >0, y(t)S0, y(t) Z0 

on (0,0). On the other hand, neither the necessity nor the sufficiency of 
(8) f(t)S0, 


for (7) follows from (iv). 


It is easy to see that (8) cannot replace (6) and (5) for (7) (sub. 
stantially more than this negation results from the example to be constructe( 
at the end of this paper). On the other hand, it is not clear that (5) cannot 


be improved by diminishing the value of the absolute constant 27/4. 


Proof of (i). It is seen from (3) that (i) is just a restatement oi 


Kneser’s theorem. 


Proof of (ii). Draw in the half ¢>0 of the (¢,y)-plane the curve: 
Ci: y=y*(t) and C,: y=—y*(t), where y* =f?=0, and denote by P, 
(), R the sets of those points of that half-plane which are situated, respectively. 
above (,, between C, and C, (with the inclusion of the boundary (, + @,), 


and below C,. Then the solution curve (': y=y(t), being, by (i), in th 
half-plane y= 0, cannot have any point in P. If C had a point in &, tha 
the method of the “curves of zero velocity” (ef. my note in the Quart. Jour. 
of Math. (Oxford), vol. 18 (1947), pp. 65-71) would lead to a situatio 
which is contradicted by (2), since the “curves of zero velocity” are thi 
present C, and C,, and since, in view of the hypothesis of (ii), the (common) 
absolute value of the ordinates of C, and C, is a non-increasing function of ! 
Consequently, C stays in Q. In view of (2), this means that 7’(t) S?. 


as claimed by (ii). 


Proof of (ili). If (2) is differentiated and y’ is substituted from (?) 
into the result, it follows that y” —2¢(y), where ¢(y) denotes the cas 
a=f(t) 20, b=—4Hf’(t) of the cubic polynomial y*—ay + b. Sine 
y(t) >0, by (i), it follows that y(t) > 0 if ¢(y) =0 has no positive root 
(for then ¢(y) >0 if y>0, since =o). But has ne 


positive root if 4a* < 27b?. Hence, for reasons of continuity, the assertion. 
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y(t) 2 9, of (iii) follows even if the last < is relaxed to S. Since the 
resulting inequality between a and b is precisely the assumption of (iii), 


the assertion of (iii) follows. 


Proof of (iv). Differentiation of (2) shows that f’ = 2yy’—y”. Hence 
<0 is necessary for (7). But (7) is the assumption of (iv). 


* 


Let 7’ denote the class of totally monotone functions z(t) onn0<t<o, 
characterized by the existence of a Hausdorff-Bernstein integr:! representation 
or, equivalently, by the inequalities (—D)"z(#)=0, where n=0,1,-:- -. 
The assertions of (i)-(iii) are that, under their assumptions on f(¢) and 
f(t), the first three of these inequalities are satisfied by the negative of 


the logarithmic derivative, z= y(/), of the Kneser solution, «= 2(¢), of (1). 
But one can ask whether all inequalities (n —0,1,- - -) follows for z= y(t) 


if all of them are assumed for z=f(t); i.e., whether (f€ T) > (z€ T) is 
true for zy. ‘The question * is the more natural since, as mentioned after 
(4), the last > is true for zz. But it turns out to be false for z= y. 

Actually, (1) f€ 7 is necessary, but not sufficient, for y€ T, and the 
situation becomes just the opposite if (2) is replaced by (1), since (II) fe T 
is sufficient, but not necessary, for «€ 7’ (here w(t) and y(t) are Kneser’s 
solution of (1) and the corresponding function (3) respectively). 

First, if 2 is the function 1+ e*, then c€T. But f=—2"/z, by (1), 
and so f = e-t/(1—e~') has on (0,0) an expansion ¢,e~ + +--+ with 
()= (—1)”""!, whereas c, 20 ought to hold for every n (Hausdorff-Bern- 
sein) if f€ 7’ were true. This proves the second part of (II). The first part 
of (II) is the result referred to after (4). 

Next, if y€ T, then y*€ T and —y’€ T, and so, if (2) is written in 
the form f = y* — 7’, it follows that f € 7, as claimed by the first part of (I). 
Hence, only the second part of (I) remains to be proved. 

To this end, let be a power series which converges on (0, ) 
(i.e, let lim sup | a, |/"1), choose a, =—-1 but a, 20 if n= 8, and let 


a and a, be positive numbers, the larger the better for the present. In any 


*In the second of the notes quoted in the title of this paper, the question y € 7 
Was considered under the assumption that the coefficient function f(t) of (1), instead 
of being non-negative as above, is non-positive on (0,%). This situation is of a some- 
what restricted scope, since, while (1) is non-oscillatory in every case f(t) =0, it will 
be oscillatory in a case f(t) <0 unless —f(t) =O is “small.” But unless (1) is 
hon-oscillatory, it is clear from (3) that (2) will not possess any solution y(t) which 
exists (as a finite-valued function) on the whole of (0,~). 


* 
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ease, let ag +a,=21. Then y(t) >0 on (0,0), as required by (i). Bu 


since not every ad» is non-negative, it follows from the uniqueness of a Laplace. 


Stieltjes representation, and from the theorem Hausdorff-Bernstein, tha 
y€ T fails to hold. On the other hand, if f(¢) turns out to be a power serie 
Sc,e"? in which c, = 0 holds for every n, then f€ T will be satisfied. Thi 
can however be arranged for, as follows: 

Substitution of y(t) = Xa,e"* into the formulation f = — y + y? of (2 
shows that cy >0 and c, >0 (if a) >0 and a,>0 are large enough), ani 
that Cy = + if N21, where OSkSn. Since a,——1, it i 
also clear that c. = 0 (if a) > 0 and a, > 0 are large enough), and that c, >| 


will hold for n=3 if and only if 


n 
(9) Nn + * = 2An-2. (n = 3,4,- 
k=0 


where the * refers to the omission of both summation indices h: = 2, k = n—? 
The contribution of the latter would be a@.dy_-. + dy .d.=—=— 2a, » but i 
written on the right of the inequality (9). 

Note that no a,, occurring on the left of (9) has the index m == 2 an! 
so, since ad, is the only negative a,,, all terms of the sum &* are non-negative 
Hence, if the a-values having an index less than a fixed n have been deter. 
mined, then, since a, occurs only on the left of (9), the n-th of the inequal- 
ties (9), where n = 3, can be satisfied by choosing a, large enough. The onl 
precaution needed is that the successive choice of the a,-values should no 
make them too large, but such as to be compatible with the condition 
lim sup a,’/" = 1, the condition needed for the convergence of y(t) = a,e™ 
on (0,0). But it is readily seen from the presence of the large facto 
(=n) in the first term of (9) that this condition can be satisfied by th 
successive choice of a; > 0,a,; > 0,- - -. the initial values wo, a, being positiv 
and arbitrarily large, while a, =-- 1. 

(I) and (II) imply that f¢ T is sufficient for c€ T but not for yé7. 
This contains of course the fact that (without any reference to an f) the 
definition (3) fails to be such as to lead from r€ T to y€ T; but this fac 
is made trivial by the example r—1--e', since y€ T is prevented |} 
y=et/(1+e+*) =et+ be*t+---, where b=—1<9. All that is tru 
is that y€ T is sufficient for z€ T if x >0 (without any reference to an /). 
For if z(t) is a positive function satisfying a differential equation of thi 
form 2’ = —y(t)z with some y€ 7, then, as is well-known, successive differ 
entiations lead, by an induction, from (—D)"y=0 to (—D)"r#=0. 
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ON THE NON-VANISHING OF EULER PRODUCTS.* 


By Norperr WIENER and AUREL WINTNER. 


Let a function y=yp, defined on the set of all prime numbers p, be 


such as to satisfy the following two conditions: 


(1) ~~ 
(e.g., =|xp|, =—1,0,1) and 
(2) f(s) is meromorphic on o=1, 


if f(s) the Kuler product 
(3) f(s) — xp/p*)”! (o> 1). 


3y the condition (2) is meant the assumption that there exist an open 
domain D in the s-plane and a meromorphic function f(s) on D in such 
a way that D contains the half-plane 721 (but possibly no half-plane 
o-21--e, where « >0) and that f(s) is identical on the half-plane o > 1 
with the function which is there represented by the product (3); a function 
which, in view of (1), is regular (and non-vanishing) for o>1. On the 
other hand, the condition (1) means that if yx is extended from primes to 
positive integers by the assignments y,;—=1 and ynxm—xXnm (so that (3) 
becomes identical with the absolutely convergent Dirichlet series 3 yn/n* if 
«>1), then the resulting real-valued representation y, of the multiplication 
on the semi-group of the positive integers n is a bounded representation 


(in fact, lim sup | y, | =0o unless | y,!<1 for every n). The two extreme 
cases allowed by (1) and (2) result if y»==1 and y»——1 (for every p) ; 
in fact, since (3) then reduces to 

(4) and + = €(2s) /€(s), 


(2) is satisfied in both cases. 


The following considerations were suggested by a point occurring in 
Hadamard’s, and also in de la Vallée Poussin’s, proof of 


(5) £(s) ~0 on o=1. 


* Received June 29, 1957. 
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The point in question is the following: Besides the case f(s) =£{(s) of (2), 
it is assumed in the proof of (5) that {(s) ts regular (rather than just 
meromorphic) at every s=1+itA0. It is this fact from which the 
negation of (5) leads to a contradiction, since what is actually proved is the 
following: If {(s) would have a zero s=1-++- ito, then it would also have 
some pole s=1-- 2° distinct from the pole s 1 (in fact, it is shown that 
t° could be chosen to be 2); cf., e.g., [1], pp. 29-30). Accordingly, the 
proof of (5) fails to succeed if all that is known for the case f(s) ={€(s) 
of (3) is the following pair of assumptions: (2) and 


(6) f(s) has a pole at s—1. 


There is quite another proof of (4), the function-theoretical proof 
adapted by Ingham from Landau’s proof [2] of Dirichlet’s theorem L(1) 40 
(in Landau’s function-theoretical proof, £(s) belongs to a real character); 
cf. [1], p. 89. But this proof is even more restrictive than the preceding 
one, since what is now assumed is the regularity of f(s) at every point s-1 
of the half-plane o=4 (on the boundary line o = 4, less than regularity 
is needed). 


Thus it is natural to ask whether 
(7) f(s) 40 on o—1, 


the generalization of (5) for an arbitrary case (1) of (3), must or need not 
be true if only (2) and (6) are assumed. For, as seen above, the classical 
argument applies only if (1) is retained but (2) is strengthened to the 


hypothesis that 


(8) f(s) is regular on o—1 if s1. 


The purpose of this note is to show that the answer to the question, 
just raised, is in the affirmative; in other words, that (7) remains true if 
(8) is relaxed to (2). Curiously enough, (8) proves to be a consequence 


of the other hypotheses; so that the situation is as follows: 


(1) In terms of a sequence yo,x3,° °° satisfying (1), define on th 
open half-plane o>1 a@ (regular, non-vanishing) function f(s) by the 
corresponding Euler product (3), and suppose that, as o—>1-+-0, the fune- 
tion f(s) behaves in such a way that conditions (2) and (6) are satisfied. 
Then both (8) and (7%) hold. 


Actually, (1) is not the final result, since the assumption (6) of (I) 
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proves to be superfluous. This is the content of the theorem at the end of 
this paper. 

Although (1) contains (5), there will result no new proof of (5), since 
(5), along with 


(9) 1/t(s) 40 on o—1 if 


(that is to say, the regularity and the non-vanishing of ¢(1-+-1t) for 
0<t<o), will be granted in the proof of (I). What will directly be 
proved is not (I) itself but the following variant of (I): 


(11) The assertions of (1) remain true if its assumption (6) ts replaced 
by the assumption 


(10) f(1) =0 


(and all the other assumptions of (I) are retained). 


Proof of (11). For —wo<t<oo, let j,; denote the index (the loga- 
rithmic residue) of f(s) at s=1-+1t, and let J; belong to 


(11) F(s) =(s)f(s) 


in the same way as j; belongs to f(s). Since (2) is assumed for f(s) itself 
and for f(s) —{(s), it is clear from (5), (9) and (11) that 7,—J; for 
tA0. Since the assertions, (8) and (7), of (II) are equivalent to 7,0 
for £40, and since (10) and (11) imply that J, 0 (for £(s) has a simple 
pole at s==1), it follows that (II) will be proved if it is shown that 


(12) [Fe] (Jo—0) 


holds for every ¢. But the truth of (12) can be concluded by an elementary 
argument (cf. [3], where (8), rather than just (2), is assumed, (10) is 
retained, and (1) is generalized to complex-valued xp, with | xp|1). 

In order to prove (12), note that, if o >1, logarithmic differentiation 
of (3) leads to 
(13) —f'/f(s) => & (xp log p)/p™. 

p k-=1 

If (13) is added to the case yp—1 of (13), it follows from (11) and from 
the first of the relations (4) that, if ¢ > 1, 


(14) 


— F’/F(s) =% 3 a)/p*, 
p k=1 
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where 
(15) Ap = (1 + xp) log p. 


But since (15) and (1) imply that a, = 0, it is clear from (11) that, if « >1, 


(16) \(o—1)l’/F(o + it)| for —-w<t <a. 


If c>1-+0, then (16) goes over into |J;| =|J |, and so (12) follow 


from the parenthetical equality in (12). 
This completes the proof of (11). 


Actually, the following extension of (11) was also proved: 


(11*) The assertions of (11) remain true if its assumption (1) is 


replaced by the unilateral restriction —1Syp, provided that the Euler 
product (3) ts uniformly convergent on every compact subset of the halj- 


plane o > 1. 


The latter proviso (which, since xp is bounded from below, is satisfied 
if, though not only if, = Const. for some Const.) cannot of course be 
g Yu, 
omitted. But then the restriction — 1S y, will suffice in the preceding proof, 
since, in view of (15), this unilateral restriction is equivalent to a) = 0. 
> q >= 
Much deeper lies the following fact: 


(IL bis) Under the assumptions of (11), and even those of (I1*), the 
function f(s) possesses an analytic continuation which 1s meromorphic on 
some half-plane o > 1—«, where «=e > 0, and f(s) does not vanish at any 
point s 1 of this half-plane o > 1—e. 


|Remark. If it ws true that €(s) has no zero on some open half-plane 
containing the line o =1 (for instance, if Riemann’s hypothesis ts true) then, 


in (IL bis), the word “ meromorphic” can be replaced by “ reqular.” 
i y g 


In fact, since {(s) has a simple pole at s=1, it is clear from (2), (10) 
and (11) that, if « >0 is small enough, F'(s) is regular at every point of 
the half-line s > 1—e, and that F'(s) can have a zero on such a half-line 
only if s—1 is a multiple zero of f(s) (in fact, (3) does not vanish for s > 1). 
But f(s) cannot have a multiple zero at s=1, since, if s > 1 and yp, 
it is clear from (3) that 


f(s) 2 + const. (s—1) as s>1—0, 


where const. = {(2) > 0, by the second of the relations (4). 
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Accordingly, #'(s) is a regular and non-vanishing function, and so the 
logarithmic derivative of F(s) is a regular function, on some half-line 
s>1—e. Since a, = 0, it now follows from Landau’s theorem (on Dirichlet 
series SCn/n® with c,=—0), a theorem referred to but not used above, that 
the Dirichlet series (14) must converge for s >1—~e and, therefore, for 
o>1—e. Consequently, the logarithmic derivative of F(s) is a regular 
function, and therefore F'(s) is a non-vanishing regular function, on the half- 
plane o >1—e. In view of (11), this proves both (II bis) and the Remark 
following (II bis). 


Proof of (1). If xp is replaced by — yp (for every p), then the assumption 
(1) remains unaltered but (3) becomes replaced by 


(17) {*(s) = + xp/p*)*. 


The connection between (3) and (17) is involutory. But while it is clear 
from (1) that (17) represents a non-vanishing regular function for o > 1, 
it is not quite obvious that (2), too, is an involutory property ; in other words, 


that 


(18) f*(s) is meromorphic on o=—1 


if (2) is assumed. It turns out, however, that (18) follows from (2) and is, 


F therefore, equivalent to (2). 


First, since (2) remains true if f(s) is replaced by 1/f(s), more than 
(18) will follow if it is ascertained that the quotient of f*(s) and 1/f(s) 
is a non-vanishing regular function on the line o=—1. But (3) and (17) 
show that, if o > 1, this quotient is identical with 


(19) f(s) f(s) = 


On the other hand, it is clear from (1) that (19) is a regular and non- 
vanishing function on the half-plane o > } and, therefore, on the line o—1. 
[This conclusion is curious, since, by placing either y»==1 or y»—0, and 
making the alternative choice in an appropriate (“lacunary”) manner, it is 
easy to obtain a pair of functions (1), (17), the factors on the left of (19), 
which are regular on the half-plane o > 6 but become singular at every point 
of the line = 6, where } <6 <1, rather than 6=}.] 


Let (1*), (2*),- - - denote what results if f(s) is replaced by f*(s), 
and yp by —yp, in (1), (2),° - - respectively. Then, as just shown, (1) and 


(2) together are equivalent to (1*) and (2*) together. Since (II) has already 
heen proved, it follows that (1*), (2*) and (10*) imply both (8*) and (7%*). 
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But the quotient of f*(s) and 1/f(s) and, hence, the quotient of 1/f(s) ani 
f*(s), was seen to be a non-vanishing regular function on the line o=], 


Hence (8*) and (7*) are equivalent to (7) and (8) respectively and so, sinc 
(10) goes over into (6) if f(s) is replaced by 1/f(s), the proof of (1) is now 


complete. 


* 


If f(s) is an L-function of Dirichlet belonging to a real non-principal 
character (so that, in particular, (1) and (3) hold for a certain y, which 
is capable of the three values —1, 0, 1 only), and if the meromorphic (rather 
than the regular) behavior of Z(s) on o =1 is assumed, then, since L(1) 40 
(Dirichlet) but (1) 0, neither the non-vanishing nor the regularity of 
L(s) on o=1 can be concluded from (I) and (II) together. Hence there 
arises the question whether or not (7) and (8) remain true if (1) and (2) 
are retained for (3) but (6) and (10) are replaced by 


(20) 0Af(1) 


(or, what in view of (1) and (3), where o >1, is the same thing, by 
0<f(1)<o). It will be shown that the answer to this question is 


affirmative : 
(IIT) The assertions of (1) remain true if (6) is replaced by (20). 


In order to prove (III), it will be sufficient to show that, under the 
assumptions of (III), the line o—1 cannot contain a zero of f(s). For if 
this is granted, then the remaining assertion of (III), according to which 
f(s) cannot have a pole on o = 1, will follow in the same way in which (I) 
and (II) were proved to be equivalent (that is, by applying (17) and (19) 
in the same way as above). Hence it is sufficient to assume that f(s) has a 
zero $==1-+ ia on o—1 and to show that the existence of at least one such 
real number a leads to a contradiction. 

First, a40, since f(1) ~0. Next, since f(s+ia) at s—1, and 
since (1) and (3) imply that f(1 + 7¢) and f(1—7t) are complex conjugate 


values, it is clear that the function 
(21) G(s) =€(s)f(s + ia) f(s— ta) 


(which, in view of (2), is meromorphic on o =1 ) will have at s=1 neither 
a zero nor a pole if the zero s—=1-+ 1a of f(s) is a simple zero (the factor 
?(s) of (21) has a double pole at s=1). But the argument applied in the 
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proof of (IL bis) also shows that f(s) cannot have a multiple zero on o=—1 
(simply because (1) and (3) imply that, if o>1, 


|f(o+it)| =M(1+ p-)* = €(2e) > Const. 1) 


holds for every ¢ and for a certain Const. >0). Accordingly, if Ky denotes 
the logarithmic residue of G(s) at the point then K,—0. 


It will be shown that 
(22) 


holds for every ¢. In view of K,—0, this will prove that K;—0 holds for 
every ¢. It will therefore follow from (5), (9) and (21) that f(s + ta)f(s — ta) 
is of index 0, and so a non-vanishing regular function, at every point s~1 
of the line o=1. Since f(1-+7t) and f(1—it) are complex conjugates, 
and since a540, it now follows that f(s) is regular (rather than just mero- 
morphic) on But since s=1-+ ta and are two distinct 
zros of f(s), this contains a contradiction. In fact, it was shown in [3] that 
if (1) (or, in the complex case, just | x»|<1) holds in (3), where o >1, 
and if the function f(s) remains regular at every point of o—1, then f(s) 
cannot have more than one zero on o=—1. 

In view of this contradiction, the proof of (III) will be complete if the 
truth of (22) is proved (for every ¢). But (22) can be proved, along the 
lines of the proof of (12), as follows: 

If s=o-+it, where ¢>1, is replaced in (13) once by s+%a and 
once by s—dia, it follows, by addition, that the logarithmic derivative of 


t(s+ia)f(s—ia) is 


(23) & (Apxlog p)/p**, where = 2xp cos (ak log p). 
p k=1 


On the other hand, it follows from the first of the relations (4) that the 
| logarithmic derivative of £2(s) results from (23) if yp and a are replaced by 
1 and 0 respectively. If the resulting series is added to (23) itself, then 
the definition, (21), of G(s) shows that 


(24) — G’/G(s) & bp./p** for o > 1, 
where 


(25) = 1+ xp cos(ak log p). 


| But it is seen from (25) and (1) that bp,=0. Hence it is clear from (24) 
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that (16) remains true if / is replaced by G. Consequently, (22) follows 
by letting o—1—>-+ 0. 
Since this completes the proof of (III), the final result is as follows: 


THeoreM. If there is assigned to every prime p a value xp satisfying 
—1l=y,=1, and if the function f(s), defined for o>1 by the Luler 
product f(s) =I(1—yp/p*)*, remains meromorphic at every point of the 
line o =1, then f(s) ts a regular and non-vanishing function at every point 


of the line o=1. 


This theorem, which is equivalent to (I), (11) and (IIL) together, can 
be completed by the further information supplied by (II bis) and (11*) 
[and also by the hypothetical information contained in the Remark formulated 


after (II bis) J. 
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LOCAL CONTRACTIONS AND A THEOREM OF POINCARE.*? 


By SHLOMO STERNBERG. 


One of the earliest treatments of the problem of normal forms for a 
system of n differential equations at a singular point occurs, at least implicitly, 
in Poincaré’s thesis [6], pp. XCIX-CV (cf. also Picard [5]). In his thesis, 
Poincaré is concerned with those analytic partial differential equations of 
first order for which the Cauchy-Kowalewsky theorem does not apply. An 
important lemma in his considerations is the following: Given n analytic 
functions X; of m complex variables 2; which are defined in some neighbor- 
hood of the origin and such that X;—A,v;-++ higher order terms, consider 
the partial differential equations 


(1;) X ,0y;/02, + ++ + = Ajyj. 


(i) all the A; lie in the same open half-plane about the origin 
and 
for any non-negative integral m; such that m; > 1, 


equation (1;) has an analytic solution in some neighborhood of the origin. 
Now (1;) is the j-th partial differential equation that a change of coordinates 


(2) Yi = Yi(Z1, Lo," (4 = 1, 


must satisfy in order that it transform the system of ordinary differential 
equations 


(3) dx, /dt = (21, L2,° 
into the linearized form 


(4) dy;/dt = 


* Received March 11, 1957. 

?This paper was written while the author was a Temporary Member of the 
Institute of Mathematical Sciences, New York University, during the academic year 
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States Government. 
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Thus if we denote by (ii) the totality of conditions (iij) for all j we cay 
rephrase Poincaré’s theorem as follows: Given a system of analytic differentia) 
equations (3) defined near the origin such that X;(0,0,---,0)—0 and 
whose matrix of linear terms is diagonizable with eigenvalues 4; satisfying 
(i) and (ii), then there exists an analytic change of coordinates (2) trans. 
forming (3) into (4). 

Poincaré’s proof of this theorem is a straightforward application of the 
Cauchy majorant method; condition (ii) implies the existence of a formal 
power series solution and (i) implies convergence. In this paper we shall 
deal with the problem of normal forms for real non-analytic differential 
equations for which there is, of course, no majorant method. Our approach 
will be of a geometrical nature and will deal with the flow generated by (3) 
rather than with (3) itself. If we examine condition (i) for the case of 
real differential equations, we observe that since every complex eigenvalue 
occurs along with its complex conjugate, the only admissible half planes are 
the right and left half planes. Substituting —¢ for ¢t, if necessary, we can 
replace (i) by 
(iz) Reda; <0 for all j. 


But (iz) implies that the flow generated by (3) is a one-parameter semi- 
group of contractions in some neighborhood of the origin, i.e., that all points 
sufficiently close to the origin tend to the origin with increasing time. In 
what follows we shall obtain normal forms for smooth contractions in 
Euclidean n-space, that is, we shall obtain invariants for C" contractions 
under inner automorphisms of the group of local C* changes of coordinates. 
In addition to supplying information on the problem of normal forms for 
differential equations, our results generalize (to n dimensions and the non- 
analytic case) certain results of Lattés [3] on analytic surface transforms- 
tions. We shall also obtain a generalization of the results of [8] on invariant 


curves to n dimensions.” 


2. Before dealing with the problem of normal forms for contractions 
we shall show that the problem is of an entirely different nature if no 
smoothness assumptions are made. This remark which is not essential iv 
the sequel, follows from the fact that any two orientation preserving (0: 
tractions in n-space are equivalent if the group of orientation preservill 
homeomorphisms of the (n—1)-sphere is arc-wise connected. This propert! 


* These results are an outgrowth of ideas contained in my thesis which was writtel 
under the direction of Professor Wintner. 


som 
sucl 
(6) 


We 
mo} 
on 


and 


S*( 
(3) 


If» 
sinc 


of 


of 
no} 
non 
of 


is t 
the 
the 
moc 
may 
phi 
sucl 
(5) 
whe 
dit 
1S ( 
So 1 
(7) 
= 


CONTRACTIONS AND A THEOREM OF POINCARE. 811 


is trivial for spheres of zero and one dimensions and is assured by a known 
theorem of H. Kneser in two dimensions. If there exists an n not satisfying 
the above condition, then the statement of Theorem 1 would have to be 
modified to take this fact into account. At any event, the structure of the 
mapping of the n-sphere has no effect on the following paragraphs. 


THEOREM 1. Let S and T be two orientation preserving homeomor- 
phisms of some neighborhood of the origin in Euclidean n-space into itself 
such that 
(5) | Se] and | 2], 


where |-|| is the ordinary Euclidean norm and where n satisfies the con- 
ditions preceding the theorem. Then there exists a homeomorphism R of 
some neighborhood of the origin onto itself keeping the origin fixed and 
such that 


(6) = T. 


Proof. Let 3 denote some sphere which, together with its interior, 8, 
is contained in the domain of definition of S and T. In virtue of (5) 


T™(B) C T"(B) and 8"*(B) C 8"(B) 
so that we can write 
(7) —U(T"(B) —T™(B)) and B= U(S"(B) —S8™'(B)). 


We define R to be the identity map on 3 and to map @—S(@) homeo- 
morphically onto @—T(@) in such a manner that R(Sx) —Tz for all z 
on 3. This can clearly be done since S and T are both homeomorphisms 
and by the assumptions concerning n. We now define R inductively to map 


S"(B) — onto T"(8) —T™(B) by the equation 
(8) RS ==TR. 


If we set R(0) 0 then, by (7) FR is defined on all of @. Furthermore, 
since R was defined so as to be continuous at S(d), it is a homeomorphism 
of B onto itself satisfying (8), and hence (6) proving the theorem. 


3. As soon as we restrict our group of local changes of variable to be 
of class C1, Theorem 1 becomes false. In fact, there is a natural homo- 
morphism of the group of local C? homeomorphisms onto the group of all 
non-singular n by n matrices: T—+J(T) where J(7’) is the Jacobian matrix 
of the transformation 7 at the origin. The next conjecture would be that 
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a normal form for J/(7) would be a suitable normal form for T. Now for 
the one dimensional case it was shown in [9] that if the linear operato: 
J(T) is a contraction and T is of class C**! (k 21) then T can be linearized 
by a change of coordinates of class C*. However this is not true in the p- 
dimensional case. In fact we shall exhibit an analytic contraction of the 
plane which can not be linearized by any transformation of class C? having 
a non-vanishing Jacobian at the origin. Consider the transformation 


(9) = ay. 

We wish to show that there is no C? transformation 
(10) E=f(a,y), 
such that in the é,y coordinates (9) assume the form 
(11) é, = = My. 


In order for (10) to transform (9) into (11) f must satisfy the functional 
equation 


(12) + y*, ay) =a*f(z,y). 

taking the partial derivative of both sides of (12) with respect to y gives 
(13) + y*, ay) + af, (a*e + y’, ay) =a*f,(z,y). 

Setting z—y=0 in (13) yields 

(14) f,(0,0) =0. 


Differentiating (13) with respect to y and setting r—y—0O gives 
(15) fo(0,0) =0. 


But (14) and (15) imply that the Jacobian of (10) vanishes at the origin. 
Thus (9) can not be linearized. 


4, In the n-dimensional case, the problem of finding normal forms ior 
smooth transformation splits into two parts: one of a purely formal nature 
and the other analytic in character. In this section we shall deal with the 
formal part; our main goal being to bring every transformation satisfying 
certain formal conditions analogous to {i) into a prepared form so that 
the analytic considerations of the following section apply. Before proceeding 
with the calculations we shall make some remarks about the formalism 0 
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general. Let T* denote the set of all C* homeomorphisms defined in some 
neighborhood of the origin in n space keeping the origin fixed and having 
a non-vanishing Jacobian there. Given any two transformations A and B 
in T*, we can compose them to form a third transformation C=B-A in T* 
provided that we restrict attention to a sufficiently small neighborhood N of 
the origin. In order to be able to define C on N, N must be contained in 
the domain of A and such that A(NV) is contained in the domain of B. In 
order to avoid such difficulties, we can introduce the equivalence relation 
‘4=B if A is identical with B on some sufficiently small neighborhood of 
the origin.” The elements of the coset space of T* with respect to this 
equivalence relation form a group G* known as the group of local C* trans- 
formations. Now let P* (1k) denote the set of n-tuplets of real 
polynomials (formal power series) without constant terms in n real variables, 
which have terms of degree at most k. Then P?C P?C---CPFC---CP®. 
Let J* denote the operator which truncates the n-tuplets of formal power 
series at their terms of degree k; 


iy=1 

Then P* has a natural multiplication defined on it, namely substitution 
followed by truncation of order k. If F* denotes those elements of P* 
whose matrix of linear terms is non-singular, then /* is a group under this 
multiplication. The truncation operator J* provides a canonical homo- 
morphism of F's onto F* for s>k. Furthermore there is a natural homo- 
morphism of G* onto F* once coordinates are chosen in Euclidean space, 


given by sending every mapping 


into the n-tuple whose elements are the Taylor expansions of the f; at the 
origin of order k. We will now state a sufficient condition for an element 
of F* to be linearizable by inner automorphisms of F*. Since the mapping 
T* is a homomorphism onto, it is sufficient for us to prove the result for F*. 


LemMA 1. Let T be an element of F* whose matrix of linear terms 
has no multiple elementary divisors and whose (possibly complex) eigen- 
values -,S, satisfy 


(II) for any non-negative integral m; such that 


>m;> 1. 
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Then T 1s equivalent to its matrix of linear terms by an inner automorphisn 


of F*. 


Since our groups are real, if complex eigenvalues do occur, they occur 
in pairs of complex conjugates. In that case, it is convenient to modify 
the group F* by replacing the pair of real coordinates corresponding to the 
complex eigenvalues by a pair of conjugate complex variables and to allow 
complex formal power series satisfying certain symmetry (reality) conditions 
This procedure is explained in detail in Birkhoff [1], pp. 60-63. In what 
follows, these symmetry conditions are automatically verified for the series 
that arise in virtue of the method of their construction. The convenience 
of introducing the complex coordinates is, of course, that it allows us to 
diagonalize the matrix of linear terms. We thus assume that 7’ has the form 


where all the series start with terms of degree at least two. We wish to 
find an R=(r,,---,7,) where the 7; are formal power series such that 
RTR- = = We can assume that the matrix of linear 
terms of FR is the identity matrix and rewrite the desired equation as RT = SR 
or 


where the If we compare the 
coefficients of 7,4- - - 2,‘ in (16), we obtain 


where P#,,...;, is a polynomial in those r/;,...;, such that Sj, < Six. By (Il), 
we can solve (17) for r‘,...;,. This allows us to determine consecutively all 
the coefficients of the 7; so as to satisfy (16), proving the lemma. 


5. In this section we shall deal with the analytic aspects of the problem 
of linearization. We shall therefore have to make an assumption analogous 
to (i): An element T of T* will be called a contraction if the eigenvalues. 
S1, 82," *,Sm, Of J(T) satisfy 


(I) <1. 


In all the cases we shall treat, we assume, for simplicity that the matrix 
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J(7’) has no multiple elementary divisors. Hence, in the coordinate system 
corresponding to the eigenvectors of J(7), (I) takes the form 


(I*) | <4, 
where the norm is the ordinary Euclidean norm: || J (7) || =sup || J(T) (z) | 
where the sup is taken over all vectors (x) such that || (x) || =1, with ||(z)| 


=>2? if x; are the coordinates of (2) in this coordinate system. If S and 
s denote max s; and mins; respectively, then 


< F(T) (2) <8] 
Then we have 


TueorEM 2. Let T be a transformation in T* satisfying (1) and (II) 
and such that 
(18) k > log s/log S, 


then there exists a transformation R in T* such that RTR-* 1s linear. 


In proving this theorem we shall use the method described in [10]. 
That is, denoting by ZL the linear transformation which is given by the 
Jacobian matrix J(7) at the origin, we wish to find an R such that RTR* 


=I. We rewrite this equation as 


(19) R= 


We shall solve (19) by a process of successive approximations. This process 
will converge provided that we are able to start with an initial R which 
satisfies (19) up to terms of sufficiently high order. Such an FR will be 
supplied by Lemma 1. In order to formulate the convergence proof, it is 
convenient to introduce the following notation. Let V*y denote the space 
of n-tuplets f= (f!,-- -,f") of functions of n real variables defined in 
some neighborhood N of the origin, which are of class C* there and which 
vanish at the origin together with all partial derivatives of order Sk. 
Thus Viy.C V*y for N’ DN and j=k. On the space V*, we introduce 


the metric 


4=1 


[hen an immediate consequence of the above definitions is 


LemMA 2. Given any f in V*y and any positive number e, we can find 


4 sufficiently small neighborhood N€ such that 
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Now define the operator Dy on V*y by 
(22) Or: f(-) (-)) 


The essence of the convergence proof is then contained in 


Lemma 3. Let f be in V*y and T in T* with k satisfying (18). Ther 


there exists a neighborhood N’ of the origin such that 


for some K <1. 


If we call (t‘;(z)) the Jacobian matrix of the transformation T at tly 
point z, then for any function f of class C* on NV 


(24) [f(T (2) =D fe, (T(z) (2) - (x) + P, 


where P is a polynomial in derivatives of f of order lower than k, and in 
derivatives of the ¢t‘; (of order =k). Since T is smooth near the origin 
(1**) implies that we can choose N® so that ||(ti;(r)|| << S+8 for all z 
in Vs. If M denotes the maximum of the derivatives of the ¢‘;(.c) occurring 


in P for all z in N, set y=ce/M. Then by Lemma 2, and (24) 


(25) | Orf || wrans + + f || 


In view of (18), we can choose § and « so small that (25) reduces to (23). 


In order to complete the proof of Theorem 2 we observe that Lemma | 


implies the existence of an FR, such that R, 
Lemma 3 implies that the sequence of transformations 


n-1 
R,, L-"*R,T™ O7* — R) 


k=0 


is uniformly convergent and tends to a transformation R in T*, which clearly 


satisfies (19), in some neighborhood N* of the origin. 

It should be remarked that although we have defined FR only on some 
small neighborhood NV*, we can extend the definition to any neighborhood .\ 
for which 7 is defined and for which 7"(N) C N* for some suitably large ¢. 
In fact, all we have to do is to replace R by LRT’. It should also be noted 
that the above proof is valid in the real analytic case, where it supplies au 
analytic change of coordinates R. 


6. In the last section we proved that any smooth contraction 7 (and 
hence the discrete group 7" generated by 7) satisfying certain conditions 


LORT is in V*y. Then 
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can be linearized. In this section we show how to pass from the discrete 
case to that of a continuous one-parameter group. Here there are two 
smoothness considerations: smoothness of the individual transformations and 
of their time dependence. In what follows both considerations become trivial 
in virtue of the general principle enunciated in 


Lemma 4. Let T; be a continuous one parameter family of transfor- 
mations in T* such that T, is linear for integral n. Then there exists a 
transformation R in T* such that 


(26) RT,R- = 


where L, is the one-parameter group of linear transformations whose matrices 


are the Jacobians of T; at the origin. 
In fact set 


1 
(27) L_.T, da. 


Now 
1 1-t 0 i-t 
0 -t -t 0 


Then, since L_,7', = identity, 


0 20 
-t ~t 


1-t 
Thus 


e’ 0 
or R satisfies (26). It is clear from (27) that R satisfies the smoothness 
requirements and that J(R) is the identity so that R is in T*. 

Now for any one-parameter group, conditions (I) and (II) are inde- 
pendent of the parameter. If they are satisfied for a group of transformations 
of class T* where k satisfies (18) (which is also independent of he parameter), 
we can first linearize a discrete subgroup by Theorem 1, and then the whole 
group by Lemma 4. Thus we have proved 


THEorEM 3. Let T; be a continuous one parameter family of contractions 
° (T.4=T7,T;) which satisfy (1) and (II) and are of class T* where k 
satisfies (18). Then there exists a change of coordinates R in T* which 


linearizes 
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7. We now translate Theorem 3 into a theorem about differentia] 
equations. Consider a system of differential equations (3) where the J, 
are functions of class C* defined in some neighborhood of the origin with 
X;,(0,---,0)=—0. Then the existence theorem for ordinary differential 
equations states that there is unique solution 


(28) xi(t,é) such that 2,(0,é) = &, 


where = (é,,-- *,&,) are the initial points for the motion. We regard 
(28) as a transformation depending upon the parameter ¢ and wish to 
calculate its Jacobian X(t, é*) = (xg,) = (wig, (4, €*)). This can be done by 
means of the equation of variation. In fact, taking partial derivatives in 
(3) gives 

(29) d(xig,) /dt = Xiz,Lre,. 


Denoting by % the matrix (Xj,,) we see that X satisfies the linear differential 
equation 


(30) dX /dt = &X, 


where the initial conditions €* are to be considered as parameters. Setting 
é=0 in (30) yields 
(31) J(T;) = 


where A is the matrix of linear terms of (3) at the origin. But then it i 
clear that condition (1) and (II) for the flow generated by (3) are equiva- 
lent to conditions (ig) and (ii) for the differential equations, while (18) 
becomes replaced by 

(32) k> 


where A=max|Red;| and Amin! Red;|._ We have thus proved 


THEOREM 4. Any system of differential equations (3) defined in som 
neighborhood of the origin such that X;(0,- - -,0) =0, satisfying conditions 
(i) and (ii) and of class C* where k satisfies (32) can be linearized by « 


change of coordinates in T*. 


For the case of analytic differential equations satisfying the (i) and 
(ii) we can assert that the change of coordinates is analytic. In this case, 
by the introduction of a complex time, if necessary, we can reduce (ir) t? 
(i). We thus obtain 


THEOREM 5 (Poincaré). Any system of analytic differential equations 
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(3) satisfying (i) and (ii) can be linearized by an analytic change of 


coordinates. 


8. As was shown in Section 3, if the formal condition (ii) is not 
satisfied, then a contraction can, in general, not be linearized. We can, 
nevertheless, ask for some other, nonlinear, normal form. Let us first 
examine where the proof of Lemma 1 breaks down if (ii) does not hold. 
In fact, let s; = - where the m; are integers such that }m; > 1. 
Then, if we set (t:,° tn) = (m1,° - +, in (17) we obtain ...m, == 0. 
Since P‘»,---m, 18 a polynomial in the lower order 1/;,...;, which are already 
uniquely determined, this might not vanish, so that (16) can not in general 
be satisfied. We can remedy this situation by including the value of these 
Pi,,,---m, ito the normal form itself. More precisely, 


Lemma 5. Let T be an element of F* whose matrix of linear terms 


has no multiple elementary divisors, with eigenvalues s,,---,8,. Let M, 
denote the collection of n-tuplets (m,,---+,m,) of positive integers such 
that 


Then there exists a transformation R in F® such that RTR-" has the (com- 
plex) form 
where the (m,,- are in M+. 

The equation corresponding to (16) is 


If we compare the coefficients of 2,4: - for (%,° not in 
M‘ we obtain (17) where the P%,...;, is a polynomial in those rJ,,...;, and 
Ain..m, for which Sj, and S m, are both << Siz. We can then solve (17) 
for ri, ...;, in terms of known quantities, as before. If (i,- - -i,) is in Mé, 
then (17) is replaced by 


The coefficients of ré,,...,, in (36) cancel and we can determine that A‘,...;,. 
We then can choose the ré,...;, arbitrarily and (35) will hold. (If we wish 
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to make the A‘»,...m, unique, we should make some a priori choice of ali 
such r#;,,...,,, which might arise, e. g.. set them all equal to zero.) This prove; 
the lemma. 

If we now assume that condition (i) holds, then (ii) can be violate) 
only for those (m,,- - -,m,) such that }m;<k where k is given by (18), 
Thus, in finding a normal form for arbitrary T satisfying (1) and not (ii) 
all that is necessary is to show that we can choose coordinates in such ¢ 
manner that 7 becomes a transformation given by polynomials of degree |. 
This can be done by the same method as in the proof of Theorem 2: 


THEOREM 6. Let T be a transformation in T’ where r=k and | 
satisfies (18) where the s; are the eigenvalues of J(T). Then there is i 
transformation R in T" such that 


(37) P = RTR, 


where P is a transformation given by polynomials of degree Sk. In fact 
we can assume that P is given by the image of T in F* under the natural 
homomorphism. We can determine a normal form for T by application 
of Lemma 5. 


Proof. It is easy to see that 


(38) || P?*S,7— | 


ts 


for any S, and 8S, in If we take S, = and then 
S,—S, is an element of Vy if R is a suitably chosen polynomial transforms- 
tion (reducing to the identity if rs). Then an application of Lemma : 
implies that the series 


(39) > — PRT!) 
converges, proving the theorem. 


In the particular case of an analytic transformation in the plane with 
real eigenvalues 0<s<t<1 for the Jacobian at the origin, Theorem 
implies that every such surface transformation can be brought into the 
normal form 

Ay”, y =ty (if 
(40) or 
== y =ty (if for any m) 


by an analytic change of coordinates; this result was obtained by Lattés [3]. 
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9. In this section we shall consider what happens if (i) is violated. 
We can not obtain anything approaching a normal form for these trans- 
formations, but we shall, nevertheless, outline the proof of a result which is 
a strong generalization of Theorems 2-6. In what follows, we shall assume 
for simplicity that all the eignevalues of the Jacobian matrices are real. The 
transition to the case of non-real eignevalues does not imply any essentially 


new ideas. 

THEOREM 7. Let T be a transformation in T* of the form 
where the gi are terms of higher order and 
(42) <1 for |s;| 21 for i>p. 
Suppose, furthermore that 


for any positive integers m, such that Sm,> 1, and that k satisfies (13) 
where S and s are now defined by , 
(44) S max(|s:|,---,|8)|) and s—min(|s,|,- - -,|s8)|), 
Then there exists a change of coordinates R in T* of the particular form 
(45) Yi = — Lp) 
which transforms T into the form 
where the G; satisfy 
for all 4. 
It is clear that Theorem 2 is contained in Theorem 6. (Take p—n_.) 
If we do not assume (43) we have 


THEOREM 8. Let T be a transformation in T* of the form (41) 
satisfying (42) and (18). Then there exists a change of coordinates R 
in T* of the form (45) transforming T into the form (4%) where 
is a polynomial of degree [logs/logS]+1 for 
(Sp and 
(48) Gi (91,° 4%, 0,° -,0) == 0 for p. 
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It is clear that Theorem 7 follows from Theorem 8 via Lemma 1 s0 that 
it suffices to prove Theorem 8. It should be remarked that Theorem § 
implies that the surface ‘Yn remains invariant. A more general 
formulation of this result which does not make use of the somewhat restrictive 
smoothness assumption (18) and (44) is contained in 

THEOREM 9. Let T be a transformation in T* of the form (41) where 
the S; satisfy (42). Then there exists a change of coordinates R in T* oj 
the form 
(49) (tSp); Yi = °°, %p) (t>p) 
which transforms T into the form (46) where the G; satisfy (48). 

If we apply Theorem 6 to the invariant surface Yp..—=--° -yn=( 
(assuming that T satisfies the additional smoothness assumption (44) ) then 
Theorem 8 follows from Theorem 9. If q of the eigenvalues s; are greater 


than one then applying Theorem 9 to 7-* we obtain 


THEOREM 10. Let T be a transformation in T* of the form (41) where 
p of the s, are <1 and q of the s, are >1. Then there exist invariant 
surfaces of class C* passing through the origin of dimexsions n— p and n—4. 

Theorem 10 is a complete generaliaztion (to n-dimensions and the non- 
analytic case) of the result of Poincaré concerning the existence of invariant 
curves near a hyperbolic point of a surface transformation, cf. [6], pp. 202- 
204, [2] and [8]. In the case of surface transformations n= 2, p=q=1. 

If we make use of a slight modification of Lemma 4 and of the remark: 
before Theorem 5 we can translate Theorem 7 into a theorem about differential 
equations. 


THEOREM 11. Consider a system of differential equations of the form 
(50) dx;/dt = jai + 
where the r satisfy 
(51) for iS<p, 
and the g; are of class C* where 


(52) k > max |; |/min | 
i=p 


Then there exists a change of coordinates of the form (45) transforming 
(50) into the form 
(53) dy;/dt = G;(2,, 


where the G; satisfy (48). 
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This is a generalization to the non-analytic case of a theorem of 
Liapounoff [4]. If we similarly translate Theorems 9 and 10 into theorems 
about differential equations we obtain the ‘Asymptotische Bahnen’ of Siegel 
[7] (without his analyticity assumptions). 

We have seen that all the results of this section hinge upon Theorem 9. 
We now proceed to its proof. 

Denote by # the projection 

Then we rephrase the conclusion of Theorem 9 as follows: there exists an 
Rin T* of the form (49) such that 
(55) 
We first remark that any transformation FR of type (49) is uniquely deter- 
mined by RE. Furthermore, if a sequence 2?, of transformaticn of the type 
(49) has the property that R,£, converges uniformly along with partial 
derivatives of a certain order then the sequence R, has this same property. 
Finally R-? has the same form as RF with the exception that the 4; are 
replaced by —¢;. If we translate equation (55) into a functional equation 
for the ¢; we obtain 


fori=p+41,--,n. We write this equation as 


We now observe that all the s; occurring inside the functions in (57) 
are strictly less than one, while the s,;? occurring as factors are less than 
or equal to one as a consequence of (42) and (49). Furthermore the g’s 
occurring in (57) are functions of second order. Applying Taylor’s theorem 
twice, we can, therefore, solve (57) by an iteratuve procedure similar to that 
used in the proofs of Theorems 2 and 6. 
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COVERINGS OF ALGEBRAIC CURVES.* 


By SHREERAM ABHYANKAR. 


1. introduction. In this paper we present, among other things, some 
new results concerning coverings of algebraic curves—i.e., in global ramifica- 
tion theory—which distinguish the modular case from the classical, i.e., the 
characteristic zero case, and seems to open up new lines of research. Through- 
out the paper several problems will be formulated and questions raised. 

We had noted in [A1] that the possibility of “local splitting of a simple 
branch variety by itself” is the basic fact underlying the difference between 
local ramification theory in the modular and the classical cases. One thesis 
of this paper is that the corresponding global possibility of the “splitting of 
a single branch point by itself” is the basic fact which distinguishes the 
global ramification theory in the modular case from that in the classical case. 
For instance, the following three are some of the consequences of this 
possibilty; let the ground field & be algebraically closed of characteristic 
p30: (1) Given any one-dimensional algebraic function field K/k there 
exists « in K (not in &) such that x=oo is the only valuation of k(x) /k 
ramified in K, i.e., the total differential dz has no zero or pole at finite 
distance (Theorem 4 of Section 2). [Hasse and Deuring had proved that 
for each p42 there exist finite number of elliptic function fields of this 
type.] (2) There exist unsolvable unramified coverings of the affine line— 
which is a commutative group variety (Section 4). (3) For nontamely 
ramified extensions, in no possible sense is the monodromy group generated 
by loops around the branch points (Remark 7 of Section 4). (1) leads to 
the concept of universal branch loci and the possibility of new invariants. 
(2) is only a very special consequence of a general pattern which leads us 
to formulate a conjecture which roughly says that: (ramification theory in 
characteristic p40) = (ramification theory in characteristic zero for the 
corresponding situation) + (the class of all quasi p-groups*) ; for the local 
theory some evidence for this conjecture is in our previous papers [A1] and 
{A3] and some evidence for the global theory for curves is given in this 


* Received February 8, 1957. 
* As defined in [A3], for a given prime number p, a finite group @ is said to be a 
quasi p-group if @ is generated by its p-sylow subgroups. 
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paper (Section 4). This conjecture consists mainly of two parts: the first 
part asks us to algebraize the fundamental group in the classical case and 
carry it over to tamely ramified extensions, for this and other comparative 
purposes we have collected in Section 7 information on the topological funda- 
mental and monodromy groups in the classical case for curves; the second 
part of the conjecture says that if (for characteristic p40) in a situation, 
nontrivial coverings are possible, then coverings exist with any assigned 
quasi p-group. 

The recent result of Lang-Serre to the effect that for a curve there are 
only a finite number of unramified coverings of a given degree is generalized 
in Section 6 to tamely ramified extensions with assigned branch points. In 
Section 5 is given a formula to derive from the different of an extension 
the different of the corresponding least galois extension. In the Appendix 
(Section 8) are collected some lemmas used in the paper. The contents of 
the other sections should be clear from their titles; the reader who wants a 
quick look at the amusing results is referred to Section 4. 


Notations. All through the paper we shall tacitly use the notations and 
results of [Al] and Section 2 of [A2]. Now let ¢ be a power series in 
X,Y,-> with --,Xe), Y= - - having 
coefficients in a field k; we shall use the following notations: 


|t|x— leading degree of ¢ in X; 
|t|y,y = leading degree of ¢ in X and Y; etc. 
If ¢ is a polynomial in XY (in X and Y; ete.) then: 
| |x =the degree of ¢ in X; 
| ¢ x,y =the degree of ¢ in X and Y; etc. 


When the reference to X (or X,Y) is clear from the context, we may omit 
these subscripts. Note that: |0|=—oo and ||0||——o. For a polynomial 
F(Z) we shall denote by DF(Z) the Z-discriminant of F(Z). 

Now let K/k be an n-dimensional algebraic function field and let K* 
be a finite separable extension of K. Let V be a normal projective model 
of K/k, let V* be a K*-normalization of V. Let W be an irreducible sub- 
variety of V and let W*,,- - -,W*, be the irreducible subvarieties of V* 
corresponding to W; let R and R*; be the quotient rings of W and W*; on 
V and V* respectively; let w be a real discrete valuation of K and let 
w*,,-- -,w*,; be the K*-extension of w. We shall say that respectively 
W*,/W, R*,/R, w*,/w are tamely ramified if in case p0 we have r(W*;,: W), 
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(Bi: R), r(w*,:w) (mod p) respectively. We shall say that respec- 
tively W, 2, w are tamely ramified in K* if respectively W*;/W, R*;/R, w*;/w 
are tamely ramified for all 7. We shall say that V is tamely ramified in K* 
(and K* or V* is tamely ramified over V) if each irreducible subvariety 
of W is tamely ramified in K*. Observe that for n =1, V* is tamely ramified 
over V if and only if each valuation of K/k is tamely ramified in K*; in 
this case we shall say that K*/K (or K in K*) is tamely ramified. 


2. Splitting of a single branch point by itself. Let & be an arbitrary 
field of characteristic ps40. In [A1, Remark in Section 2] we had noted 
that the possibility of “local splitting of a simple branch variety by itself” 
is the basic fact underlying the difference between the structures of local 
galois groups in the case of nonzero characteristic and in the case of zero 
characteristic. This possibility was exhibited by the normal surface S* 
[Example 5 of Al]: + —0, for the Z-projection of S* onto 
the X,Y plane S the branch locus is D:X¥=0. Now we shall exploit this 
surface, or rather its section by the plane Y = YX, for global ramification theory 
and the corersponding conclusion will be that the possibility of “global 
splitting of a (single) branch point by itself” is the basic fact underlying 
the difference between the global ramification theories in the case of nonzero 
characteristic and in the case of zero characteristic. 


So consider the polynomial 
F(Z) = Ze) + + 


where x is a transcendental over Let Z = Z*z? and F*(Z*) F(Z), 
so that 
7* 4 ==1(Z* +1) [moda]. 
Hence by Hensel’s lemma [for instance Lemma 1 on page 48 of C]: 
F*(Z*) = G*(Z*) (Z* +u) where k[[z]] with u(0) —1 and G*(Z*) 
is of degree p in Z* with G*(Z*)=1[modz]. Therefore 
F(Z) =G(Z) (2+ ua’), 
where 
G(Z) = Z°+ + +---+ G,, G,€ k[[a]]. 
Then 
F(Z) = Ze 4+ + uz?) Ze + 
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Hence fact 
(1) G, + uz? = G, + uz?G, =- = Gy. + ur*G,..=0 pa 
exte 
(2) Gy + = 
and 
(3) ux?Gy = 
A? 
Now (1) implies that oug 
G,=—uz*, -,G,=— ur°G, », 
the 
so that 
be 1 
G,=——uz*, - -,G; the 
(4) to t 
1.e., Gp. =u? Hence by (2) we have by 
(5) Gp = — ur? Gy, = — = — 
Since u(0) —1, |w| 0. Hence by (4) and (5) we have: 
(6) | for i—1,2,- - -,p—1 and |G,|—p—1. 
No 


Therefore by Lemma A1 (of Section 8) G(Z) is irreducible in k[[x]][Z|. FB 1, 
Let v be the valuation of k((z))/k given by a, let z be a root of G(Z), w le 
the unique extension of v to k((x))(z). Then [O, Theorem II on page 298] Fo, 
w(z) = Therefore #(w:v) is divisible 
by p and hence 7(w:v) =p and (the residue field of w) = (the residue field Fy, 
of v) =k. Thus Th 


(7) F(Z) =@(Z)(X + G(Z) irreducible in k[[x]][Z]. 


Hence if F(Z) were reducible in k[x][Z] it must have Z + u* as a factor 
with u* Then 


= F(— u*) = — gpl, led 

he 

Hence the z-degrees of two of the three terms u*?t!, 2?-'u*, «Pt? must be oe 
equal. Now | | >| | —2(p-+1) > p+1—[ and 
|| implies | | =| |—p—1, ie, —(p—1)/9= 
noninteger which is a contradiction. Therefore || || = || ||, i.e. 
| | 2. Since we must have u*—cz* with OAcEk. Nowe 
F (— = — + so that || F(—cx?)|| =2p4+2 which 


a contradiction since '(— cz?) —0. 
Thus F(Z) is irreducible in k[x][Z] and hence in k(x)[Z] and F(Z) 
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factors in k[ [x] ][Z] i.e., in &((x))[Z] into two irreducible factors of degrees 
‘pand 1 respectively and these factors do not introduce any residue field 


extensions. 


[Remark 1. It would be interesting to compute the galois group of 
F(Z) over k((a)), i-e., (assuming & to be algebraically closed) by Lemma 
42 (of Section 8) the galois group of Z? + 2°Z?*-+ 2?" over k((x)); that 
ought to yield the galois group of F(Z) over k(z).] 

Let K =k(zx), let z be a root of F(Z) and let K*—K(z). Let C be 
the irreducible curve: Z?tt + +. in the X,Z plane and let L 
be the Y axis. Then K —k(L), K* =k(C) and the rational map given by 
the embedding K C K* corresponds to the projection of C (by lines parallel 
to the Z-axis) onto L. Now F’(Z) =Z?-+ 2?" so that F(Z) = ZF’(Z) + a 
and hence DF'(Z) =x), Therefore the origin, i.e., the valuation v given 
by the irreducible nonunit x of k[z], is the only possible branch point on L 


| at finite distance. To test for the point at infinity let 7, 1/2, Z, Zz, and 


F,(Z,) =2,""" F(Z) so that 


Now F’,(Z,) = Z,” + 2, so that F',(Z,) = Z,F’, + 1 and hence DF,(Z,) = 1. 
Therefore the point at infinity is not ramified. Thus the origin of L is the 
only possible branch point. From the way F(Z) factors in k((x))[Z] we 
conclude that v splits in K* into two valuations w, and w, both of which are 
rational over k with #(w,:v) =d(w,:w) =p and =d(we:v) =1. 
Now the curve C is of degree p-+1 and it has a p-fold point at the origin. 
Therefore C' is rational (over k), i.e., there exists y in K* such that 
K*=k(y), since w, and w, are rational over k we may assume that they 
correspond to y=0 and yoo respectively (Lemma A3 of Section 8). 

[If & is algebraically closed and if we were willing to deal with a generic 
section of S we could perhaps argue thus (and in fact this is how we were 
led to the construction we have just given): Let L:aY + bY =0 (a,b€k) 
be a generic line in the X,Y plane S; then the curve C on the surface S* 
which corresponds to L is irreducible; C is the intersection of S* with the 
plane aX + bY =O in the X,Y,Z space; for the induced rational map of C 
onto L the branch locus D is the intersection of L with D, i.e., D is a single 
point and since [k(C) :&(L)] = p-+1 it follows by Proposition 6 (Section 3) 
that D splits in &(C) into two points with ramification indices p and 1 
respectively. | 


To find y explicitly we may proceed as follows. Homogenizing 
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and z=Z/Y, i.e., y=2z/x and 2’ =—1/z, i.e, z=y/2’ and 


that + + =0, ie, 
1/a = (—1— y*""*)/y =— (1/y) —y. Now x=0 if and only 
a’ =o. Replace x by (—z’). Then y?*'—a2y so that r= yr ty 


z= is the only branch point in k(x)/k for k(y) and on it lie y=0 an 
y=o. If we replace y by y* then r=y+t+y?, r=x 
is the only branch point and on it lie y=-0 and yo. Thus we may stat 
and directly reprove 


THEOREM 1. Let k(y) be a simple transcendental extension of w 
arbitrary ground field k of characteristic p¥0. Let r=y+y?. The 


(1) [k(y):k(x)] =p+1; (2) v: is the only valuation of 


which 1s ramified in k(y); (3) v splits in k(y) tn the valuations wy: y= 
and We: y=0; and (4) d(wo:v) =p and d(wy:v) =1. 


Proof. «=y+y?= (y?**+1)/y; since the numerator and denomi- 
nator are coprime we have [k(y) :k(z)]=p+1 and + zy? + 1 is the 


minimal equation of y over k(x) [see §63 of V] F(X) = + 27? 41 
is the minimal monic polynomial of y over k(x). Now F’(Z) =Z? so tha 
DF(Z) =1 and hence no valuation of k(r)/k except possibly v is ramifie 
in k(y). Also the equation z—y--y”? implies that if w is a valuation 
k(y)/k with wAw, and then w(x) =min[w(y), w(y”) ] =0 ani 
hence wy, and w,, are the only valuations of k(y)/k which can possibly li 
over v. Since wo(1/r) =p and hence wy does li 
over v and d(wo:v) =F(wo:v) =p. Again 


(1/2) +1) = [y? +1) / (ity?) 


so that w.(1/r) = —wa(1+y?") =1 and hence w, does lie over 
v and d(we:v) =1. [Check: 


p+i= [&(y) :k(x) | = Dw overv d(w:v) =d(w: v) +d(w,:v) =p+l) 


THEOREM 2. Let k(y) be a simple transcendental extension of 
arbitrary ground field k of characteristic p40. Let we,- Wn be! 
finite set of given valuations of k(y)/k which are rational over k, 1.¢., 
are given a finite set of distinct elements ¢,,C2,* - +,C, in kU {00} such that 
c; is the residue of y at w; Then there exists x in k(y) (not in k) sud 
that v: roo is the only valuation of k(x)/k which is ramified in k(y) an! 
W1,We,* *, Wy above v. 


+ + 0 we get + XP! Thus the 
fold singularity of C is: X =0, Y=1, Z=0. Take Y —0 to be the liy 
at infinity. Let 2 —Y/X and y=Z/X; previously we had r=JX/j 
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Proof. It is enough to prove that there exists a subfield K of k(y) such 
that K is a simple transcendental extension of & such that wi, W2,° - *,Wn 
contract in K to a single caluation v and v is the only valuation of K/k 
ramified in k(y); for then the rationality of w,/k implies the rationality of 
»/k and by Lemma A3 of Section 8 we may find a generator xz of K/k such 
that v corresponds to 2=0o. Now we shall make induction on n: for n—1, 
we may take K —k(y), so let n>1 and assume the theorem for n—1. 
Then by the induction hypothesis there exists a simple transcendental exten- 
sion L of k contained in k(y) such that w,, >, contract in to a 
single valuation w, and wy is the only valuation of Z ramified in k(y). Let 
u, be the contraction of w, to L. If uw)»—u,. we may take K —J, so now 
assume that w~us. By Lemma A3 of Section 8 we can find a generator y’ 
of L/k such that uw. is y’=0 and uy is y’ =o. Applying Theorem 1 to 
k(y’)/k find 2 in ZL (not in &) such that v: x=oo is the only valuation of 
k(z)/k which is ramified in Z and uw) and uz, are exactly the valuations of L 
lying above v. If we let K—k(x) the induction is complete. 


Remark 2. If k is finite, we may take w,,w2,- --,W, to be all the 
rational valuations of k(y)/k. Then all the rational points of the y-line 
will lie on the point at infinity of the z-line so that each finite rational 
point of the x-line will undergo residue field extensions but no ramification. 
Question. How far can we assign these residue field extensions? 


Proposition 1. Let k(y), wo and wz be as in Theorem 1. If we take 
r=y' + ey? t+ coy P+: with Mm kh, 0, E> 0 
with ts50 (mod p), then (1) [k(y):k(2)] =hp+t; (2) vi 1s the 
only valuation of k(a)/k which is ramified in k(y); v splits in k(y) into 
w, and wp; and (4) d(wo:v) =hp and d(w,:v) =t. 


Proof. This is similar to the proof of Theorem 1. 


Proposition 2. Let k(y) and ww, be as in Theorem 1. If we take 
T= Coy + cry? DP + y™P with Co, +5 k and co 0 
then (1) [k(y):k(x)] =mp; (2) v: c= is the only valuation of k(x) /k 
which is ramified in k(y); and (3) w is the only valuation of k(y) lying 
above v [so that d(w:v) =F(w:v) =mp]. 


Proof. Now F(Z) =Z"? + Cy +: - is the 
minimal monic polynomial of y over k(x); F’(Z) = cy and hence DF(Z) = ce,” 
so that v: c—o is the only valuation of &(x)/k which can possibly be 
ramified in i:(y). Let w* be a valuation of k(y)/k. Then from the equation 


lin 
X /T 
Len 
ly i 
! y 
) ani 
stat 
f 
"her 
/k 
the 
41 
that 
fled 
1 of , 
and 
lie 
al 
ver 
we 
hat 
ni 


832 SHREERAM ABHYANKAR. 


defining z it is clear that w*(y) =O if and only if w*(z) 20 and hence 
w: y=oo is the only valuation of k(y) lying above v: r=oo. 
We may strengthen Theorem 2 thus: 


THEOREM 3. Let the notation be as in Theorem 2. By Lemma A3 of 
Section 8 we may assume that c; =o. Assume n> 1 and let mz, msz,- - -,m, 
be arbitrary positive integers which are divisible by p and let my=1. Let 
+ -(y—en) ™. Then (1) [k(y):k(2)] 
(2) vi is the only valuation of k(x)/k 
which is ramified in k(y); (3) wi, Wn are exactly the valuations of 
k(y) which lie above v; and (4) d(wi:v) =F (wi: v) = m for i=1,2,---,n. 


Proof. This is similar to the proof of Theorem 1. 


Remark 3. In reference to Theorem 38, by Proposition 6 (Section 3) 
we know that at least one of the m; is divisible by p. However, in Theorem 
3 we have assumed that m, 1 and the other m; are divisible by p; invoking 
Proposition 2 before applying Theorem 3, we may take m, also to be an 
arbitrary integer divisible by p. Question. How far can the assumptions on 
the m; be relaxed? 

Given *,W, and -,m, determine all z—or rather k(r)— 
of the type described in Theorem 3 or rather determine all possible structures 
of k(y)/k(x). Now reverse the problem: i.e., suppose k(x), v and m,,:--,m, 
are given. Find all finite algebraic extensions K* of K=—k(x) [to begin 
with those K* which are simple transcendental extensions of k and then 
others as well] such that v is the only valuation of k(x) /k which is ramified 


in K*, there are n valuations w,,---:,w, of K*/k lying above v and 
d(w,:v) =m, for i=1,---,n. Do this for & algebraically closed and 


n==1, then n 2 and so on. Is there any smallest value of n which would 
yield all function fields? Now replace k(x) by an arbitrary one-dimensional 
function field. 

From Theorem 2, we at once derive the following theorem which will 
be put into its right perspective in Section 4. 


THEOREM 4. Let K be a simple transcendental extension of an alge- 
braically closed field k of characteristic p340 and let v be a valuation 
of K/k. Then (1) given a one-dimensional algebraic function field L/k 
there exists a finite algebraic extension L, of K such that L, is k-isomorphi 
to L and such that v is the only valuation of K/k which is possibly ramified 
in L. Also (11) given a one-dimensional algebraic function field L/k and a 
finite separable algebraic extension L* of L there exists a finite algebraic 
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ertension L, of K and a finite algebraic extension L*, of L, such that L*, 
is isomorphic to L* under a k-tsomorphism which maps L, onto L and v ts 
the only valuation of K/k which 1s possibly ramified in L*,. 


Proof. Taking L—L*, (1) follows from (II), hence it is enough to 
prove (II). Fix y in Z, not in k, and let K*=k(y). Let wi, -, Wp 
be the valuations of K*/k which are ramified in L* (if no valuation of K*/k 


is ramified in L* we may take for w,,- --,w, any valuations of K*/k). 


By Theorem 2 there exists z in K*, not in k, such that w,,- - -,W, contact 
in k(z) to a single valuation w and w is the only valuation of k(x) /k which 
is ramified in K*. By Lemma A3 of Section 8 there exists a k-isomorphism 
sof k(x) onto K which maps w onto v; extend s to an isomorphism ¢ of L* 
into an algebraic closure of K, let L*,—#¢(Z*) and L,—¢(L). Then v is 
the only valuation of K/k which is possibly ramified in L*,. 


Remark 4. Part (1) of Theorem 4 may also be stated thus: “Given 
a one-dimensional algebraic function field LZ over an algebraically closed 
ground field & of characteristic p40, there exists x in Z not in k such that 
r=o is the only valuation of k(x)/k ramified in LZ; in other words, the 
total differential dx has no zeros or poles except at roo.” An extremely 
special case of this is known, namely it follows from the work of Hasse [H] 
and Deuring [D], see also Serre [S], that for each value of p2, there 
exist a finite number of elliptic function fields L/k for which this is true; 
of course we prove it for all function fields. 


3. Coverings of the line with one, two or three branch points. In this 
section, K denotes a simple transcendental extension of an algebraically closed 
field & of characteristic p, and S, denotes the symmetric group on n letters. 


Proposition 3. Let v4, vo, vs be any three distinct valuations of K/k 
and let n be a positive integer bigger than one such that either (1) n, 
n—1=540 (mod p) in case or (II) n ts odd and n, n—2, 246 
(mod p) in case p0. Then there exists a finite algebraic extension L/K 
such that (1) L/k is a simple transcendental extension, (2) for a least normal 
ertension L* of K containing L, the galois group of L*/K 1s tsomorphic 
lo Sn, (3) v4, V2, vs are exactly the valuations of K which are ramified in L, 
.e., in L* (except when n=2 in which case only v; and vz are ramified), 
and (4) K is tamely ramified in L and hence (by Proposition 7 of Section 5) 


in 


Proof. Let L=k(y) be a simple transcendental extension of k, 
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let c=—y""(y—1) and f(Z) =Z""*(Z—1)—za in case (I) and let 
and f(Z)—2Z"*(Z—1)?—z in case (II). Then 
[L:k(x)] =n and f(Z) is the minimal monic polynomial of y over k(z) 
[$63 of V], and in view of Lemma A3 of Section 8 it is enough to prove 
that there are exactly three valuations of k(x)/k which are ramified in | 
and f(Z) is unaffected over k(x), i.e., the galois group of f(Z) over k(z) 
is S,. Let wo, w:, Wa be the valuations of k(y)/k given by y~=0,1,« 
respectively and let vo, vz be the valuations of k(x)/k given by «=0,x 
respectively. It is clear from defining equations of 2 that w,(2) =—n 
that w, lies above v, and d(w,:v.) =n so that w, is the only valuation 
of k(y) lying above v,; also in case (I): wo(x@) =n—1, w(x) =1, 
and in case (II): wo(x) =n— 2, w,(r) =2, 
n—2+2=—n=[k(y):k(x)], hence in either case wy and w, are the only 
valuations of k(y) lying above vo. Now (n—1) + [(n—1) —1] = 2n—3 
= (n—1)+ [(n—2) —1] + [2—1] and hence in either case 2n—3 
is the contribution of v) and v, to the degree A of the different oi 
k(y) over k(x). Since both these fields are of genus zero, we have: 
2n, i.e., A= 2n—2 so that A-—- (2n—3) —1. Hence there is 
only one more valuation v of k(x) which is ramified in k(y) and only one 
valuation w of k(y) lying above v is ramified over v and d(w:v) =14+-1=? 
[v will be different in cases I and II; its value can at once be found, by 
computing Df(Z), to be =—n™(n—1)""* and «= 4n-"(n — 2)""* respec- 
tively]. Since p342, 2540 (mod p) and hence it follows [by Section 5 and 
Lemma A5d of Section 8] that if ¢ is a uniformizing parameter at v then the 
galois group of f(Z) over k((t)) is generated by a 2-cycle and hence the 
galois group of f(Z) over k(x) contains a 2-cycle. In case (I) the galois 
group of f(Z) over k((a)) is generated by an (n—1)-cycle [see Section 5 
and Lemma A5d of Section 8] and hence the galois group of f(Z) over (2) 
contains an (n—1)-cycle and hence it must be S, [Lemma 1 of A3]. 
Again in case (II) the galois groups of f(Z) over k((x)) and h((1/1)) 
are generated respectively by an n-cycle and by a permutation of type 


(1,2) (3,4,- - -,n) so that the galois group of f(Z) over k(x) contains au 
n-cycle and a permutation of type (1,2) (3,4,- °°.) and hence it must 


be S, [Lemma 3 of A3]. 


PRroposiTIon 4. Assume that Let v4, v2, vs be any three distinc! 
valuations of K/k and let q be any integer. Then there exists a tamely 
ramified finite algebraic extension L of K such that (1) L/k is simply 
transcendental, (11) v4, v2, v3 are exactly the valuations of K/k which ar 
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ramified in L and (III) (the number of valuations of L lying above v,, v2, 
v3) 2=q+1. 


Proof. By any one of the constructions used in the proof of Proposition 
3, there exists a finite algebraic extension K, of K such that (1.1) K,/k 
is simple transcendental, (II.1) v;, v2, vs are exactly the valuations of K/k 
which are ramified in K, and (III.1) if by qg, we denote the number of valua- 
tions of K, lying above 1, v2, v3; then g,=3-+1. Replacing K and 1%, v, 
v; by K, and any three valuations of K,/k lying above v1, v2, v3 obtain K2; 
then from K,, obtain K, and so on; denote by g, the number of valuations 
of K, lying above v,, vs, v3. Then g,=3-+ 7 and hence it is enough to 
take L = Ky. 


PROPOSITION 5. Assume p=2, lel n be any positive integer and let 
v, and vz be any two valuations of K/k. Then there exists a galois extension 
L of K with galois group tsomorphic to 8, such that v, and vz are the only 
valuations of K/k which are possibly ramified in L. 


Proof. For n=1 or 2 the matter being trivial we assume n>2. If n 
is even, let F(Z) + fiZ"* 4 fn + (fart thr 
be any one of the polynomials obtained in Chapter I of [A3]; we may 
replace by y so that F(Z) ==2"+ -+ fa 
and DF(Z)=y". If n is odd, let F(Z) 
+friZ+fn.+y be any one of the polynomials obtained in Chauter II of 
[A3] ; we may replace f, + y by y so that F(Z) =Z"+ f,2" + f,Z"?+-- - 
+friZ+y and DF(Z) =y"". Thus in either case we have 


with F,€ k[ x,y] and DF(Z) =y" or y"" according as n is even or odd. Let 
S be the projective 2, y plane over & so that k(S) =k(a,y) = K* and let 
S* be a normalization of S into a root field L* of F(Z) over K*. Then 
the branch locus of S* over S is contained in the union A of the z-axis (y= 0) 
and the line at infinity in S and by the results of [A3], the galois group of 
L*/K* is isomorphic to S». Let S, be a generic line (rational over &) in S 
and let S*, be the curve on S* corresponding to S,. Then as in [L2], S*, 
is irreducible, the branch locus of S*, over S is contained in 8,;NA and 
hence consists of at most two points and k(S*,) is a galois extension of 
k(S,) with galois group isomorphic to S,. Since &(8,)/k is simply trans- 
cendental, we are through by invoking Lemma A8 of Section 8. 


Proposition 6. Let L be a finite algebraic extension of K with [L: K] 
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=m>1. Then (1) there is at least one valuation of K/k which ts ramified 
in L. (II) If there is only one valuation of K which ts ramified in L, then 
it must be nontamely ramified. (111) If L/K ts tamely ramified and i 
there are only two valuations of K/k which are tamely ramified in L, then 
L/K is cyclic and (mod p) in case (IV) Given two valuations 
v, and v2 of K/k and an integer n such that (mod p) in case 
there exists a unique (up to a K-isomorphism) tamely ramified cyclic exten- 
sion L of K of degree n such that v,, v2 are the only valuations of K/k 
ramified in L. 


Proof. Let g=genus of L/k and A4=degree of the difference of J 
over K. By [Corollary 2, p. 106 of C], 2g—=A—2m-+2. Since g20 
and m >1 we have \= 2m—2=m>0 which proves (1). 


Now assume that L/K is tamely ramified, let v be a valuation of K and 
let w,,W2,° * +, Ww, be the valuations of Z lying above v; then the contribution 


t 
A(v) of v to » is given by A(v) => [d(wi:v) —1] =m—tsSm—l. 


Hence if g valuations of K are ramified in L then \Sq(m—1); since 
A = 2m —2—=2(m—1) we must have g=2. Now assume that gq =—2, let 
v, and v, be the valuations of A which are ramified in ZL, let L* be a least 
galois extension of K containing ZL and let ¢, and t, be the number of 
valuations of L* lying above v, and v, respectively, let A* be the degree of 
the different of L*/K and let m*=—[L*:K]. Then 2m*— + 
= (m* —t*,) + (m* — =A* = 2m*—2, hence ¢*,—t*,—1; there- 
fore the galois group G of L*/K equals the splitting group S over v, of the 
L*-extension of v,. Since v, is tamely ramified in L, it follows by Proposi- 
tion 7 of Section 5 that v, is tamely ramified in L* and hence 8 is cyclic 
and m*=5£0 (modp). Therefore L—L*. This proves (II) and (III). 

A proof of (IV) and a reproof of (II) and (III), all this using only 
(1), can at once be obtained by the method and results of Section 6. 


Remark 5. In the classical case when k is the field of complex numbers, 
parts (I) and (II) correspond to Proposition T1 and T2 (Section 7), 
respectively, and parts (III) and (IV) correspond to Proposition T3. II 
(Section 7). 


4. Algebraic fundamental groups and universality. For the sake of 
definiteness in this section we shall assume that the field of definition of all 
varieties concerned is a fixed algebraically closed field & of characteristic p. 
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4.1. Definitions. Let F be a family of finite groups, given another 
family F', of finite groups we shall regard F and F’, to be the same families, 
i.e, F=F,, if f is in F implies there exists f, in F, isomorphic to f and 
conversely. Let G be a group (finite or infinite) and let p be a prime 
number. We make the following definitions: 


(F)?=the family of members of F whose order is prime to p. 
F,—the family of subgroups of members of F. 
F;,=the family of homomorphic images of members of F’. 
G;, =the family of finite homomorphic images of G. 


Observe that Fsrs—=F san =F x (proof is trivial). Let ¢ be a property of 
finite groups. F' is said to be ¢ if each member of F is ¢, F is said to be 
not » if at least one member of F is not ¢, F is said to be non ¢ if each 
member of F is non ¢. Thus F is abelian means each member of F is 
abelian, F' is not abelian means at least one member of F is nonabelian, and 
F is nonabelian means each member of F is nonabelian. F is said to be 
complete if F equals the family of all finite groups. Observe that many 
important properties are shared by F’, F, and F’, simultaneously ; for instance 
this is so for the following properties: (1) being abelian, (2) being solvable, 
(3) being a p-group for a fixed p, (4) being a p-group for various p; i.e., 
F is abelian if and only if F, is abelian, if and only if Fs, is abelian, and 
soon. Also note that if {Fo}. , is a collection of families of finite groups 
and if the unions are taken over the indexing set A, then (UF a)s= (UF as), 
(UF.,) = (UF,), and the same for intersections. For a finite group G 
we shall denote by p(G@) the (normal) subgroup of G generated by all the 
p-sylow subgroups of G; recall [see A3] that G@ is called a quasi p-group if 
G@—=p(G); the family of all quasi p-groups will be denoted by Q(p). 

Let V be a normal variety and D a proper subvariety of V. If K* is 
a finite algebraic extension of k(V) and V* is a K*-normalization of V then 
the branch locus on V for the transformation between V and V* will be 
denoted by A(V*/V) or by A(K*/V). Now we define: 


(1) O(V—D) =the family of finite algebraic extensions L of k(V) for 
which A(L/V) C D. 

(2) 2,(V—D) =the family of members L of Q(V—D) such that 
L/k(V) is galois. 


(3) ’,(V—D) =the family of members L of 2,(V—D) such that L/V 
is tamely ramified. 
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(4) 0*,(V—D) =the family of members of Q,(V—D) such that 
[L:k(V)] +0 (mod p) in case p30 (and no restric. 
tion if p=0). 

(5) wa(V—D), 

=the family of galois groups of L/k(V) for members /, 
of O,(V —D), 2’,(V —D), 2*,(V —D), respectively. 

(6) 

= [ma(V—D)]s, —D)], 
respectively. 

(7) (V—D), r*ce(V—D) 


respectively. 
Now let P be a point on V. Then we define: 


(1) 0(V —D,P) =the family of finite algebraic extension L of k(V) 
for which the components of A(L/V)_ passing 
through P are contained in D. 


(L2) 0,(V—D,P) =the family of members Z of Q(V—D,P) such 
that L/k(V) is galois. 

(L3) ’,(V—D,P) =the family of members L of 2,(V—D,P) such 
that P is tamely ramified in L. 


(L4) 0*,(V—D,P) =the family of members Z of 2,(V—D,P) such 
that for a point Q corresponding to P on the L- 
normalization of V we have d(Q:P) 0 (modp) 
in case p40 (and no restriction if p=0). 


(L5) wa((V—D,P), w’s(V—D,P), 
=the family of splitting groups over k(V) of points 
corresponding to P on the Z-normalization of V 
for members L of 0,(V—D,P), 0’,(V —D,P), 
0*,(V —D,P), respectively. 


(L6) and (L7): Similar to (6) and (7), respectively. 


(8) We shall say that V —D is respectively (I) universal, (II) strongly 
universal, (III) modelwise universal, and (IV) modelwise strongly 
universal, or, respectively, that (I’) D is a universal branch locus for ¥ 
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(II’): (1II’)- - -, (1V’) if, respectively, the following conditions 
hold: (CI) given a finite algebraic extension K* of &(V) there exists L 
in Q(V—D) such that L is k-isomorphic to K*; (CII) given a finite 
algebraic extension K*, of k(V) and a finite algebraic extension K*, 
of K*, there exists Z, in Q(V—D) and L, with K C L, C Lz such 
that there is a k-isomorphism of ZL, onto K*, which maps L, onto K*;; 
(CIII) given a finite alegbraic extension K* of k(V) there exists L 
in Q(V—D) such that the normalizations of V in Z and K* can be 
mapped onto each other biregularly ; (CIV) - - - such that the normaliza- 
tions of V in Z, and K*, can be mapped onto each other by a biregular 
map which induces a biregular map between the normalizations of V 
into Z, and K*,. It is clear that (CII) is equivalent to: given a finite 
sequence of finite algebraic extension k(V) C K*, C K*,C---C K*,, 
there exist k(V) CL,C L,C--+-CLy, in Q(V—D) and a k-iso- 
morphism of Z, onto K*, which maps onto K*; for 11, 2,- -,n; 
and similarly, for (CIV). Furthermore, D will be said to be a minimal 
universal (respectively strongly universal, modelwise universal, model- 
wise strongly universal) branch locus for V if D is a universal (respec- 
tively s.u., m.u., m.s.u.) branch locus for V and if no proper sub- 
variety of D is such. 

Observe that if V is one-dimensional, then things depend only on 
k(V) and the set of valuations corresponding to the points of D; 
hence we may replace the models by their function fields. 


Having made all these definitions, we now turn to results, conjectures 
and comments. 


4.2. Fundamental groups. If k is the field of complex numbers, and 
if the (corresponding Riemann type) existence theorem for V—D is avail- 
able, then (7,(V—D))n—24(V—D) where 7, is the topological funda- 
mental group. Although 7, besides giving (71), also gives the manner in 
which these groups are intertwined together, nevertheless (7,), and hence 
74 is a good algebraic approximation to 7, [of course, eventually one may 
have to consider the galois group over &(V) of the compositum of all the 
galois group over k(V) of the compositum of all the members of 0(V —D) 
which one expects to be the Krull-completion of 7,(V—D)]. For instance, 
7 is free with m generators implies (71), consists of all finite groups with n 


| generators; +, is abelian implies (7,), is abelian and so on. Since, as has 


heen indicated, important properties are carried simultaneously by za, 72, 70, 
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it is quite worthwhile, lacking a knoweldge of 4 itself, to study wz or x, 
Exactly similar comments are valid for the local situation V — D, P. 
Concerning ramification theory in the abstract case, we offer the fi. 
lowing two general conjectures. For p0 let Sp be a situation either ¢ 
type V—D or of type V-—D,P; and let 8, be the corresponding situation § 
in characteristic zero (i.e., in the classical case). Then, roughly speaking: 


(ramification theory for S,) = (ramification theory for S.) + Q(P); 
or better: 

(ramification theory for S,)/Q(P) = (ramification theory for S,) ; 
and now more precisely: 


CONJECTURE 1. z4(S,) =the family of all finite groups G such thai 
p(G)€Q(p) and G/p(G) € wa(So)?. 


CONJECTURE 2 (Supplement to Conjecture 1). 
(74 (So) )? = C n’a(S>p) ma(So) 
and the last inclusion is a near equality. 


Conjecture 1 consists of three steps: (1) to algebraize 7, in the classical 
case, see Remark 7; (2) to show that for a situation S, for which there exis! 
nontrivial coverings, then all members of Q(P) are realizable; and (3) to do 
the extension problem for (1) and (2). Let us call step (2), Conjecture 1.1: 
and the much weaker form of 1.1, where we replace Q(p) by the family 0 
all p-groups, let it be called Conjecture 1.2. 

These conjectures on z, reflect in zp or zc in a diluted form. To illus 
trate the meaning of “corresponding situation” by examples: (1) S, =line 
minus n points, S)—same; (2) S,—curve of genus g, S)—same; (3 
Sp = projective plane minus a curve with ordinary double points and com: 
ponents of orders m1,%2,- (4) S,—projective n spac 
minus m hyperplanes in general position, S)—same; now some loci 
examples: (5) S,—(V=projective plane, D=—a curve, P—a point # 
which D has a certain type of singularity), has the 
corresponding type of singularity). Now for certain situations S, ther 
may not exist a corresponding S); for such 8, the conjectures of cours 
would not apply, for instance in the last example for S,, P may be a poll! 
of D at which there is no Puiseux expansion! For the local theory, a bi! 
of evidence for the conjectures is given in our previous papers [A1] av! 
[A3]; observe that for the local theory, in case of dimension one, Q(p) hi 
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to be replaced by the family of all p-groups [see K]. For the global theory, 
when V is one-dimensional, the following evidence results from this paper: 

Let C be a nonsingular algebraic curve over an algegraically closed 
ground field & of characteristic p, and let D, be a set of n (distinct) points 
of C. 


Result 1. In the classical case by Proposition T3, there are only a finite 
number of (non k&(C)-isomorphic) members of 2(C—D,) =0’(C—D,) 
of a given degree over k(C) ; by Theorem 5 (Section 6) this is so for any p 
with 0’(C —D,). 


Result 2. (Trivial) Q(C—D,) and 2’(C—D,) are empty (except 
for C) and 2’(C —D,) consists of all cyclic extensions (of degree prime to 
pif p40); Proposition 6 and Remark 5 (Section 3). 


Now we assume that C =a projective line Z (or any rational curve). 


Result 3. Let n2=3. By Proposition T4 (Section 7) in the classical 
case re(L—D,,) is complete. To support the part of Conjecture 2 which 
says that 7’4(S,) is nearly equal to 74(So), we might expect that for 
arbitrary p not only rs(Z—D,), but even 7’s(L—D,) is complete. For 
p¥2 it follows from Proposition 3 that m’3(L—D,) ts complete, while for 
p=2, Proposition 5 gives the weaker result that zp(L—D,) 1s complete 
[in fact Proposition 5 yields the stronger conclusion that rg(L—D,) is 
complete]. Furthermore by Proposition T3 (Section 7) in the classical case 
74(L—D,) contains all the finite groups generated by two generators and 
hence in particular for any integer m the symmetric group on m letters: 
in the abstract case, we have proved in Proposition 3 that a’4(L—D,) 
contains the symmetric group on m letters if p=0 and if pO then 
provided either m,m—1540 (modp) or m is odd and m,m—2,2340 
(mod p). 


Result 4. Assume p30. Now Proposition 6 tells us that r4(L—D,) 
CQ(p) while, in view of Theorem 1, Conjecture 1.1 implies that 
™(LZ—D,) =Q(p) D (family of all simple groups whose orders are divisible 
by p) D the alternating groups on m letters for all m=p); this would 
tend to imply that r¢(Z—D,) is complete. Now it does follow from 
Theorem 2 and Propositions 3 and 5 that indeed ro(L—D,) ts complete. 


Remark 6. It follows from Result 4 that r4(Z—D,) contains (plenty 
of them) unsolvable groups, i.e., the affine line L—D, has unsolvable 
unramified coverings and hence in particular nonabelian ones. This is 
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surprising since the affine in line is a commutative group variety. Note 
that in [L1] Lang had obtained nonabelian coverings only for noncommv- 
tative group varieties. It would be interesting to characterize the possible 
galois groups of unramified coverings of commutative group varieties in 
general. 


Remark %. The main problem in algebraizing 7, is to prove Theorem T 
(Section 7) algebraically, i.e., to prove Theorem T is the abstract case (for 
any charatceristic) restricting attention to tamely ramified extensions only 
(in which case we conjecture the theorem to be true). [Jowever, even part 
(III) of Theorem T is false for nontamely ramified extensions, thus: By 
Remark 6 there exists a galois covering of L with unsolvable galois group 6 
and ramified only in D, while the splitting group S of any point above D, 
is solvable [K] and hence S cannot possibly generate G; really! it is unneces- 
sary to be so round-about, for part (III) of Theorem T, if true in general, 
would imply that if there is only one branch point D, on L then D, cannot 
split (by itself) ; and in Theorem 1 this has been proved false for nontamely 
ramified extensions. Thus (alas!) for nontamely ramified extensions not 
only with L with one puncture is nonsimply connected (which has been 
well known), but the monodromy group is not even generated by the loops 
around the branch points (Section 7). 


4.3. Universality. We may state Theorem 4 as 


Result 5. If p340 then for a projective line L over k, any one point 
of Z is a minimal universal as well as minimal strongly universal branch 
locus for L. 


We note that universality is a typical nonzero characteristic concept 
meaning thereby for characteristic zero one excepts that a universal branch 
locus could never exist, for instance if LZ is the projective line over & and D, 
a set of n points of Z and pO, then (by Theorem 5 of Section 6) the 
number of non k(C)-isomorphic members of 0(1—D,) is countable (i.e. 
of cardinality less than or equal to that of the set of integers) and a fortiori 
the number of non k-isomorphic members of 2(L—D,) is countable; if 
now we assume that k& is of uncountable cardinality (for instance, 4 = complex 
numbers) then there are uncountably many non k-isomorphic extensions of 
k(L) as follows for instance, since the moduli varieties are positive dimen- 
sional varieties over k ; hence L has no universal branch locus (this cardinality 
argument is due to Serre; one should find a proof without the cardinality 
assumption). However, for a field / of nonzero characteristic, we have 
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ConJECTURE 3. Every curve C over k has universal branch loct. 


OF ALGEBRAIC 


CURVES. 


After proving this conjecture, one should find the comomn properties 


shared by all the minimal universal branch loci of C; that should yield new 


(birational) invariants for C. Given a curve over a field of characteristic 


ro, reducing it modulo various primes would then yield invariants of the 


original curve for each of these primes. It is clear that if in the definition 


| of universality, we replace overfields by subfields, then there results another 


concept which we may call antiuniversality ; it would be interesting to inves- 


tigate this as well. 


5. Least galois extensions. 


Let K be a one-dimensional algebraic 


function field over an algebraically closed ground field & of characteristic p. 


Let L be a finite separable algebraic extension of K and let L* be a least 
galois extension of K containing L and let A(L/K) and A(L*/K) denote 
respectively the differents of Z and L* over K. It is convenient to have a 
formula expressing A(L*/K) in terms of A(L/K) (it would give the genus of 
[* in terms of the genus of K). This can, for instance, be used in studying 
the following question: What kind of function fields L* (and what kind of 
galois groups) can be obtained as the least galois extension of a simple 


transcendental extension of & containing another simple transcendental exten- 


sion of &; in other words, given L*/k under what condition can we find zx 
and tin L* such that k(t) C k(x) and L* is a least galois extension of k(t) 
containing k(x)? The study of such L* is facilitated due to the fact that 
it is gotten by a covering of a line by a line. In this section, we obtain 


such a formula provided is tamely ramified over K. Let v4, v2,° +, be 
the valuations of K,/k which are ramified (tamely) in L; then these are exactly 
the valuations of K which are ramified in L* (Proposition 1 of Al). Let 
ity Vigy* Vig, be the valuations of L* lying above v; and let wi, Win, 
be the valuations of L* lying above v;. Let d(viy:v;) =e; and d(wy: 1) = fi 


since L*/K is galois d(wi:v;) does not depend on j]. Then the formula 


is fi=[ei, Where the square brackets denote the least common 


multiple, in other words, 


ai 


t bi 


t 
if A(L/K) = II II then A(L*/K) = II II 14 
i=1 j j 


j=1 


4=1 j=1 


where in each equation the first product sign is taken over all valuations 1; 
of K/k and the second product sign is taken over all the valuations respec- 


tively of ZL and L* lying above v 


exponents of v;; and wi are zero). 


; (for unramified v, the corresponding 


This formula is motivated by Proposi- 
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tion T5 (Section 7) for the classsical case where & is the field of comple; 
numbers and K/k is simple transcendental. Now to the proof. We star 
with a remark on compositums of fields. 

Let K be a field and let K,,K.,- - -,K;z be finite algebraic extension; 
of K. Recall that an extension K* of K is called a K-compositum 4 
K,,- + -,K, if K* contains subfields K’,,- - -,K’; containing K such the 
K* is generated over K by K’,,- - -,K’; and K’; is K-isomorphic to K; fo 
i—1,---,t. To see that K* exists it is enough to take an algebraic closur: 
Q of K, to take for i1,- - -,¢ subfields K’; of Q containing K and K- iso. 
morphic to K; and to let K* be the compositum of K’,,- - -,K’; in Q. 

Now let L,,L2,---,L,4 be least normal extension of K containin; 
K,, +, Ky respectively. Let L* be a K-compositum of - -, I, 
Then L*/K is normal (obvious) and is uniquely determined up to iso. 
morphism by the extensions [,/K,:--,L,/K, i.e. if L** is any other 
K-compositum of L,,- - -,Z;, then there exists a K-isomorphism 7 from J’ 
onto L** such that if f; and g; are the given isomorphisms of L; onto sub- 
fields L’; and L”; of L* and L** respectively, then fir —g;. For fix a poly- 
nomial A;(X) in K[X] such that ZL; is a root field of A,(X) over K, om 
assertion then follows from the fact that L’; is the root field of A;(X) over 
K in L* [hence f;(Z;) as a subfield of Z* depends only on L; and not on fi] 
and hence L* is a root field of A(X) =A,(X)A2(X)- + -At(X) over XK. 
The same argument shows that Z* can also be defined as a least normal 
extension of a K-compositum of K,,---,K;. We shall call L* a least 
normal K-compositum of K,,: - -, 


Lemma 1. Let K/k be an r-dimensional algebraic function field, le 
L be a finite separable algebraic tension of K and let L* be a least galow 
extension of K containing L. Let R be the quotient ring of a point oni 
normal projective model of K/k. Let S,,---+,S_ be the local rings in | 
lying above R and let S* be any local ring in L* lying above R. Let Rb 
a completion of R and let K be a quotient field of R containing K. Le 
S; be a completion of S; canonically containing R and let L; be a quotien' 
field of S; containing K and L. Let S* be a completion of S* canonically 
containing R and let L* be a quotient field of S* containing K and I? 
Then (1) L* is a least normal K-composition of f,,L2,°°°,11. le 
f(X) be the minimal monic polynomial of a primitive element of L/K 
Let x be a root of f(X) in L, then (II1) x as an element of L; is a primitw 
element of L;/L, so that (IV) L; is the compositum of L and K in L;, ani 
if we let f;(X) be the minimal monic polynomial of x over K, then (V 
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=fi(X)fo(X)- -fe(X) ts the factorization of f(X) into pairwise 


coprime irreducible factors in K[-X]. 


Proof. (111) and (V) are proved in Proposition 1 of [A2] in the 
case where x is integral over R, however this implies that ZL, is the compositum 


of L and K in L, and hence any primitive element x of L/K is a primitive 


element of L;/K which proves (III) and (IV); again since for a suitable 
nonzero element c in R, cx is integral over R, Proposition 1 of [A2] gives 
(V) for cz which in turn implies (V) for 2. Now(IV) applied to S* tells 
us that L* is the compositum of Z* and K in L* and since L*/L is given 
by the roots of f(X), we obtain (II). Finally (1) follows from (II) 
and (V). 


LemMA 2. Let E=k((x)) be the power series field in one variable 
over an algebraically closed field k of characteristic p and let E* be a finite 
algebraic extension of E with EF] =n such that (mod p) tf 
Then E* = E(x"). 


Proof. This proof is well known. 


Proposition 7. In Lemma 1, assume that k is algebraically closed 
and r=1 and R is tamely ramified in L and let d(S;:R) =n; Then 
1(8*:R) (and hence R is tamely ramified in L*). 


Proof. R is normal, r=1 and k is algebraically closed implies that 
K=k((r)) where is a regular parameter in By Lemma 2, Lj; = 
and hence by Lemma 1.1, L* = so that d(S*:R) = [L*: K] 


[m,,Mo,° Me]. 


Remark 8. Is there a corresponding formula if we omit the assumption 


of tame ramification ? 


6. Finiteness of the number of coverings with assigned branch points. 
In their recent paper, Lang and Serre have proved [Theorem 4 of LS] 
that if K is a one-dimensional algebraic function field over an algebraically 
closed ground field & of characteristic p, then for any given integer n the 
number of non K-isomorphic unramified extensions of K of degree n is 
finite. Here we extend this result to extensions with assigned branch points 
(this is done by using a globalized form of a trick which we had used in 
[Al] for focal purposes), namely 


TurorEM 5. Let V be a given finite set of valuations of K/k and let 
n be a positive integer. Then the number of non K-isomorphic tamely 
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ramified extensions K* of K of degree n such that A(K*/K) is containg; 
in V is finite. 


We first prove two propositions. 


Proposition 8. Let K* be a finite separable algebraic extension of 
one-dimensional algebraic function field K over an algebraically closed grou 
field k of characteristic p. For y¢ K, y¢k, let K*, be a root field i 
A9— y over K* where g0 (modp) if p30 and let K, be the root fidj 
of X9—y over K in K*,. Let v*, be a valuation of K*,/k and let v*, x,,; 
be the restrictions of v*, to K*, Ky, K_ respectively. Let h=v(y) 
n=d(v*:v), g=(9,h), 91 = 9/9, = N* =g./q* and N =n/¢ 
[parenthesis denotes the greatest common divisor]. Then (1) d(v*,:v,) =) 
and d(v*,:v*)=WN*. (Il) If h=v(y)=1 and g=0 (modn) the 
N =d(v*,:v,) =1. (III) If d(v*:v)=1 then d(v*,:v,) =1; thi 
remains true if K*, ts replaced by any finite separable algebraic extension 
of K* and K, 1s replaced by a subfield of K*, containing K such that K* 
is the compositum of K, and K*. 


Proof. Fix in K with v(x) =1. Then where 8€ K with 
v(8) =0. Let z be a root of X9—y in K*,. Let H=k((z)) and let F 
be a v*,-completion of K*, so that H becomes the corresponding v-completio 
of K, let H* and LE, be the sufields of #*, which are the corresponding con- 
pletions of K* and K, respectively, then [Proposition 1 of A2] H*, = H¥*(:| 
and also [#*,: —d(v*,:v*) and 
[£*:£] =d(v*:v) =n. Since g0 (modp) if p~0 and 8 is a unit 
k[[2]], there exists a unit e in k[[z]] such that e?7 8 and we hav 
(ze)9 = 29e9 = r'§e9 = 2", Hence, by replacing z by ze we may assume thit 
y=z2". Now it follows from Lemma A5 (Section 8) that [#*,:2,] =) 
and [#*,: = N* which proves (I), while (II) follows at once from (1 
In the present case (III) follows from (I) while in the general case t 
can be proved directly as follows: Let *, be a v*,-completion of A™*, au 
let H*, E be the corresponding completions of K,, K*, K respectivel! 
Let z be a primitive element of K*/K so that z is also a primitive elemet 
of K*,/K, and hence [Proposition 1 of A2] =F (z) and 
now d(v*:v) =1 means —1, i.e., E* and hence z€ so thi! 
d(v*,:v,) = —1. 


Proposition 9. Let K* be a finite separable algebraic extension of a ont 
dimensional algebraic function field K over an algebraically closed grout 
field k of characteristic p. Let L* be a finite separable algebraic extensi! 
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ot K* and let L be a subfield of L* containing K such that L* 1s the com- 
positum of L and K*. Let w* be a valuation of L*/k and let w, v*, v be 
the restrictions of w* to L, K*, K respectively. Let n—=d(v*:v). Assume 
that there exists 2€ L and a positive integer g divisible by n with g=40 
(mod p) if p40 such that 29€ K and v(22)=1. Then d(w*:w) =1. 


Proof. Let K,=K(z), K*,—K*(z). Apply Proposition 8.II to 
K*,, K*, K and then apply Proposition 8. III to L*, L, K*,, Ky. 


Proof of Theorem 5. We may restrict our attention to the extensions 
of K in a fixed algebraic closure Q of kK. It is enough to prove that there 
exists a finite number of finite separable algebraic extensions L,, L2,- - -, Le 
of K such that if K* is a tamely ramified algebraic extension of K of degree 
n with A(K*/K) C V then for some Ly the compositum L*7 of Lr and K* 
is unramified over Lr. For then each such K* will be contained in an 
unramified extension of some Lr with [L*7:L7] Sn. By the Serre- 
Lang theorem, the number of these L*p is finite for each TJ and hence the 
number of fields between L*, and K for the various L*7 for the various Lr 
(T=1,---,q) is finite; hence a fortiori the number of extensions K*/K 
of the said type is also finite. 

Proposition 9 gives us various ways of constructing extensions L,,- - -, Lig 
with the required properties. Let v,,v2,- + -,v; be the valuations in V; 
fix y, in K with =1. Let {(Mra, Mri > 0, 
(mod p) if p40; + +: Morir, =n for +=1,2,-- -, t} 
with T =1,2,- --,q be the various simultaneous (for 11, 2,- -,¢; 1.e., 
f at a time) partitions of n into positive integers which are prime to p if 


p#0. For T=—1,2,---,q let 


t 
fr(X) If (4°74 — yi) 
i=1 j=1 
and let Ly be the root field of fp(X) over K. Then given K* (of the said 
type) there is a (unique) 7 such that for i=1,2,---,¢ the degrees over 
v; of the various extensions of v; to K* are -, Mrir,; and hence 


by Proposition 9, the compositum of Lz and K* is unramified over Lr. 

Also we can, in various ways, manage that it will be enough to take 
one single L. Firstly, we can take for LZ the root field over K of 
f(X)fo(X)- + -fy(X). Secondly, letting N to be the product of all positive 
integers which are less than or equal to n and which are prime to p if p0, 
we can take for the root field over K of — y,)(X" -(XN —y;). 
Thirdly, by the theorem of independence of valuations there exists y€ K 
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such that v;(y) =1 for i=1,2,---,¢; and we may take for L the roy 
field of XN —y over K. 

That the condition of tame ramification is essential is well knowp. 
For instance, let K=k(zx) be simple transcendental with & algebraically 
closed of characteristic p40 and let K*,, be a root field over K of f,,(X) 
== X?— X — zx" where m is any positive integer prime to p. Then K*,,/K 
is cyclic of degree p. Since f’n(X) —=—1, v: xo is the only valuation 
of K/k which is possibly ramified in K*,. Let z be a root of fm(X). Ther 
K*,, =k(z) (x) and gn(X) =X" + z—z is the minimal monic polynomial 
of « over k(z). Let w; be the valuation of k(z)/k given by z=1 for 
i=1,2,-- -,p and let be the valuation of k(z)/k given by Ther 
Dgm(X) = (2—2)"™" so that +,wWp,W» are the only valuations oj 
k(z)/k which are possibly ramified in K*,. Also =1 for 


and imply that there are unique valuations w*;,- -,w*,,w* 
of K*, lying above w,,:- -,W respectively and d(w*;:w;) 
(mod p) for 1—1,2,: -,p,oo. Therefore the genus g», of K*,/k is given 


by: gm= (4)(p+1)(m—1) —m+1= (4) (p—1)(m—1). Hence for 
the various values of m the extensions K*, are of distinct genera so that 
they are non k-isomorphic and hence a fortiori non K-isomorphic. 


Remark 9. Presumably one can at once generalize Theorem 5 to higher 
dimensional varieties by taking a generic plane section and applying 
Theorem 5. 


7. Some topological considerations in the classical case. In this 
section, we shall not try to be completely precise since logically the contents 
of this section do not belong in this paper and are used only for descriptive. 
motivating, and comparative purposes. For well-known properties of topo- 
logical coverings to be used, we refer for instance to Part I of [S2]. 

Let K be a pure transcendental extension of the field k of comple 
numbers, and let L be a finite algebraic extension of K with [L:K]=n>1. 
Let T be the Riemann surface of L/k, i.e., the set of all valuations of L/i 
topologized in the classical fashion and let S be the Riemann surface of K/k: 
then § is the Riemann sphere and T is a ramified covering of S, let f be the 
projection of T onto S, let D be the set of points of S which are ramified 
in Z and let F be the set of points of TJ lying above the points of P. 
then 7 —£E is an unramified covering of S—D; we may think of S as the 
euclidean plane R together with a point P,, at infinity. Since S as well a 
R are simply connected, D must contain more than one point and we maj 
state 
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Proposition Tl. There are no unramified proper extensions of K/k. 


Proposition T2. There are no proper extensions of K/k which are 
ramified only at one valuation of K/k. 


Let y be an are in S—D from a point X, to a point X,, let VY be any 
point in f-?(X), then there exits a unique are § in 7 —F starting at Y, 
and lying over y, let Y, be the point of 8 lying avove X,; thus y gives rise 
to a mapping of f7?(X,) into f-?(X,) which we shall denote by h(y); 
observe that h is multiplicative; now h(y) does not change if we vary y by a 
homotopy (stationary at XY, and X,) and hence we obtain a mapping from 
the homotopy classes of arcs in S—D into the class of mappings of the 
fibres of their starting points into the fibres of their end points; this mapping 
we shall also denote by h; the restriction of h to the loops at a point X, 
then gives the homomorphism of 7,(S—D,X,) into the group of permu- 
tations of f-*(X,) and this will again be denoted by h; which particular 
meaning of h is to be taken will always be obvious from the context. For a 
point X, in S —D we shall denote h(2,(S—D,X.) by H(X0). Let P be a 
given point in D, we may assume that P, is any point of D other than P; 
let Q1,Q2,: be the points in f-*(P) and let d(Qi:P)=7. Let A 
be a small closed circular neighborhood with center P (not containing any 
other points of D); then the use of uniformizing parameters at once shows 
that the connected components of f-1(A) are neighborhoods B,, Bz,- - -, Br 
of - respectively and B;—Q, is an cyclic covering of 
4—P. Let a be the positively oriented (with respect to a fixed orientation 
of S) boundary of A. Let M be a point on a and let Nix, Nie, - +, Nir, be 
the points in B; lying above M. Now a is a deformation retract of A—P 
stationary at MW and hence a generates 7,(A—P,M). Therefore the action 
of a on Ni, >, Nir, is to permute them cyclically, i.e., if for each 
fixed 1 we arrange the N;; suitably, then the action of a is given by the 1;-cycle 
(Ni, Nin. Hence the action of a on f*(4M), i.e, h(a), is the 
permutation on the r, +r,-+ --+7,;—n points Nj; which is the product 
of the ¢ disjoint cycles (Nis, Niz,- - -,Nir,), Now let My 
be any point of S—D, let u be any are from M, to M in S—D, and let 
r=uau"'. Then h(a) is gotten from h(a) by a one-to-one mapping from 
f4(M) onto Hence we have 


Lemma Tl. ‘The canonical decomposition of h(a) into disjoint cycles 
consists of cycles of orders Tt 


Now let P=P,,P2,---+,P,,P. be a labelling of the points of D. 
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Let a; be the positively oriented boundary of a small circle A; around Pp 
(t= 1,2,---,q), let My be a point in S—D not on any line passing 
through any two of the points P,,P2,: - -,P,; let M; be the points of inter. 
section of M,P; with aj, let u; be the straight line from M, to M,, and le 
% = uUjaju;*; let a, be the positively oriented circumference of a large circ) 
A, containing 4, %2,° - -,% (which is thus a small circle around P,), le 
u. be a straight line from M, to a point M, on a, such that u, such that 
u. does not meet any of the a; and let a, —=u,a,u.'. Arrange the labelling 
of the P; so that u,,U2,- * *,Ug,U. are consecutive lines through M,. (Th 
reader may draw a diagram.) Then it can easily be seen that 


LEMMA T2. a, ts homotopic to a,a,- (with M, fired). 

Also the one-dimensional (cell) complex J =2,Ua,U---Ua, isa 
deformation retract of R—D—S—D and 7,(J,Mo) is the free group 
generated by (or loosely speaking: by --,a,) and 


hence we have 


Lemma T3. ws the free group generated by 
Hence we have 


ProposiTIon T3. (1) m(S—(q+1) points) ts the free group F, on 
q generators. In particular (Il) m(S—2 points) is infinite cyclic ani 
(III) 7,(S—3 points) is the free group F, on two generators. 


9 


Corollary. A proof of Schreier’s theorem. By Proposition 4, S—3 
points can be covered by S—(q-+1) points for (arbitrarily) large gq, hence 
Fy=7(S—(q+1) points) C 7,(S—3 points) = F, for (arbitrarily) large 
q and hence F, C F, for all q. 


Moreover, by Proposition 4, for large g, Sg.1—=S—(q-+1) points 
a finite unramified covering of S,—=S—3 points; given a finite unramified 
regular covering T of S,,, we may pass to the least regular unramified 
covering I'* of S; dominating T, then I* is a finite covering of S; and the 
deck group of T over S,,, is the homomorphic image of a subgroup of the 
deck group of [* over 83; since in Proposition 4 we could replace S; by 4: 
for any n= 3, then denoting the free group on n generators by F’,, we have 
that (Fn_1)nsn = (71(Sn))asn is complete. However if we observe that any 
finite group is isomorphic to a permutation group and that the symmetric 
group on any number of letters can be generated by two generators and 


that (71(Sn))ns D (4:(Ss))as there results a stronger assertion, namely 
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Proposition T4. For n=3, (a1(S—n points) )as ts complete. 


Now let L* be a least normal extension of K containing L, let G be 
the galois group of L*/K, let [L*:K]—n*. Let f*, E*, h*, H* (Xo), 
0*,,Q*2,° be the entities gotten from T, F, h, 
H(Xo), Yespectively by replacing L by L*. 
Since L*/K is normal, r*, = r*,==- let r* be this common value. 
Let B*; be the connected component of f*-?(A,) containing Q*;. 

Let X, be any point of S—D. Recall that H(X,) is a permutation 
group of f-*(X,) ; it is called the monodromy group of T over S. It is well- 
known that H(X,) is isomorphic to G; a classical proof can be found in 
any older treatise, secondly a modernistic proof in terms of associated 
principal bundles [S2] can be easily reconstructed, and thirdly the required 
isomorphism z of G onto H(X,) may be obtained thus: by the approximation 
theorem for valuations, we can find é in LZ whose values at the various points 
of are distinct, then for e in H(X,) define xz by setting 
Y[a*(e)é] —=e(Y)[é] for all Y in f-*(X_) (if we replace the points of 
f*(X,) by their associated places, instead of the approximation theorem of 
valuations it would be enough to use the independence of places), observe 
that then for any 7€ L, g€ G and Y € f-*(X_) we have Y[g(m)] = (x(g)Y)[n]. 

Replacing Z by L* and X, by M), we obtain an onto isomorphism 2*: G 
—> H*(M,). Let V and V be the groups of fibre preserving (over S) auto- 
homeomorphisms respectively of T*— H* and T*; by continuity, extension 
and restriction give an isomorphism between V and V. Since T* — E* is 
a regular covering of S—D, if we fix a point N*, in f*-"(M,) we obtain 
a unique onto isomorphism y*: H*(M,) —V as follows: let e€ H*(M,) and 
Y*¢€ T* — E* be given; let X —f*(Y*), fix a loop B in S—D at M, with 
h*(8) =e and fix an arbitrary arc 5* in T*— E* from Y* to N*, and let 
y=f*(8), then [y*(e) ][¥*] = [h*(yBy7)](V¥*). Now y* gives an onto 
isomorphism: H*(M,)—>V which we again denote by y*. Thus we have 

* 
an onto isomorphism y*r*: G—> H(M,)——>V;; observe that for g€ G 
and Y*¢€ we simply have [y*r*(g)](Y*) =g(Y¥*), (Y¥* is a valuation 
of L*), 

Let v, be the unique arc in T*— #* starting from N*, lying above 
u, and let N*, be the point of v, lying above M,, then N*, = [h*(u,) ](N*o). 
Let B*; be the connected component of f**(A,) containing N*;. 
Let p=u,a,u,, then y*(h*(a,))(N*,) =h*(n)(N*). Now 
=U, and hence y*(h*(a,))(N*,) =h*(a,) (N*1) € BY. 
Therefore y*(h*(a,))(Q*:) =Q*; By Lemma T1 the canonical decom- 
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position of h*(a,) consists of r*-cycles and hence the order of h*(a,), ie, 
the order of y*(h*(a,)) is r*. Let g, be the element of G which goes into 
y*(h*(a,)) under the isomorphism y*z*, then g, = = 2*(q,), 
g, is of order r* and g, maps the valuation Q*; of L* onto itself, since the 
splitting group of Q*; over P, is of order r*, g, must generate this group. 

Similarly for 1—1,2,---,q,0o if we let g,—2*1(a;), there exists a 
valuation Q*; of L* are lying above P; such that g; generates the splitting group 
of Q*; over P;. Now suppressing the bar over Q*, and observing that the 
splitting groups of all the points of 7* lying above a given point of S form 
a complete conjugate set of subgroups of G, we conclude by Lemmas T?2 and 
T3 the following 


THeorEM T. Let k be an algebraically closed field of characteristic zero 
having the cardinality of the continuum, let K be a simple transcendental 
extension of k, let L* be a finite normal extension of K and let G be the 
galois group of L*/K. Let Py,P2,- > +,Pq be the valuation of L* lying 
above P,. Then there exist valuations Q*o,Q*3,- > -,Q*qu of L* lying above 
P,,P3,° + +,Pqi1 respectively and a generator g; of the splitting group of 
Q*, over P; for such that (1) =1 and any 
q of the gi generate G. In particular (11) the splitting groups of any q 
of the g+1 points Q*; (over the corresponding points P;) generate G and 
hence a fortiori (II1) the splitting groups of all the q+1 points Q%, 


generate G. 


Now observe that the order of H(M,) =order of G=[L*:K]=n* 
ond fixe loops y:,y2,° *-",;yne in S—D at M, such that the elements 
=h(y1), =A(yn+) are all distinct and hence these are 
all the elements of H(M,). Since T*—LH* is an unramified covering of 
T — E it follows that h*(y:),h*(y2),° - *,h*(yn+) are all distinct and hence 
these are all the elements of H*(M,). Recall that N*, is a fixed point in 
f*-1(M,). Let N*;—h*(yi)N*. Then N*,, - -,N*y* are all distinct 
and these are all the points of f*-*(M,). Now 


(yiyj) N*o = h* (y;) [h* (yi) N*0] = h* (ys) 


and hence if we identify *,yn+ Tespectively with ¢,,@2,° -,é@n+ and 
N*,,N*,,- respectively with h*(y:),h*(y2),° h*(yne), there 
results the following: H*(M,) is the right regular representation of H (M,). 
Hence by Lemma T1: [least comon multiple of 1,,72,- = [order of 
h((,)] = [the order of a cycle in the canonical decomposition of h*(y1)] =1: 
Hence we may state 
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Proposition T5. Let K/k and L* be as in Theorem T and let L be 


| a field between K and L* such that L* is a least normal extension of K 


containing L. Let P be a valuation of K/k, let Q1,Q2,° Qt be all the 


| valuations of L lying above P and let Q* be any valuation of L* lying above 


P. Then d(Q*:P) =the least common multiple of d(Q::P),d(Q2:P), 
-,d(Q::P). 


8. Appendix. We put together here the proofs of some of the lemmas 
we have used. 

Lemma Al. Let G(Z) =Z294+ G,(X)Z9' 4+ G(X)Z9? +- -+ 
with € k[[X]] X2,- where k is an arbitrary field. 
Assume that | G;(X)|x=i for i=1,2,- - -,g—1 and |G,(X)|x=g—1. 
Then G(Z) is irreducible in k[[X]][Z]. 

Proof. Suppose if possible that G(Z) =H(Z)K(Z) with 
H(Z) = + H,(X)Z" 4 H,(X)Z"? Hy(X), Hi(X) € 
K(Z) =Z* + K,(X)Z*? Ky (X), € k[[X]]. 


Let H*(Z,X) and K*(Z,X) be the leading forms respectively of H(Z) and 
K(Z) considered as elements of k[[X,Z]]. Then H*(Z,X) and K*(Z,X) 
are in k[[X]][Z]. Let @*(X) be the leading form of G(X). Since 
| G(X) |x,2, 
| G, (X)Z9* | | Gy(X) 

G*(X) is also the leading form of G(Z) as an element of k[[X,Z]]. Hence 
H*(Z,X)K*(Z,X) are in [[X]]. Hence H*(Z,X) —leading form of 
H,(X), and K*(Z,X)—=leading form of K;,(X). Hence h=|Z"|xz 
>| so that h—12/H,(X)|x. Similarly k—1 
=|K,(X)\|x. Therefore 

| Ki (X) |x =! An(X) |x 

This is a contradiction and the lemma is established. 

Lemma A2. Let F(Z) and let 
H(Z) = Z? +. 2?ZP-? +. 2? where k is an algebraically closed field of charac- 


teristic ps40. The galois groups of F(Z) and H(Z) over k((x)) are 
isomorphic as permutation groups. 
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Proof. By equation (7) of Section 2, F(Z) = G(Z)(Z+ uz’), where 
u€k[[z]] and G(Z) is an irreducible monic polynomial in &[[2]][Z]; the her 


isomorphism in the statement of the lemma is to be interpreted as ay wl 

isomorphism between the galois groups of G(Z) and H(Z) over k((z)) tha 

as premutation groups. 
Let Z,=Z+ uaz’, = F(Z), H,(Z,) =G(Z). Then 


F,(Z,) = F(Z) = F(Z, — ua’) = (Z,— uz?) [(Z, — uz?)? + 4 tha 
= (Z, — uz?) [Z,? — + oP] + sul 


== Z —uz?Z,? — F,(0) 
= — + (1 — uz?) ], since F,(0) = F(—uz?) =0. TU 


Therefore 


sul 
where d and e are units in k[[r]]. Let Z,—2Z*8, and =-2*8, where 3, 
and 8, are units in k[[z]] to be chosen. Now Tl 
We want 
(1) d§,-18.” = 1 and — 1 If 
i.e., no 
(2) — ds,” and — e-18,?. 
Equations (2) imply: = e-'d?§,?? which in turn implies = ed”. te) 
Now (ed) (0) Sincs p+1540 (modp), 
by Hensel’s Lemma, we can find a unit 8, in k[[z]] with 8,(0) =1 and in 
ed”, Substituting in the first equation of (2), we let 8, = d8,?._ Then 
the required equations (1) are satisfied and we have int 
XS 

an 

LemMA A3. Let k be an arbitrary field, let y be a transcendental over 

k and let ux, Us, us be any three distinct valuations of k(y)/k rational over k. 
as 
Then there exists a generator z of k(y)/k such that u,: z=0, u.: z=! 4 
and Ug: z=. Hence if v,, v2, vs are any three distinct rational valuations ne 
of k(y)/k, then there exists a k-automorphism of k(y) which maps u; onto : 


v; for 1=1, 2, 3. 


Proof. If u; is not yoo then there exists unique ¢ in k such that 
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u(y—C) =1, let y’=1/(y—c); then k(y’)=k(y) and us is 
hence to begin with, we may assume that u; is yoo. Then there exists a 
mique d in k with u,(y—d) =1; replacing y by y—d we may assume 
that wu, is yO. Then there exists a unique e in k with e0 and 
u(y—e) =1. It is enough to take z= (1/e)y. 


LemMA A4. Let G@ be a finite group and pa prime number. Assume 
that G has only one p-sylow subgroup S (which is therefore a normal 
subgroup of G). Let H bea given subgroup of G and let [G:H] =n=—mp* 
with mx 0(p).2 Then [G:H8S]—m, 1.¢., [HS:H] =p’, and HS is the 
only such subgroup of G containing H. If G/S is abelian, then HS ts a 
normal subgroup of G. 


Proof. Let [H:1] =n’ =m’p™ with m’0(p). Then [G:1] 
=mm’'p** and mm’s£0(p) so that [S:1] =p. Let S* be a p-sylow 
subgroup of H ; then the order of S* is p*. Since S is the only p-sylow sub- 
group of G, S* C § (Theorem 4, p. 107 of [Z]) and hence S*=—S H. 
Therefore HS/S is isomorphic to H/S* and hence [HS:S] =[H:S8*] =m’ 
so that [G: HS] —[G:S8]/[HS:S] = (mm’)/m’=m. If G* is a sub- 
group of G containing H such that [G:G*] =m, then [G*:1] = m’p** and 
hence the unique p-sylow subgroup S of G must be contained in G* and 
hence G* HS; since we must have G*=—HS. 
If G/S is abelian, HS/S is a normal subgroup of G/S and hence HS is a 
normal subgroup of G. 


Lemma Ad. Let H=k((x)) where k is algebraically closed of charac- 
leristic p. Let E* be a finite separable algebraic extension of EF, let [E*: EF] 
=n and n=mp* with m340(p) if pAO and n—m if p=0. Then 
so that [E*:F]—=p* and [F:E]=m where 
=H(c/"). Let E*, be a root field of X9—-x" over E* where g and h are 
integers, g is positive and gs40(p) tf pO; let BE, be the root field of 
X9— over in E*,; let q=(g,h), 9/9, = (91,0), N* 
and N=n/q*. Then and [E*,: E*] = N*. 


Proof. For p=0, everything follows from well-known theorems, so 
assume p40. Let H’ be a galois extension of #* containing FL, let G be 
the galois group of EH’ over E and let H be the galois group of E’ over H*. 
Then @ contains a unique p-sylow subgroup S and G/S is cyclic (see [K]). 
Let F be the fixed field of HS. Then by Lemma A4, [F: FZ] =m +0(p) 


*For a subgroup Af of a finite group @ we shall denote the index of H in @ by 
[G: H]. 
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and hence F=E(z'’"). To prove the second part, let z be a root o 
X9—z", Then #*,—H*(z) and multiplying z by a root of unity, we ma 
assume that 2» where Then (g:,41) =1 and hence (as iy 
Section 5 of [A2]) we may arrange matters so that h,—1. Since by th 
first part we know that z’/” is the lowest positive power of x in J* an 
since q* = (g:,n) =(g:,m), we conclude that X%*—2a‘/4 is the minimal 
polynomial of z over E*. Therefore [H*,:£*]—N*. Hence [£*,:F,] 
== [E*,: [E,: = [E*,: = N*ng.7 = ng, 


== N, 
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VARIATIONAL METHODS IN ENTIRE FUNCTIONS.* 


By R. P. Boas, Jr. and A. C. SCHAEFFER." 


1. Introduction. Consider the class of entire functions f(z) of expo- 
nential type 7, such that | f(2)| <M for all real z. We ask for the smallest 


4,(r) such that 


(1.1) (k + 2)| 


for all f in the class. By S. Bernstein’s famous theorem (see, e.g., [2], 
p. 206), An(r) does not exceed (n-+1)r. In another paper [3] we have 
shown that A,(+) Sa when +r7; the example f(z) —sinzz shows that 
this estimate is sharp when n is even, but we have shown that it is not sharp 
when n is odd; in particular, A,(7) <<8/r<~. In the present paper we 
attack the problem of finding the best possible An(r). It is not difficult to 
show that, for a given 2, there is a function f,(z) for which (1.1) becomes 
an equality. We shall show by variational methods that f(z) satisfies a 
differential equation which is generally hyperelliptic; the determination of 
A,(r) is then reduced to the investigation of solutions of this differential 
equation. We shall develop the variational methods for a more general case, 
since they can be used for other questions in the theory of entire functions. 
There are analogous questions for polynomials, which have been investigated 
by Chebyshev [4] and Zolotarev [6]. 


For n= 1 (that is, for | f’(z) + we can give the extremal 
function fairly explicitly for every r, although for some values of 7 it is 
expressed in terms of elliptic integrals and we do not obtain an explicit 
formula for A,(r). A detailed statement is given in Section 10. As 
simpler applications of the variational method we determine the maximum 


of |Af(x) + f’(x)| (§8) and of | f(x) (§9). 


*Received February 18, 1957. 

*This represents work done by Boas with partial support of the National Science 
Foundation and by Schaeffer under Contract N7 onr-28507 with the Office of Naval 
Research, 
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2. The variational problem. Let ¥ be the linear functional defined }y 


m ny 
(2.1) £(f) =S 
y-1 j=0 
where are given real numbers, with the z, all different 


We suppose that «,"”) £0, and that n, > 0 for at least one ». We call 


the order of the functional @. Thus f’($) + /f’(— 4) is a functional of 
order 4. 

We wish to investigate the existence and properties of the entire function 
f(z), of exponential type 7, bounded by 1 on the real axis, for which | ¥(f) 
is largest. We may, without loss of generality, restrict our attention to 
functions which are real for real z. For, if @ is real, we have e!f(z) 
=f,(z) + %f2(z), where f, and f, are entire functions of exponential type r, 
real for real z, and bounded by 1 on the real axis. Since (ef) = e#¥(f), 
we can choose so that =| £(f)', and so =| L(f)|. Hence 
the maximum of | ¥(f)| is attained, if at all, for an f which is real on the 
real axis, and for which ¢(f) = 0. 

Let #-, denote the class of entire functions f of exponential type 7 which 
are real for real z and satisfy | f(x)|=1 for —wo<x<o. (We emphasize 
that in our terminology ¥, includes all functions of order 1 and type not 
exceeding 7, as well as all entire functions of order less than 1.) 


LemMMA 2.2. If + and a linear functional @ are given then M 
=sup|¥(f)|, f€ is finite, positive, and attained. 


It is well known (cf. [2], p. 83) that if f€ ¥, then 
(2.3) | f(x + ty) | Serle, 


so that ¥, is a normal family. Bernstein’s theorem shows that M is finite. 
and so it is attained for some element of ¥,. Finally, M is positive because 
we can readily exhibit elements of ¥, for which f(z,) 0 for all 7 and» 
entering the definition of ¢, except vm, j—=Mmm. Indeed, we can have 
£(f) 40 for an f such that f(r) > 0 as To verify this, let p(2) 
be a polynomial with real coefficients which has a zero of order n, at % 
and zeros of order n,-+-1 at xz, for v1, so that p(z) is of degree /—1. 
Then 
f(z) = ef [sine(2—21) 


has the desired property if « and c are small enough positive constants, sinc 
f®(z,) =0 for k—0.1,---,n, and while f(™(z,) 40. 
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Our central result is as follows. 
THEOREM 1. The element f of F, for which 
(2.4) £(f) =sup £(g9), 


is unique, and either constant? or of order 1 and type + (t.e., not of expo- 
nential type less than +). If not constant, it satisfies a differential equation 


(2.5) }?/ (1 — (f(z) }?) = {p(z) 


where p(z) and q(z) are monic polynomials with real coefficients; the degree 
of p(z) ts at most l—2 and the degree of q(z) ts precisely twice that of p(z). 
The zeros of q(z) are simple and not real, and q(x) = {p(ax)}? for real 2, 
with equality at some point if and only if p(z) =q(z) =1. 


This result may be formulated in somewhat different language. If 
are given distinct real numbers and - -,mm are nonnegative 


integers, then 


is a point in /-dimensional Euclidean space, and we say that this point 
belongs to f(z). Let H be the set of points belonging to the elements of #;. 
The content of Lemma 2.2 is that # is closed and bounded and contains a 
point other than the origin. Furthermore, # is convex since #, is convex. 
Theorem 1 shows that a boundary point of EF belongs to a unique element 
of J, and this function satisfies (2.5). 

When all the n, are zero in (2.1), so that 


£(f) = = (ay), 


Theorem 1 fails, but similar results can be obtained; see Section 15. 


3. Lemmas for Theorem 1. If f(z) € #, the real zeros of 1—f(z)? 
are of even order and the imaginary zeros occur in conjugate pairs. Let 
be the distinct real points where 1—f(z)?—0. We wish to con- 
sider the imaginary zeros of 1—f(z)? together with the real zeros whose 
orders exceed 2. These are the zeros of the entire function 


(3.1) (1 —f(z)?)/{II (1 —2/An) 767}, 


*’We do not know of any example in which the extremal function is constant, but 
since the possibility causes little difficulty in any particular case, we have not attempted 
to exelude it. 


859 
Ol 
ion 
f) 
to 
| 
f), 
the 
ich 
ize 
not | 
ite. 
dy 
ave 
(2) 
q; 
0). 


860 R. P. BOAS, JR. AND A. C. SCHAEFFER. 


and there are either a nonnegative even number of them, or infinitely many, 
If some A, = 0, the denominator contains the term 2? and the product extend: 


over 


Lemma 3.2. Jf (3.1) has at least 2k zeros then there ts a function 


g(z) in F, which has a zero at each Ay and is such that xkg(x) is bounded 


for real x. 


The zeros of (3.1) are either real or occur in conjugate pairs. Je 
p(z) be a polynomial of degree 2k, with real coefficients, which is non. 
negative for real z and whose zeros are among the zeros of (3.1). The 
F(z) = {1—f(2*}/p(z) is an entire function of exponential type 2r, rea 
and nonnegative for real z, and it has a zero of order at least 2 at each \, 
Furthermore, F(x) is bounded for real x (indeed, it is O(2-**) as |x| 0) 
Then if z, are the zeros of F(z), it follows ([2], p. 86) that > | $(1/zn)| <« 
This implies ([2], p. 125) that there is an entire function ¢(z) of exponential 
type z such that F'(z) = 4(z) {¢(z*)*}, where the star denotes the complex 
conjugate. Then ¢(r) =O(|az|*) as and ¢(A,) =0. Finally. 
g(z) =c{d(z) + $(2*)*} has all the properties stated in Lemma 3.2 if 
is a sufficiently small positive constant. 


Lemma 3.3. Let f be an element of ,, not constant, satisfying (2.4) 
Then | f(x)|=1 for at least one real x; and if F(z) € #, and F has a zen 
at each of the distinct real points where f(x) = +1, then £(F) =0. 


We shall prove the second part of Lemma 3.3 here only under the 
additional hypothesis 


(3.4) lim F(x) =0. 


After obtaining more information about the extremal function f(z) we shal 
prove the lemma in full generality. 

Consider the function g.(z) =f(z) +«F(z), where is real. 
ge(z) is entire and of exponential type r. We begin by showing that if F(: 
is any element of ¥, and 
(3.5) sup |f(z) +«F(r)|—1+ 0(e), 


where « is real, then (F) —0. For, let O0<p<1. According to (3.9). 
if |e | <eo(p), the function 


We(z) = (f(z) + F(z)}/1 + p} 


many, 
tends 


unde 
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belongs to If L(F) then 
L (Ye) ={L(f) + L(F)}/{1 + | 


Choose p so that p£(f) <| ¥(F)|, then « so that |«| <«o(p) and so that 
¢(F)>0. We then have £(y.) > L(f), contradicting the maximizing 
property assumed for f. Hence £(F) =—0. 


To establish the first part of Lemma 3.3, suppose | f(x)| <1 for all 
finite z. We can find an F in §, satisfying (3.4) and with ¢(F') 40 as 
in the proof of Lemma 2.2. Write g-(z) f(x) +«F(z). Let 8 be a 
positive number and let 2) be so large that | F(r)| <8 for | 2 
Then 
(3.6) | ge(x)| S148 |e], 


Since | f(x)| <1 in |x| Sa we have | g.(x)| <1 in |x| Sa, if is small 
enough, so the inequality in (3.6) holds for all x. Hence (3.5) holds and 
we infer that a contradiction. 


Now suppose that F’ satisfies (3.4) and has a zero at each of the 
distinct real points where f(z7)=-+1. Since F satisfies (3.4) we have 
(3.6) again, and (3.5) follows unless | f(2)| 1 at some point in | z| <2». 
In the latter case there are only a finite number of such points. Let A be 
one of these points. Then there is an interval J with center at A such that 


| f(x)| 


in I, where h > 0 and yp is a positive integer. Since F(A) —0, Bernstein’s 
theorem shows that | F(r)|S7r|r—Al, so 


| ge(z)| S1—h(x—A)* 4 


in I, The maximum of the right-hand side does not exceed 1 + Bet?/@#-»), 
where B depends only on h, + and p. Thus | g-(x)|S1-+o0(e) in the 
intervals J, while | g.(x)|=1 for small ¢ outside these intervals. These 
facts, together with (3.6), establish (3.5). This implies, as we saw, that 
£(F)=0. This establishes the second part of Lemma 3.3 under the 
hypothesis (3.4). 


LemMa 3.7. Given a set of distinct real points \4,A2,--°-°, tf there 
isan element G(z) of $,, not vanishing identically, such that G(A,) =0 
and G(x) =O(|a|?-") as |x|, then there is an element g(z) of , 
such that g(A,)=0 and £(g) 40. If G(x) =O(\z|-') as |r| 0, 


then, in addition, g(x) as |2|—>oo. 


861 
Let 
non- 
Then 
, Tea 
h \, 
} 
<u 
ntial 
nplex 
nally. 
if 
2, 4) 
zer 
shall 
[hen 
(2 


862 R. P. BOAS, JR. AND A. C. SCHAEFFER. 


If G(z) has a zero at any of the points 2,, let G,(z) = G(z)/p,(z), 


where p,(z) is a polynomial with real coefficients whose zeros are in th 
intersection of {z,} and {A,}. If @(z) has no zero at any 2, let G,(z) = G(z), 
Then G,(z) is an entire function which has zeros at the A, which are po 
in {z,}. We have assumed that some n, >0; suppose for definiteness tha 
n,>0. Let p2(z) be a polynomial with real coefficients which has a zer 
of order n,; at z, and zeros of order ny+1 at 7, for vA1. Then p,(: 
is of degree 1—1. Define g(z) =cG,(z)p2(z), where ¢ is a real constant, 
not 0, but so small that g€ ¥,. Then g®(z,) for k~0,1,2,- 
and v=2,3,---,m. Hence (z,) 40. The hypothesi 
G(x) makes g(x) bounded; so G(x) =O(|r|-') makes g(r 
as 0. 

The only place where we have used the fact that some n, > 0 (i.e., that 
£(f) actually involves derivatives) is in the last part of the proof of Lemm 
3.7%. If all n, are 0, g(xz,) #0, and in case z, happens to be a A, we 
cannot complete the proof. Indeed, if all n, are 0 and all z, are d,’s wi 
cannot have g in #, such that g(A,) =0 and ¥(g) 0. 


4. Proof of part of Theorem 1. We prove part of Theorem 1, and 
then use this part to prove Lemma 3.3 without the additional hypothesi 
(3.4). Then we shall use Lemma 3.3 to complete the proof of Theorem 1. 

Let f(z), not a constant, belong to ¥, and maximize ¥ in F,;. To 
show, first, that f(z) is not of exponential type less than +, suppose that 
it is of type y<r. Let O0<e<r—y and define $(z) = {sin ez}/p(2), 
where p(z) is a polynomial of degree | with real coefficients, whose zeros are 


among the zeros of sinez. If ¢ is a sufficiently small positive number, 
i(z) =cf’(z)o(z) belongs to ¥,. If A, are the distinct real points wher 
f(x) = +1 (there is at least one, by the part of Lemma 3.3 that has been 
established), Lemma 3.7 gives us a function g such that g(A,) = 0, £(g) ¥!. 
and g(r) > 0 as |xz|—>0o. The special case of Lemma 3.3 which has alread! 
been proved now shows that £(g) —0, a contradiction. Hence f is not @ 
type less than +r. 

Again let f, not a constant, belong to ¥, and maximize ¥ in F,. We 
know that 1— f(x)? has at least one real zero; let the distinct points wher 
f(z) =+1 be Then f’(A,) =0. We shall show that 1—f(z)° 
has at most 21-2 zeros besides its double zeros at the A,, and that f'(: 
has at most 1—1 zeros besides its simple zeros at the A). 

For, suppose 1—f(z)? has 21 additional zeros. Then the functio! 
(3.1) has at least 27 zeros. Let g(z) be the function constructed in Lemma 
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3.2 with k=l. By Lemma 3.7 there is a function g,(z) which belongs to 
§, and has the properties 


(4.1) gi(Av) =0, L(g:) gi(z) as | 


This contradicts Lemma 3.3. 

If f’(z) has at least I zeros besides simple zeros at the d,, let J of them 
be divided out; that is, write G(z) =f’ (z)/p(z), where p(z) is a polynomial 
of degree / with real coefficients, such that G(z) € ¥,, with G(A,) =0. By 
Lemma 3.7 there is a function g,(z) in ¥, with the properties (4.1). 
This again contradicts Lemma 3. 3. 

Thus there is a polynomial P,(z) of degree at most 2/—2 such that 
(1—f(z)?}/P,(z) has zeros of order 2 at each A,, and no other zeros. 
There is also a polynomial P,(z) of degree at most /—1 such that f’(z)/P2(z) 
has simple zeros at each A,, and no other zeros. Hence 


is an entire function with no zeros, taking real values on the real axis. It is 
of exponential type, as may be seen, for instance, from minimum modulus 
theorems ([2], p. 52). Hence ¢(z) is of the form e%*> with real a and b. 
Thus 
f’ (z)?/P2(z)? = e%*>(1 — f(z)?) /P,(z). 
The left-hand side is bounded on the real axis, and if a0 it must decrease 
exponentially either as r—>-+-00 or as r—>—wo. This is impossible, since 
0 ([2], p. 69), soa=0. 
We thus have 


(4.2) = yp(2)*/q(2), 


where p is a polynomial of degree at most 1—1 and q is a polynomial of 
degree at most 2/—2, each with real coefficients and leading coefficient 1. 
We suppose that all common factors of p? and g have been cancelled. Since 
everything is real on the real axis and the left-hand side of (4.2) is positive, 
y7>0. Thus 

f(z) /{1 —F vp(2)/{q(2) 


Integrating this, we have 


(4.3) f(z) =siny(z), 


where 


(4.4) 


du + sin f(0). 
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Since f(z) is not of exponential type less than 7, we see that the degree of , 
is precisely twice that of p, and that yi= +r. 

Since the rational function in (4.2) is in lowest terms, p(z.) ~0 if z 
is at least a double zero of q(z). It now follows that q(z) has only simple 
zeros. For, if z) is at least a double zero of g(z), then p(z) #0, and (4.4) 
shows that |y(z)| as But f(z) =siny(z) is regular at z,. 

Hence q(z) has no real zeros, since everything in (4.2), except possibly 
q(z), is nonnegative for real z. Thus ¢g(2) 20 and any real zeros of 4 
would have to be multiple. 

Our next task is to show that p(z) is of degree at most 1—2. This 
will follow from Lemma 3.3 without the additional hypothesis (3.4), so 


e now co ete yroof of Lemma 3.3. 
we now complete the proof of Lemma 3.3 


5. Completion of the proof of Lemma 3.3. Let f, not a constant, be 
an element of ¥, maximizing ¥Y(f) and let FE F¥-, with F(A,) =0 for 
each A, such that f(A,) =+1. Define g.(z) =f(z) +€F(z) with real. 
Then f(z) =siny(z) with ¥(z) defined by (4.4). We can find a point z, 
such that 


(5.1) Ar | y’(x)| S 27, | 2a,—1/(2r). 

If {A,} are the points where | f(z)|—=1, we know that f’(z) has at most 
1—1 zeros besides simple zeros at the A,, so we can choose 2, also so large 
that none of these 1—1 zeros occurs in lz | =2,—1/(2r). Finally let 2, 


be such that | f(+2,)| <1. In [—2,,2,] we have 


(5. 2) sup =1+0(e), <> 0. 

as was shown in the first part of the proof of Lemma 3.3 in Section 3. 
Now consider a point A, in |! >-2,. Since f(z) =siny(z) where 

w(z) is given by (4.4), and the integrand in (4.4) tends to 1 as r>x«% 

through real values, y(7) ~7rr as r— +o and so there are an infinity of 

Ay in z>a, and in e<—az,. In an interval |r—A,| <1/(2r) we have 

by (5.1) 


Since y(A,) = (n and cosé=1—6?/3 for —1[6=1 this implies 
that 


(5.3) | f(x)| =| cos{y(r) —y(A,)}| 


ls 


for |z—A,| S1/(2r). In particular, at the end points of these interva! 
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we have | f(v)|S%. Now f(x) has no zeros in the part of |x| >, that 
lies outside these intervals, and so f(x) is montonic in each of them; and 
there are A, arbitrarily near +o. Hence |f(r)|<8<1 in the part of 
z|22, that lies outside all the intervals, where $ is the maximum of 
f |f(+41)|;s80 | ge(x)| 1 outside these intervals if ¢ is small enough. 

Now | F(x)|S+r|2—A,| since F(A,) =0 and | F’(r)| Sr by Bern- 
stein’s theorem. Hence by (5.3) we have 


| | S14 | z—A,|S1/(2r), 
if |«! is sufficiently small. We thus have 


sup | ge(x)| =1+ o0(e), 0. 


This is (8.5), now without any auxiliary hypothesis on F(z), and the proof 


of Lemma 3.3 can be completed as in Section 3. 


6. Completion of the proof of Theorem 1. Now let f be an element 
of J, not a constant, maximizing Y(f). If A, are the distinct real points 
where f(z) = + 1 we have shown that f’(z) has at most 1—1 zeros besides 
simple zeros at the A,. We now show that this number is actually at most 
i—2. If it is 1—1, let p,(z) be a polynomial of degree /—1, with real 
coeflicients, having zeros at the 1—1 extra zeros of f’(z), and consider 
"(z)/p,(z). Taking this as the G(z) of Lemma 3.7, we have an element 
g of F, such that g(A,) =O and ¥(g) ~0. But Lemma 3.3 says that 
£¥(g) =0. This shows that the polynomial p(z) of (2.5) is of degree at 
most 2. 

We next show that the extremal function in Theorem 1 is unique. 
Suppose that f, and f, are two extremal functions, not constants, and consider 
f(z) =4{fi(z) + fo(z)}. Then ¥, and f is also an extremal function. 
At each real point A, where we must have f,(A,) =fe(Av) 
=f(Ay) = + 1 since | f,(z)| S1 and | f.(z)| 1. Thus g(z) =f, (z) —fe(z) 
has a zero of order at least 2 at each Ay. Thus g(z), a function of exponential 
type 7, has approximately as many zeros as the function 1—f(z)*, which 
is of order 1 and type 27 (i.e., not of type less than 2r), and since most of 
the zeros of 1— f(z)? are real, this is impossible. More precisely, f is given 
by (4.3). where y(a) ~ ra as |x!—>00, so the distance between consecutive 
A,’s must be z/r-+0(1) as |A,!—o. If ng(x) denotes the number of 
zeros of the function ¢ in |z| <2, we have n,(z) =m (x), h=1—f?, and 
this exceeds (4r/m) +.0(1); while, since g is of the exponential type 7, we 
have from Carleman’s theorem n,(a) S (27/r)r-+0(1) (ef. [2], p. 155). 
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Ng(x) S7x-+ 0(1) for an infinity of x tending to This contradictio, 
shows that f,(z) —f.(z) =0. 

Now suppose that f,(z) =1 and f.(z) #1 are extremal functions. They 
f(z) =43{f.(z) +fe(z)} is another non-constant extremal function, which 
therefore has the form (4.4) and consequently takes negative values; but 
clearly f(z) 20. This contradiction shows that if an extremal function i 
constant, there is no other extremal function. 

Now we complete the proof of Theorem 1 by showing that the pol 
nomials p(z) and q(z) satisfy 


(6.1) q(x) = p(x)? 


on the real axis with equalty at some point if and only if p and gq are both 
constant. For, since f(z) belongs to ¥,, by a sharpened form of Bernstein’ 
theorem it satisfies ([2], p. 215) 7?f(x)?+ f(r)? ie. —f 
= f’(x)* on the real axis, with equality at some point if and only if 
f(x) =sin(rz-+ 8) for some real 8. Combining this with (2.5) we have, 
at any point where 1— f*+0, the inequality p(z)?/q(r) =1, with equality 
if and only if f(z) =sin(rz + 8); and in the latter case p=q=1. There 
remains the possibility that q(x) at a point z, where f(2,) = +1. 
In this case the left-hand side of (2.5) approaches + f’(z,) as r—7,. By 
Bernstein’s theorem, | f’(z)| <7? unless f(z) =sin(rz-+ 8), and so again 
p(x)*< q(x) unless p=q=1. 


7. Continuity of the extremal function. We make the following re- 
mark, which is useful in analyzing special cases of Theorem 1. 


THEOREM 2. Let f-(z) be the extremal function of Theorem 1. Then 
L£(f-) and fr(z) are continuous functions of r in 0<r<o. 


Suppose o>r. Then f;(z)€ Fo, sco L(fr) << L (fo). The in- 
equality is strict since fe is unique and not of type less than «6. Thus &(f;) 
is a strictly increasing function of 7. To show that it is continuous it i 
then enough to show that 


(7.1) lim £(fo) = £(fr). 


Since | fo(z+iy)| as through any sequence of values there 
is a subsequence for which fo(z) > g(z), uniformly on compact sets. Then 
g(z) € F,, and since fo®(2,) > g®(z,) it follows that (fo) > L(g) S L( fr): 
This shows that (7.1) is true. 


(It would be enough to use the fact ([2], p. 16) that by Jensen’s theoren 
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Now again let o—>7 through some sequence. Then there is a sub- 
sequence such that fo(z)>g(z) € Fr. Since (g) —lim,,,£(fo) = L(fr) 
and f; is unique, g(z) =f,(z). 


g. A functional of order 3. The remainder of this paper is prin- 
cipally concerned with finding A,(r) in (1.1) for n=1, when the relevant 
functional is of order 4. In principle this problem is solved by Theorem 1, 
but it is not possible to read off numerical results directly from that theorem. 

First, however, we shall consider briefly some simpler cases, in particular, 
functionals of lower order. When / 2, the general functional has the form 
¥(f) =Af(a) + »f’(a). Theorem 1 shows that the unique extremal is 
either constant or of the form sin(7z-+ sin-1f(0)). The calculation of the 
maximum of ¥(f) is then elementary. 

There are two essentially different types of functionals of order 3, 


namely 

(8.1) Af (0) + ef (1) + yf (1) 
and 

(8.2) Af (0) + wf’ (0) + yf” (0). 


In either case, Theorem 1 shows that the unique extremal is either 


constant or of the form 


(8.3) f(z) =sin(7rz + sin" f(0)) 
or 
(8. 4) f(z) =siny(z), 


J (w — B)}-#(w —a) dw + sin f (0), 


where a is real and @ is not real. Let b=(£). 
The integral in (8.4) can be evaluated explicitly in terms of elementary 
functions, and we obtain 
v(2) = + + | B |?) 
+ (b—a)log(V (2? — 2bz + | B |?) +2—b) 
—| B|— (b—a)log(| 8 | —b)} + f(0). 
If siny(z) is to be entire, we must have b—a—0O and so 
w(z) =+r{V (22—2bz+ | —| Bl} +sin*f(0). 
Thus either 
f(z) =sin ry (22 — 2bz-+t | B |?) cos(r| B | —sin* f(0)) 
—cosrtV (22 —2bz+ | B!?)sin(r| B|—sin*f(0)) 


oth 

n’s 

)*) 

ity 

Te 

n 


868 R. P. BOAS, JR. AND A. C. SCHAEFFER. 


or 
f(z) =—sinrV (22? — 2bz + | B |?) cos(r| B| + sin f(0)) 
+ cosrV (z2?—2bz+ |B |*)sin(z | B| +sin*f(0)). 


In either case f can be entire only if the first term on the right vanishes 
so that 7|@|+sin*f(0) must be an odd multiple of 7/2, and then 


(8.5) f(z) = + cosrV (2?— 2bz + | B|?). 


We now consider the special case of (8.2) when »p=0, y>0. Ther 
is then no loss of generality from taking y—1, and it is convenient to 
change the notation and consider 


(8.6) L(f) =7°f(0) + 


Then the maximum of ¥&(f) is attained either by a constant (+1); 
function of the form sin(rz+c), for which @(f) =7?(A—1)sinc, whos 
maximum is r?|A—1]|; or by a function (8.5). 

In the last case put B=re'®. Then 


(8.7) =Acosrr— (rr)-' sin rr 
+ ((rr)-tsin rr —cosrr)cos? ¢. 


The maximum modulus of the right-hand side clearly occurs when cos’ ¢ =( 
or 1. But for the extremal function, B is not real, so we have cos¢=0. 
Thus the extremal function is either of the form (8.3) or of the form 


(8.8) f(z) = cosry (2? + 77) 
with 
+ (f) =Acosrr— (rr) sin tr. 


When A < 0 the extremal function is given by (8.3). For, the maximum 
modulus of the right-hand side of (8.7) (cos#=0) is at most |A| +1, 
and this is equal to |A—1] if ASO. 

Also, if f(z) =—1, £(f) =r <r 

If f is of the form (8.8), and so A> 0, then if we set 6=—7r, we have 


(8.9) L(f) | Acos6— sind | 


for some 6 in 0 << 0<0; 60 is excluded since r>0. In fact, 0 << 62. 
For, if @> 2m the uniqueness of the extremal function implies that 
| Acos @— 6-1 sin @| must be decreased when 6 is either increased or decreased 
by 2r. But this cannot be the case if 6 > 2rz. 

On the other hand, if \= 4 the extremal function is of the form (8.8). 
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For, if 07 then (8.9) shows that €(f) 27°A, and this is at least as large 
as when AZ 3. 


THEOREM 3. For the maximum of 7Af(0) + f’(0) for fe F- 
is 7(1—A) and is attained for the function f(z) —=—cosrz. If A>4 
the extremal function f is of the form + cos{r(2*-+ 1r?)3} and 
(8.10) £(f) =7* max sin 6—Acos@). 

If the extremal function is of the form (8.8) then A>0 and ¥&(f) 
is given by (8.9) for some 6in0<O0S2n. If r< 0537/2, the value of 
hcos@— 6-1 sin is increased if we replace @ by 2x—6. If 37/2 < 0S 2z, 
the value of this same expression is not decreased if we replace 6 by 0—z. 
Thus @ lies in 0< 67, as indicated in (8.10). Now ¥(f) >0, so if 
r?¢(f) =A cos sin 6, then A cos 6 > sin and @ lies n0 <0 < 7/2. 
In this case | Acos@—6-1sin 6| is not decreased if we replace 6 by r—O. 

Thus if the extremal function is of the form (8.8) the maximum ¢(f) 
is given by (8.10), with A> 0, or is r°A, corresponding to f(z) ==1. We 
can exclude the latter possibility, however, since when @ is near z, we have 


sin —A(1—cos 6) = 26-1 sin $6 cos 40 — 2d cos” 46 
= 2 cos sin cos 46) > 0. 


The extremal function depends continuously on A, since it is unique for 
each A. If AO the extremal function is of the form (8.3) and if A=4 
it is of the form (8.8), so there must be a value of A for which it changes 
from one form to the other. The change can occur only when r=6/r=0. 
Now 


6* sin 
Thus 6? sin 6 
only if A> 4, so for A >4 the extremal function is of the form (8.8). 
When A= 4 the maximum of ¢(f) can also be obtained by using an 
interpolation series (as in [2], chapter 11): 


Acos@ takes values greater than 1—dA near 6=0O if and 


n=1 


For ) > 4 we naturally cannot obtain the best inequality in this way. 


9. The maximum of f’(4) —f’(—4). The functional 


— | 
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like f’(4) + f’(—), is of order 4, but it turns out to have a much simpler 
theory than f’(4) + f’(—4), which we shall consider in Sections 10ff. ]j 
¥¢(f) attains its maximum for the function f(z) in #,, it also attains jt 
maximum for the function f(—z), and since the extremal function is unique 
this shows that f must be even. We showed in Section 6 that f’(z) has at 
most two zeros (“extra zeros”) besides simple zeros at the points wher 
f(z) +1. There are two cases to consider: (i) | f(0)| <1; (ii) f(0) = +1. 
In either case f’(0) 0 since f’ is an odd function, and f’ has a zero of odd & 
order at 0. In ease (i), f’ cannot have three or more zeros at 0, so it has 
just one. If f’ has any other extra zeros it has at least two (since it js 
odd), and so at least three extra zeros in all, which is impossible. This 
in case (i) f’ has no extra zeros except at 0, and p(z) = (z) in (4.2). 

: In case (ii), if f’ has any real extra zeros except at 0, it has two 
between a maximum and a minimum of f and hence (since it is odd, and ( 
is an extremum of f) it has four, which is impossible. If the extra zeros 
are all at 0, there is a triple zero there; in this case, p(z)?/q(z), when 
reduced to lowest terms, has only a double zero at 0, so again p(z) =z , 
Thus either p(z) =z or f’(z), if it has extra zeros, has a conjugate imaginary 

, pair which must be pure imaginary, since otherwise since f’ is odd) there 

would be four extra zeros. Thus f’(+ ic) =0,¢>0. Consider the function 


g(z) =ef'(z) (2 4), 


where ¢« is real. Then g¢€ #, if |e«| is small enough, g(A) —0 for every 
real zero A of 1— f?, and (since g is odd) (g) = 29’(4) = 2ef’(4)/(44+0) 
+0, since if f’(4) =0 and f’ is odd, f is certainly not an extremal function. 
But this contradicts Lemma 10.3. Hence f’ has no extra zeros in case (ii). 

Thus either f(z) = + cos7z, corresponding to p(z) =1, or f(z) =siny(2) 
with y(z) given by (4.4) and p(w) =w. In the second case, 


q(x) p(z)? 
for all real z, and soa=0 and b>0. Thus if f(z) #+ cos7z, we have 
f(z) == sin{r + dx + A} = + sin{r[ (2? + c] +4}. 
Since f(z) is entire, we must then have A— cr = (2k + 1)2/2, and so 
(9.1) f(z) = + cos r(2? + c?) 
If f(z) = + cosrz we have 


L(f) =2f' (4) = + 2rsin fr. 


VARIATIONAL METHODS IN ENTIRE FUNCTIONS. 


If f(z) is given by (9.1), we have 
L(f) = + 2r{sin + + 0?) 4}. 
Hence the maximum of &(f) is the larger of 
(9.2) 2r|singr|, | {sin r(4 + ¢7)4}/{2(4 + 4} 
Clearly, if r= 2kx (k =1,2,- - -) the first expression in (9.2) is zero 
and the extremal function must be of the form (9.1) ; while if r= (2k + 1)z, 


the first is 27, the maximum permitted by Bernstein’s theorem, so the 
extremal function must be +cos7rz. A complete solution of our problem 


c> 0. 


is given by the following theorem. 


TurorEM 4. Let t, (n=1,2,:--) be the root of tanz=—z in 
(nz,(n+1)r), and let s, be the point in where 
sin Then the function in JF, maximizing f’ (4) 
—f(—4) is cosrz for + in the intervals (0,281), (2t1, 282),° for + 


in the intervals (28,, 2t,), (282, 2t2),- +, it ts of the form (9.1), and the 
sin ty |/tn tf 28, <7 < 

Write c—4r and uw2=1+4c?>1. Then the extremal function is of 
the form (9.1) if and only if the second quantity in (9.2) is larger than 
the first, i.e., 


marimum of £(f) ts 


(9.3) (cu)-* sin? ou > o* sin’ o. 


Now the graph of the function o*sin*o consists of a series of arches of 
decreasing height, with maxima at the points 0, tf, (n21). There is a 
u>1 for which (9.3) holds if and only if o is in the intervals (Sp, tn) 
(F. Riesz’s “rising sun” lemma), and the largest value of | sinu|/(ow) is 


the value of | sina |/o at ty. 


10. The maximum of f’(4)+/’(—4). We now consider the case 


n=1 of (1.1). To obtain a symmetric result, let us put e——d4 and ask 
for the maximum of 
(10.1) ra 


when f(z) is an entire function of exponential type 7 with | f(z)| <1 for 
real c. As we showed in Section 2, there is no loss of generality in taking 
f(z) real on the real axis, so we may assume that f€ #;. Then (10.1) is 
a linear functional of order 14. There is, by Theorem 1, a function f 
for which (10.1) attains its maximum. Then (10.1) also attains its 
maximum for the function —f(—z), and since the extremal function is 
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unique this shows that f(z) is an odd function. Hence from Theorem | 


we have 

(10. 2) f(z) =siny(z), 

where 

(10.3) 23 p(w) du, +1, 
0 


p(z) and q(z) are monic, with real coefficients, and even, with p(z) either 
constant or of degree 2, and qg(z) of twice the degree of p(z) and with no 
real roots. We take the square root which is positive for real w. For real ; 
we may take the path of integration along the real axis. Then 
(10. 4) £(f) =f (3) + f(— 4) = (4) cosy (4). 

If p(w) is constant, so is g(w), and then 

f(z) =8sin rz, L(f) = 28r cos 4r. 

By Bernstein’s theorem we have | f’(x)|<7 for all real z, so if n isa 
positive integer and r= 2nz, the function (—1)"sin2nzz is the extremal 
function for (10.1). 

If p(w) is not constant, it is of degree 2 and qg(w) is of degree 4 
We can then write 
(10.5) p(w)/{q(w) (w? + (w? — w,”) (w? — 

= (w? + a) /{wt— cos 26 + r*}4, 

where a is real and 0<60< 7/2. 

We first find restrictions imposed on the parameters by the fact that 
f(z) is entire. Near a zero w, of g(w) we see that 


+ (2—w:)4g(z), 
where g(z) is regular in a neighborhood of w, Now 
sin = sin y(w,) cos {(z — w,)3g(z)} + cos ¥(w,) sin {(z — w,)49(2)}, 
so that for siny(z) to be single-valued we must have cosy(w,) =0. We cau 
accordingly write 
(10. 6) y(w,) =8(m—}4)z, 
where m is an integer and § is the same as in (10.3). (We introduce } 
here only to simplify the appearance of later formulas.) 


To calculate y(w,) we take as the path of integration the segment ©! 


the 
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the real axis from z—0O to together with the circular arc w~—re‘?, 


Then 


(a* — cos 20 + r*)-3(a? + a) dx 
0 


4 
+ {ir8/ (21) } f (sin? — sin? a) dg. 
0 
If we put crt in the first integral and then take real and imaginary parts 
(using (10.6)) we find 


f (sin? sin® cos 2p) dp = 0, 


1 
(10.8) (m—4)x/(rr) (t* — 24? cos 26+ 1)-4(#? + a/r?) dt 
0 
8 
—3f (sin? 6 — sin? d)~4sin 2¢ do 
0 


1 
=f — 24? cos 26 + 1)-4(#2 a/r®) dt —sin 0. 
0 


Conversely, if (10.7) and (10.8) are satisfied then if y(z) is defined by 
(10.3), (10.5), the function f(z) —siny(z) belongs to F-. 

In the next section we shall find a simpler version of the relations 
among the parameters a, 6, and r implied by (10.5), (10.6). First, however, 
we shall state our results. 

For n=0,1,2,- - - let yn, yn be the unique numbers defined by 


dyn tan = 1, << yn < (2n+1)z, 
Yo = 7, dyn tan dyn = — (yn? / (yn? — 7°), 
(2n < yn < (2n 4+ 2)z, n=1. 


We append a short table of x, and yn, which was computed for us by Marilyn 
J. Woodyard. 


n 0 1 2 3 4 5 
Qn 0 6.28 12.57 18.85 25.13 31.42 
Xn 1.72 6.85 12.87 19.06 25.29 31.54 

3.14 9.42 15.71 21.99 28.37 34.56 

Yn 3.14 12.19 18.62 24.97 31.29 37.59 


THEorEM 5. The extremal function f(z) in #, for £(f) =f’ (4) 
+f'(—4) is sin rz in the interval 0 <<+Syo; in the intervals yn StS 


11 


/ 
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it is (—1)"*sinrz. In tt is siny(z), where ts defined 
by (10.3), (10.4), the parameters satisfy (10.5), (10.6), with m=O, and 


= is chosen to make f’(4) >0. 


More explicitly, the extremal function in yn <7 < yn 18 sind (z). where 
Tz 
y(z)=+ {ut — 2u?K? cos 26 + K*}-2{u? + K(K — 2E) } du, 
0 


K and E are complete elliptic integrals of argument cos 0, and 0 <6 < 2/2. 


11. Relations among parameters. The integral in (10.7) can be con- 
veniently expressed in terms of complete elliptic integrals. We can write 
it as 

(1/sin 0) f (1 — esc? 6 sin? + 77(1—2sin* 
0 
= ese 6{ (a + 7? esc 26) F (6, csc 6) + 2r? sin? OF (9, esc 6) } 
= (27/2, sin 6) + (2/2, sin 8) 
= (a—7r*)K(sin 6) + 27r°E(sin 
in the usual notation for elliptic integrals, so that (10.7) states that 
(11.1) (a —r?)K (sin 0) + 2r°E(sin 6) =0. 

Alternatively, we can calculate y(w,) by taking the path of integration 

along the imaginary axis from 0 to ir and along the arc w = re’?, 7/2= $26. 


Then we obtain 


y(wi) = ind {y* + cos 26 + rt}-4(— y? + a) dy 
0 


1/2 
— ir8/(2r (sin? ¢ — 0) + a) dg. 


Taking real parts and using (10.4). we now find 

(sin? ¢ — sin? 9)-3(r? cos 26 + —=— (2m —1)x/(rr). 
8 


This leads to 
(11. 2) (a + r?)K (cos 6) — (cos 6) = — (2m —1)ar/r. 
We may abbreviate (11.1), (11.2) in the usual notation as 
(a—r*)K + 2r°7E —0, 
(a + 1?) K’ — 2r°E’ = pr, p=— (2m —1)z/r. 
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Solving for « and r, we find, using Legendre’s relation EK’ + E’K — KK’ 


= 1/2, 
(4) r=pK/r, «=—r?(K—2E)/K = p*K(K —2E) /x’. 
It follows that + and & are continuous functions of 6 for 0 <6 < 7/2, since 
K>0 in this range. 

We require a number of lemmas. 

LemMA 11.5. As 6-0, 
(11.6) —1-+- + O(6), 
(11.7) (m —4)x/(rr) =—1+ 347+ 0(6). 


If and r=p> then 


(11.8) p(w) /{q(w) + + w*)/ (1? — + O(8), 


untformly in OSwSh. 


From (11.4) we have a/r? = (K—2E)/K, and (11.6) follows from 


the expansions ([5], p. 3) 
(11.9) 4sin?6+ O(sin*@)), E=4x(1—4sin? 6+ O(sin‘* 6) ). 


We also have (m—4)x/(rr) =— p/(2r) =—7/(2K), and (11.7) 


follows from (11.9). 
To obtain (11.8), write 
p(w) /{q(w) = {(w? + a) /(r?— w?) } (1 + [42?w?/ (7? — w?)?] sin? 03-4. 
By (11.6), this is 
{—1 + 7°6/ (7? — w*) + O(6*) } {1 —2r?w?6?/ (r? — w?)? + 0( 64) } 
and (11.8) follows. 
LeMMA 11.10. As 0-7/2, if we have 
(11.11) a/r? = 1 — 2/log(4/s) + O(s), 


(11.12) (m — == — 4r/log(4/s) O(s), 
and 
(11.13) p(w) /{q(w) }4 =1— {2/log(4/s) } {r?/(r? + w?)} + O(s), 


uniformly in w 


4 
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Here we use (11.4) and the expansions ([5], p. 3) 


K = log(4/cos 6) + 4{log(4/cos 6) — 1}cos? 6 
(11.14) + O{| log | cos 6 | | - cos* 6}, 
E= 1 4 {log (4/cos 6) — 4}cos? 6 +- O{| log | eos | | cost}, 


12. Estimates of siny(z). In this section we consider a function, no 
necessarily extremal, of the form f(z)—siny(z), where y(z) is defined }; 
(10.3), (10.5), the parameters satisfy (10.7) and (10.8), and 8 is th 
same as in (10.3). We shall obtain several estimates for f’(4); the erro 


terms are independent of m and 7 over any bounded range of r. 


LEMMA 12.1. If 6-0 and r=p>}3 then 


— 8f’(4) = 7T COS Ar + 76*{7G(r)sin 47-— H(r, 3) cos 47} + 0(6*), 


where 

H(r, w) =12(r? + w?) /(r? —w?)?, G(r)— H(r,w)dw. 
0 
For, by Lemma 11. 5, 
=8{— 37 + 7G + O(6*}, 
whence 
sy(4) = cos $7 -+7G(r)@ sin $7 + O(6*) ; 


and 


(4) =8r{—1 + H(r, + 0(64)}. 
Finally f’(4) =y’(4) cosy(4), and the conclusion follows. 
LEMMA 12.2. If then 


5f’ (4) =7 cos 47 + er (47 sin $7 — cos $7) + O(€*), 


where 
e = 1/log{4/(47— 6) }. 


This follows in the same way from Lemma 11.10. 
Lemma 12.3. If 6-0 and r>r, where 0< 1. < 4, then 
(4) =7 cos $7 — (1 — } {7 sin $7 
+ 2(1+ 4r,?) (1 — 4r,?)-1 cos $7} + 


For, by Lemma 11. 5, 


1/(2r) 
dy (4)/(rr) = { (t? — cos 26)? + sin? — 1 + 6? + 0(6*) ) dt. 
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| We make the substitution ¢? + cos 26—=wsin 26 over the part of the interval 

of integration where 6-3, that is, over t; < t, where 

t, = {cos 20 — 64 si — 40— 340i — “6? + 0(63), 

» = {cos 26 + 6-4 sin 26}4 1 + 40 + 402 — “6? + 0(63). 
The integral defining (4) will be written as the sum of integrals over the 
intervals (0, ¢:), (t,, t2), (tz, $77"). 
The integral over (¢;,¢,) is equal to 

6-4 


(usin 26 — 6° + O0(6*) )/{ (wu? + 1)4(cos 6 +- wsin 26) }du 
3 


26-4 
(see ff { (usin @-—6? + O(64))/(u? +1)3} 


{1 — Ju tan 26 + tan? 20 


tan‘ 26 + 
Collecting the even part of the integrand, we see that this integral is equal to 
— (sec (2u?6? + 5u*6* + 6?) (u® + 1) 4du + 0(68) 
0 


7 3 
— 77+ 0(6). 
The integral over (0,¢,) 1s 


f [6 + 0(6)1/(1— &) }{1 — (1 — 
+ 0(6*/(1—t)*) }dt 


(1+) (1 dt + 0(62) 


| 2 
= —+- 40° 
4 


467{1/(1—t,) —1/(1+4,)} + 0(68). 
The integral over (t,,1/(2r)) is 
1/(2r) 
+ 0(0))/(P 1) 48 2 sin? dt 
1/(2r) 


)-26?}dt + 0(68) 


) — te + $6?{1/(1— te) +1/(1 + te) } — — 1) 


+ 0(63). 
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Adding these results we obtain 
8y(4)/(rr) =1/(2r) —2 —2r/ + 
Then, referring to Lemma 11.5, we see that 


r=ro(1 + 46° + O(62)), = 
Thus 
dy (4) = $7 — @2rr,/ (47.7 — 1) + 0(6), 
so that 
cos (3) = cos — (1 sin 37 + 0(6). 
Since the limit of r is less than 3 we have 
(4) 7 — — 410?) /(1 — + 06%), 


and the lemma follows. 


13. The case of small +r. We now turn to the proof of the result: 
stated in Theorem 5. In this section we prove that for all small positive ; 
the extremal function is f;(z) =sinrz. We shall sometimes write 
instead of y(z) since the parameters 2, r, 6, 8 of the extremal function 
depend on +r. 

Let 0<+r< 7. As we showed in Section 10, the element of #, whici 
maximizes is either f;(z) =sinzz or f;(z) =sinyr(z), where 
is defined by (10.3), (10.5). The case f;(z) =—sin7rz is excluded sinc 
£(f) >0. 

The proof that the extremal function is sinzz for all small 7 is by con 
tradiction. Suppose that for a sequence of values of 7 approaching 0 th 
extremal function is f;(z) =siny,(z). Then 


Wr (4) coswr($) > 7 cos Fr. 
Now g(w) = p(w)? for real w, so cos¥r(4) 1, cos$r—1 as 70. Als 
so it follows that 
(13. 1) Pr()/{9r(3) 1, 


There is a subsequence of values of + approaching zero such that 674 


0= 6 < x/2, and r approaches a limit, finite or infinite. There are severe: 


cases to consider. 
If 0 <6) < then, by (10. 7) or (11.4), > A, where —1 <A <! 
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But the right-hand side of (10.8) approaches a finite limit as 6, so 


(10.8) shows that r—>o. Then from (10.5) we have 


lim pr(4)/{qr(4) | =| lime/r? | =| A] <1, 


and this contradicts (10.1). 
If 6.0, then Lemma 11.5 shows that r—-oo. In Lemma 12.1 we 


have 8==—1 and 


(4) =7 cos $7 + 276°G (1) cos tan $7 — 3H (r, $)/G(r)} + 0(6?). 


Now H(r,w) is an increasing function of win 0S wS43so0 H(r,4) > 2G(r). 
Also 4r tan 3r > 0 as 7-> 0, so the term in curly brackets is negative. Thus 
f’(4)| <7|cos47| for small + as 

If 65 7/2 then in Lemma 12.2 we have 61 and 


f,’(4) =7 cos + er cos $7 {$7 tan —1} + o(e). 


Hence | fr’(4)| <7| cos $+| for small 7 as 07/2. 
Thus for all sufficiently small positive 7 the extremal function is sin rz. 


14. Completion of the proof. We know that f(z) = (—1)*sin 2kaz 
is the extremal function in §-; in case r==2k2. However, in the intervals 


the extremal function in ¥, is siny(z), where ¥(z) is defined by (10.3), 
(10.5). For, if + lies in the subinterval yn <7 (2n +1) then + | cos 4+ | 


is a decreasing function, and 
£(+ sin rz) = + 2708 < (—1)"2yn C08 $yn = sin yn2). 


Thus for yx, <7 (2n+1)z the extremal function is not + sinrz and is 
therefore sin y(z). 

If + lies in a subinterval (2n-+-1)4<7<y, we shall define a func- 
tion f(z) belonging to ¥, such that | f’(4)| >7|cos47|. For each 6 in 
27/2 define and r by (11.4) with m=O. Thus 2 and r are 
iunctions of @ for each fixed 7, and <3 as 6-0. Sub- 
tituting these values of a, r, 6 with 8=-+1 in (10.3), (10.5), we obtain 
a function y*(z), depending on r and 6. Then f*(z) =siny*(z) is entire 
and belongs to F;. If r is fixed and 6-0, Lemma 12.3 shows that 


= cos — (1 — 


cos $r{4r tan $7 + (1 + /(1 — } + 0(6). 


sults 
ive t 
hich 
7(2) 
ince 
con- 
th 
» 


880 R. P. BOAS, JR. AND A. C. SCHAEFFER. 


Since 7 lies in some interval (2n-+1)47<7< yn the term in curly brackets 
is negative. Thus if 6 is small, for suitable choice of 5=+1, we hare 
f*’(4) >7|cos$r|. The extremal function in ¥, therefore cannot be 
+ sin rz and hence must be siny(z) for some y(z) defined by (10.3), (10.5). 


Suppose now that for some 7, the extremal function is f;,(z) = sin y7,(z), 
Since f;(z) is a continuous function of + there is an open interval containing 
7, for which the extremal function is not + sin rz and therefore is sin y-(z), 
Let (7’,7”) be the largest such interval containing 7,. Then 


(14. 2) fr(z) =+sin7’2z, fre (z) = + 


and f;(z) =sinyr(z) for <71<7”, where yr(z) is given by (10.3) and 
the parameters satisfy (10.7), (10.8) (or (11.4)). Also == +1 is such 
that £(f-) > 0. 


We have to prove that, for some n, = yn, 7” = yn. 


We note first that because of (14.2) the points 7’, 7” le outside all the 
intervals (14.1). Also, since f;(z) depends continuously on + the parameters 
6, a, r are continuous functions of + for 77 <7<7”. Thus in (11.8) the 


integer m must be the same for all 7 in P< r<7”. 


Now let + approach one of the endpoints of (7’,7”) from inside through 
a sequence of values such that 6=6(7) tends to a limit, and r—r(7) tends 
to a limit, finite or infinite. We shall denote this endpoint by 7*, and write 
6> OS 7/2. 


We show first that or 7/2. For, if 0<0* << 2/2 and rox 
then (10.7) or (11.4) shows that «/r? approaches a limit 4, —1<4A<1. 
Then (10.3), (10.5) show that f-(z) > +sin7r*Az, and this contradicts 
(14.2). If 0<06* < 7/2 and r tends to a finite limit r* then (11.7) shows 
that 2 also tends to a finite limit «*. Then y-(z) tends to a limit defined 
by (10.3), (10.5) for the parametric values 6*, r*, 2* as r—>7*. This again 
contradicts (14.2). 


If 6*=0, then, by Lemma 11.5, the right-hand side of (10.8) 
approaches —1 and, since m is fixed, this shows that r cannot tend to ( 
or o. Thus 0<r*<o. In case r* > 4 Lemma 12.1 shows that 


— 8f’(4) =7 cos + 276°G(r) cos $7 {47 tan — 4H (r, $)/G(r)} + 0(6°). 


Since r lies in (7’,7”) and f(z) is an extremal function we have | f’(3) 
=|cos47|. Thus the term in curly brackets is nonnegative, and so is its 
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limit as r—>7*. Now H(r*,w) is an increasing function of w in 0SwSi, 
30 H(r*,4) > 2G(r*). Thus 


4r* tan = (r*, 4)/G(r*) > 1. 


This shows that +* lies in some interval (yn, (2~-+1)x] C (xn,yn), but 
this has been excluded. 

If then r* =}, and we now show that r* <4. For if r* =}, 
then Lemma 11.5 shows that (2m as But r* cannot 
lie in any interval (14.1), so this is a contradiction. 

If 6* 0, we show that 7*—y, for some n. For, we have shown that 


<4, so Lemma 12.3 applies. Thus 
df’ (4) =7 cos 47 — 46?rr*? (1 — 4r*?)-1 
x cos $7{47 tan 47 + (1 + 4r**) /(1 — 4r*?) } + 0(6), 
where, by Lemma 11. 5, 
(14.3) r* == lim r= (4 — m)x/z*. 
Since + lies in (7’,7”) and f is an extremal function we know that 


f’(4)| >7|cosd+|. The term in curly brackets is therefore nonpositive. 


and so is its limit as r—>r*. Thus 


(14. 4) 4-* tan $r* S — (1+ 4r**) /(1 — 4r*?). 


We recall that 0<r* <4. Then in (14.3), m is 0 or a negative integer. 
The point r* cannot lie in any interval (14.1), and this shows both that 
(14.4) is an equality and that m0 in (14.3). Thus r*—y, for some n. 
Now m in (14.3) is the same integer m that occurs in (10.8) for all 7 in 
the interval 7’ <+r<7”. Thus if 6*—0O then for all in <r<r” the 
parameters of the extremal function satisfy (10.8) with m0. 


If 6* 72/2 then Lemma 12.2 shows that 


5f’(4) =7 cos 47 + er cos $r{47 tan $7 — 1} + o(e). 


Since f is an extremal function we have | f’(4)| >7|cos47|, and since 
t>7* this implies that 47*tan47*21. If this were a strict inequality, 
** would lie in one of the intervals (14.1), and this is impossible. Thus 
r*—y, for some n. 

We have thus shown that the open interval (7’,7”) has its end points - 
in the sets {xn}, {yn}. On the other hand, the interval cannot contain any 
point 2k since at these points the extremal function in +sin2kwz. It 
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follows that for some nonnegative n we have 7’ = yn, 7” Then 
as t—>7’=y, and 0-0 as through values in (7’,7”). 


As r moves from 7’ to r” the angle 6 moves from x/2 to 0, taking all 
values in (0,7/2). The parameters satisfy (10.7), (10.8), or (11.3), 
(11.4), with m=O. The left-hand side of (10.8) is never zero for 
7’ <1+<7”, so the right-hand side of (10.8) is never zero for 0<6< 72/2 
when the value of a/r? in (10.8) is that determined by (10.7). 


In the intervals in which the extremal function has the form sin y(z), 
the maximum of ¢(f) could be calculated for any given + by determining 
z and r from (11.3), (11.4) and calculating the maximum of &(f) asa 


function of 6. 


15. Functionals which involve no derivatives. If all n,—0 in (2.1), 
i.e., if has the form 


(15.1) £(f) —Sa,f(2,), 


Theorem 1 does not apply. For example, if 

(15. 2) £(f) =f(4) —f(—4), 

then when + > =z, an obvious extremal function is f(z) sin zz, which is of 
type less than 7; and if + > 32 another extremal function is f(z) =— sin 3zz, 


so that the extremal function is not unique. However, functionals (15.1) 
can be discussed by using the following device. Consider the functional 


(15.3) =tf (1) + £L(f), t>0. 


This is a functional of order m-+1 to which our theory applies for each f. 
Let f:(z) be the extremal function for ¥; Then {f;(z)}, where ¢ runs 
through a sequence whose limit is 0, is a normal family; let f,(z) be a 
limit function of this family. Then f, is an extremal function for the 


functional &. For, by Bernstein’s theorem, 
== — tf,’ (21) = Li (ft ) — tr. 


We know from Lemma 2.2 that there is at least one extremal function f, 
for Then 
the’ (x1) + L(fr) = ( fr) Le = tf’ (a1) + 


Since f;/(21) > fo’(z,) and ¥(f;) > L(fo), it follows that Y(fo) = 
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Since f, is extremal for &, so is fy, and Y(fo) = ¥L(fi). Now since f; is of 
order m +1, either f; is a constant or 


(15. 4) fr(z) =sin y%(z), 


where 


(15. 5) == tr dw + sin f,(0), 


pe is of degree at most m—1 and q is of degree twice that of p;, and the 


other conclusions of Theorem 1 hold. 


As t—>0 either the coefficients of p; and gq; are bounded and we can 
select a sequence of ¢’s so that p; and qg; approach limits of the same kind; 
or the coefficients of p; and gq; are unbounded, in which case the integrand of 
¥:(z) approaches a function of the same form, p(w)/{q(w) }4, but with p 
and gq not necessarily monic. Hence we can obtain an extremal function 
for & by taking either a constant, or a function of the form described in 
Theorem 1, or one of the same form with p of degree at most 1—2, but 
with + possibly replaced by a smaller number. 


The simplest nontrivial functional of the kind under consideration is 
¥¢(f) =f(4) —f(—4), which was considered by S. Bernstein [1]. He 
showed that an extremal function is sinrz if 0<7rSm, when max £(f) 
=2sin4r (see also [2], p. 214); while if +> an extremal function is 
sin7z and max ¥(f) 2. Here, although the variational method can be 
used, it is not advantageous since the extremal functions can be completely 
determined by more direct methods. The same is true for 


£(f) =f(—1) —2f(0) +f (1). 
However, the less symmetrical functional 


is better suited to our method. For possible extremal functions of the form 
sin(oz-+c) we have max (f) = (1+ 4sin?o)4, which is actually extremal 
for sufficiently small o. On the other hand, our method also suggests possible 


extremal functions of the form 
(15. 6) f(z) = + coscy (27+ 2rzcosp+ 77), 


and for sufficiently large o we can make &(f) for such a function attain the 
largest possible value, namely 3. Hence there is a number o such that 
(15.6) is an extremal function for & in §, for all ro. It is possible 
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that functions of the kind considered in Theorem 5 are extremal for an 
intermediate range of values of 7, but we have not investigated this possibility, 
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ON KAEHLERIAN HOMOGENEOUS SPACES OF UNIMODULAR 
LIE GROUPS.* 


By Jun-IcHI HAno. 


Recently the results of E. Cartan on Hermitian symmetric space have 
been extended to the case of Kaehlerian homogeneous spaces by several authors. 
In particular the structure of compact Kaehlerian homogeneous spaces has 
been fully exploited. As for the non-compact case, there are few known 
results except in the case where the groups are semi-simple or reductive. 
A. Borel [1] and J. L. Koszul [6] have studied the structure of Kaehlerian 
homogeneous spaces of semi-simple Lie groups and have shown, independently 
of each other, an interesting result that a bounded domain in a unitary 
space admitting a transitive semi-simple Lie group of complex analytic 
homeomorphisms is symmetric. This result gives a partial answer to the 
problem of E. Cartan. In his important paper in 1935 [2], E. Cartan 
raised the question whether a bounded homogeneous domain is always a 
symmetric bounded domain. Y. Matsushima [8] has studied the structure 
of Kaehlerian homogeneous spaces of reductive Lie groups and has shown 
that these spaces are the direct product of a locally flat Kaehlerian space and 
a Kaehlerian homogeneous space of a semi-simple Lie group. 

The purpose of the present paper is to study the structure of Kaehlerian 
homogeneous spaces of a more general class of Lie groups, that is, those of 
unimodular Lie groups. Specifically, we shall deal with the following two 
cases. First we shall consider the case where the isotropy group is semi- 
simple and obtain the following two theorems: 


THEOREM |]. Jf a homogeneous space of a connected unimodular Lie 
group by a closed connected semi-simple subgroup admits an invariant 
Kaehlerian structure, then the Kaehlerian structure is locally flat. 


THEOREM II. Jf a connected unimodular Lie group has a left invariant 
Kaehlerian structure, then the group is meta-abelian. Especially if the 


group is nilpotent, then 1t must be abelian.’ 


* Received April 15, 1957; revised September 18, 1957. 
*The last part of Theorem 2 is a generalization of a result of Koszul (unpub- 
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Secondly we deal with a Kaehlerian homogeneous space of a unimodular 
Lie group whose Ricci curvature is non-degenerate and prove the following: 


THEOREM II]. Jf the Ricci curvature of a Kaehlerian homogeneous 
space of a connected unimodular Lie group is non-degenerate and if the 
group acts effectively on the space, then the group is semi-simple. 


A bounded domain in a unitary space has the Bergman metric which 
is Kaehlerian and invariant by all complex analytic homeomorphisms of 
the domain. If a bounded domain admits a transitive group of complex 
analytic homeomorphisms, the Ricci curvature of the Bergman metric co- 
incides with the metric itself, and hence it is positive definite. Therefore, 
from Theorem IIT and from the result of A. Borel and J. L. Koszul men- 
tioned above, we have the following answer to the problem of E. Cartan: 


THEOREM IV. A bounded domain which admits a transitive connected 


unimodular Lie group of complex analytic homeomorphisms is symmetric. 


We remark that these theorems hold true under a slightly weaker 
assumption which is explained in 4, and that in order to prove Theorem III, 
we only use the result in 6 concerning the Ricci curvature of a Kaehlerian 
homogeneous space. 

The author wishes to express here his sincere thanks to Professor Y. 
Matsushima and Professor K. Nomizu for their kind suggestions and valuable 


eriticism during the preparation of this paper. 


I. Preliminaries. 


1. Let G be a connected Lie group and let B be a closed subgroup 
of G. We denote by g the Lie algebra of all left invariant vector fields on 
G and by 6 the subalgebra of g consisting of all left invariant vector fields 
which are tangent to B at the identity e. Let G/B be the homogeneous 
space of left cosets of G by B, and let x be the projection from G onto G/B. 
The differential z, of + at the identity e maps the tangent space g, of G 
at e onto the tangent space 7. of G/B at o, where o denote the point z(e). 
By assigning z-(X,-) to each X € g, we have the linear mapping 7’ from g 
onto 7., where X, is the value at e of the vector field XY. 

When g has a direct sum decomposition g=6--m into two subspaces 


lished). He has proved the same result for rational nilpotent Lie groups. He has 
also proved that if a compact homogeneous space of a nilpotent Lie group admits a 
Kaehlerian structure, not necessarily invariant, the group must be abelian. 
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p and m such that adb:-m Cim for all b€ B, the homogeneous space G/B 
is called a reductive homogenous space by Nomizu [10]. We shall call this 
decomposition of g an ad B-stable decomposition. When, more strongly, the 
induced representation of B on the Grassmann algebra of g is completely 
reducible, we say that the subgroup B is reductive in G@ according to Koszul 
[5]. Clearly, if B is reductive in G, G/B is a reductive homogeneous space. 

A homogeneous space G/B having a Riemannian metric invariant by 
the group G@ is called a Riemannian homogeneous space. We shall prepare 


the following proposition for later use. 


(1.1) Let G/B be a Riemannian homogeneous space. If G operates 
effectively on G/B, then the subgroup B ws reductive in G. 


In fact, let us consider the largest connected group G* of isometries. 
It is known that G* is a Lie group and the isotropy subgroup B* at o is 
compact. Hence the Lie algebra g* of G* has a positive definite symmetric 
bilinear form f* invariant by ad b for all b€ B*. Since G is effective on G/B, 
G can be embedded in G* as a Lie subgroup. The restriction f of f* on 
the subalgebra g is evidently a positive definite symmetric bilinear form and 
invariant by ad for all b€ B. The Grassmann algebra of g has a positive 
definite symmetric bilinear form induced by f, which is invariant by the 
induced representation of B on the Grassmann algebra. Therefore this repre- 
sentation is completely reducible, and our assertion is proved. 


2. Let G/B be a reductive homogeneous space and let g=b-+m be 
an ad B-table decomposition. The subscript m (resp. b) of an element X 
in g means the m-component (resp. the b-component) of X with respect to 
this decomposition. The restriction of 7’ on m gives an isomorphism from 
m onto 7. Hereafter, when we consider a reductive homogeneous space, 
we shall identify the tangent space T. of G/B at o with the subspace m by 
this isomorphism. 

Now, we assume that G/B has an invariant Riemannian metric g. 
Following Nomizu [9], we shall prepare some fundamental notions of an 
invariant Riemannian connection on G/B. Let X be an element in m. 
We denote by o; the one-parameter subgroup generated by X€m. We 
set == 7;. Clearly o; defines the type preserving isomorphism from 
the tensor algebra at o onto the tensor algebra at 7;, which we denote also 
by oy. Moreover, we denote by p;? the parallel translation from 7; to o along 
the curve 7; in the opposite direction, which is defined by the Riemannian 
connection associated to the metric g. We have the linear mapping Dy of 


the tensor algebra of m defined by 
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DxyA =lim(p;!:o,A —A)/t, where 0, 


t-0 


for all tensors A on m. Clearly Dy preserves the type of tensors and jis 
linear with respect to XY. Moreover, Dy satisfies the following conditions: 


ad b- = Daay.xadb- Y for all Y¥,Y€m and for all DEB. 
g(DxY,Z) + 9(Y, DxZ) =0 for all ¥,Y,Z€ m. 
DxY¥ — DyX —[X,Y]m=0 for all X,Y 


(2.4) If a tensor field a on G/B is G-invariant, Dya coincides with the 
covariant derivative of a at o along X. 
The value at o of the curvature tensor field R, of type (1.3), is 


given by 
R.(X, Y)Z = [Dx, Dy|Z— Z—ad[X, 


for all ¥,Y,Z¢€m. The value at o of the Ricci curvature r is given by 
ro(X,Y) =trm(Z—> R.(Y,Z)X) for all X,Y €m. 

Let G/B be a simply connected Riemannian homogeneous space. Since a 
Riemannian homogeneous space is complete, G/B has the canonical decomposi- 
tion with respect to the homogeneous holonomy group given by de Rahm [3]. 


G/B is a Riemannian direct product of spaces M.,M;,: - -, Ms, where M, is 
a Euclidean space and M;,, 1 iss, has the non-trivial irreducible homo- 
geneous holonomy group. Moreover each M; is isometric to the Riemannian 
homogeneous space G;/B of a connected closed subgroup G; in G@ containing 
the subgroup B ([10], Theorem 3). We can denote this decomposition by 
-- x G/B. 

Now let J be a G-invariant tensor field of type (1,1) defining an 
invariant complex structure on a homogeneous space G/B. By a result of 
Koszul [6], the value J, at o of J satisfies the following conditions: 


(ad for all DE B, 


I.[X,¥]m— [1.X,¥ ]m—I. 
for all XY, Y € m. 


When G/B has an invariant complex structure, an invariant Riemannian 
metric g on G/B is called Hermitian if g satisfies the condition: g(IX,1Y) 
=g(X,Y) for any vector fields Y¥,Y on G/B. In this case we have a 
2-form Q given by Q(.Y,Y)=g(IX,Y) for all vector field ¥,Y on G/B, 
which is called the Kaehlerian form associated to the Hermitian metric 9. 
Of course, Q is G-invariant. If the Kaehlerian form 0 is a cocycle, that 1s. 
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i2 = 0 we call the pair of the complex structure J and the Hermitian metric 
q an invariant Kaehlerian structure. A homogeneous space having an 
invariant Kaehlerian structure is called a Kaehlerian homogeneous space. 
It is well known that a G-invariant Hermitian metric g on a complex homo- 
geneous space G/B, defines a Kaehlerian structure if and only if the co- 
variant differential of the tensor field J is equal to zero. When G/B is a 
reductive homogeneous space, this condition is equivalent to the follow-ng: 


(2.5) Dx: =I, -Dy for all XY € 


The value at o of the Ricci curvature r associated to an invariant 


Kaehlerian structure may be expressed by 
ro(X,Y) R(X, Y), 


a formula which is equivalent to the one in [7]. The bilinear form defined 
by a(X,Y) —=r(JX,Y) for all vector fields X,Y is a G-invariant exterior 
form of degree two. We call this 2-form @ the Ricci form. 


8. Let C*(G@) be the Grassmann algebra of all left invariant differential 
forms on a connected Lie group G. Let C?(G) be the subspace of C*(G@) 
consisting of all homogeneous elements of degree p. We denote by w the 
linear mapping of C*(G) such that wa=—(—1)?a for all a€ C?(G@). For 
each a€ C*(G), we have the linear mapping «(a) of C*(G@) given by 
(a)b==a for all C*(G). For each X€g, we have the linear 
mapping «(X) of C*(G) such that 1) «((X¥)a=0 for all a€ C°(G) 2) if 
a€C?(G) (p=1), 


for all X,,- - -,Xp1.€g. We know that .(X) is an anti-derivation of C*(G@), 
Le. o(X)(a A b) =c(X)a A b+ wa A c(X)b for all C*(G). More- 
over, for each X € g, the derivation 6(X) of C*(G@) is defined by 
1Si=p 
for all a€ C?(G) and for all X,,---,X,€g; 6(X) is nothing but an 
infinitesimal transformation defined by the right invariant vector field X’ 
whose value at e coincides with X,. If a€ C*(G), the exterior differential 
da is also contained in C*(G@). The following relation among these opera- 


tions will be used frequently: 


(3.1) 6(X) —i(X)d + 


12 
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We denote by H*(G@) the cohomology algebra of C*(G@) with respect 
to the coboundary operator d. 


Let G/B be a homogeneous space of a connected Lie group G. We 
denote by C*(G/B) the space of all G-invariant differential forms on G/B. 
Clearly C*(G/B) is finite dimensional over the field of all real numbers. 
We denote C?(G/B) the subspace of all homogencous elements of degree p. 
Since the exterior differential da of a¢ C*(G/B) also belongs to C*(G@/B), 
we have the cohomology algebra H*(G/B) of C*(G/B) with respect to d. 
Let «* be the dual of the differential of the projection + from G onto G/B, 
and let L*(G/B) be the image of C*(G/B) by ~*. Obviously L*(G/B) is 
a subalgebra of C*(G@) and is equal to the subspace of all element a € C*(@) 
such that 1) «.(X)a=0 for all XY € b and 2) the right translation defined by 
any b€ B leaves a variant. Since the exterior differentiation and x* are 
commutative, L*(G/B) is d-stable. 


We denote by N1(G@:B) the subspace of C1(G@) consisting of all elements 
a such that «(X)a=0 for all XY €b6, and by N*(G:B) the subalgebra in 
C*(G@) generated by 1 and N*(G:B). The subalgebra N*(G@:B) is the 
direct sum of its homogeneous parts N?9(G:B) = N*(G:B) MC?(GQ), and 
is b-stable, i.e. 90(X) leaves N*(G:B) stable for all X€b. We say that an 
element a€ C*(G@) is b-invariant if 6(X)a—0 for all X€b. We denote by 
L*(G:B) the subalgebra of all b-invariant elements in N*(G:B) ; L*(G:B) 
is the direct sum of its homogeneous parts L?(G:B) = L*(G:B) 0 C?(G). 
In virtue of (3.1), the exterior differentiation d leaves L*(G:B)_ stable. 
We can easily see that the subalgebra L*(G/B) is contained in L*(G:B) 
and that if B is connected, L*(G@:B) coincides with L*(G/B). 


For an arbitrary differential form a on a manifold, we have also the 
operation e(a) which maps any differential form b to aA b. When a 
manifold has a Riemannian metric g, we have the dual operation «(a) of 
e(a) given by g(c(a)b,c) =g(b,«(a)c) for all differentials forms and 


4. Later on we shall have frequently to do with the condition that 
the highest dimensional homogeneous part of H*(G/B) does not vanish. 
which we now explain. This condition is equivalent to the following two 


conditions: 1) there exists a G-invariant n-form, where n= dim G/B, and 
2) dC-"(G/B) =0. By a theorem given by Koszul ([5], Theorem 12.1). 
we know that if a connected Lie group @ is unimodular and if a closed 
connected subgroup B is reductive in G, then dim H"(G/B) =1. We prove 
the following proposition : 


890 

le 

n-f 
as 1 

Lie 

C0: 
Kos 
dL" 

whi 
spa 

ad 
len: 
any 

by 

(re 

onl 

in 

di 
ope 

we 
wh 
lf 

Wk 

we 


UNIMODULAR LIE GROUPS. sol 


(4.1) Jf a Riemannian homogeneous space of a connected unimodular 
Lie group G is orientable and if G acts effectively on G/B, then dim H"(G/B) 
= 


In fact, since G/B is orientable, there exists a G-invariant non-zero 
n-form, the so-called volume element. Since @ is effective on G/B, we have, 
as is already seen in 1, a positive definite symmetric bilinear form on the 
Lie algebra g, which is adb-invariant for all 6€ B. Hence, the connected 
component B, of B is also reductive in G. Applying the above theorem of 
Koszul for the pair of G and B., we have dC"-*(G/B.) =0 and hence 
iL*(G/B,) =0. Since B. is connected, we have dL""!(G:B.) =0. Clearly 
is contained in Z"-1(@:B.), and hence we have dL""*(G/B) =0, 
which implies dC™-*(G/B) =0. Thus our assertion is proved. 

Conversely, if dim H"(G/B) =1, the space G/B is orientable. 


II. Invariant forms on a Riemannian homogeneous space. 


5. Let us consider an orientable n-dimensional Riemannian homogeneous 
space G/B with metric tensor field g. Since G/B is orientable, there exists 
a differential form v of degree n which is invariant by G@ and has the unit 
length. Making use of v, the star operator * is defined by *a— (a)v for 
any differential form a on G/B. We define the codifferential operator 5 
by @* d* w, where w (resp. #) is the linear mapping such that wa = (—1))?a 
(resp. @a = (—1)9"*Da) for any p-form a. The Laplacian operator A is 
given by 8d + d8, and we say that a differential form a is harmonic if and 
oly if Aa—0. Since these operators commute with the transformations 
in G, they leave C*(G/B) stable. 

We shall give expressions of the operators d, § and A in terms of covariant 
lifferentiation. For this purpose, let us take a frame {X,,-- -,X,} on an 
open set and let {w',- - -,w"} be the dual frame of {X,,---,Xn}. Then 
we have 


1SiSn 1SiSn 


where Yx denotes the covariant differentiation along the vector field X. 
Ifa is a 1-form, we have 


Aa=— (Vx, Vx. — R(X, X;)a. 


1SiSn 15i,jSn 


When a is a G-invariant 1-form, g(a,a) is a constant over GB, and hence 
we have g(Vxa,a) =0. It follows that if a€ C*(G/B), then 
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g(Aa,a) = x4, (4,4), 


1Si=n 
where r is the bilinear form on C'(G/B) given by the Ricci curvature ; 
On account of this formula, we obtain the following proposition: 


(5.1) Let G/B be an orientable Riemannian homogeneous space. |} 
a G-invariant 1-form a on G/B is harmonic and if r(a,a) =0, then a is, 
parallel field. 


Now, we restrict our consideration to C*(G/B). For any two element 
a,b€ C*(G/B), g(a,b) is a constant over G/B. We can regard g as a 
inner product on the finite dimensional vector space C*(G/B) over the fiel/ 
of all real numbers. Using a property of the star operator, we have 


*d(an*b) =*(dan*b) + *(wand*b) =g(da,b) —g(a, db) 


for all a€C*(G/B), bE C™(G/B), OSpsn. Let us assume that 
dim H"(G/B) =1. Then the exterior differential of any G-invariant (n —1)- 
form is zero and we have g(da, b) = g(a, 8b) for all a€C?(G/B), b € C**(G/B) 
If b€ C7(G/B), qAp-+1, it is clear that g(da,b) —g(a,8b) =0. There 
fore we have g(da,b) —g(a,8b) for all a,b€ C*(G/B). Moreover, we have 
g(Aa,a) =g(da, da) +-g(da,5a). This equality shows that a G-invariant 
differential form a is harmonic if and only if da=éa=—0, in other words 
if and only if a is orthogonal to the subspaces dC*(G/B) and 8C*(@/B) 
On the other hand, the subspaces dC*(G/B) and 8C*(G/B) are mutually 
orthogonal to each other. As is already mentioned, C*(G/B) is finite dimen- 
sional. Hence we obtain the proposition: 


(5.2) Let G/B be an n-dimensional Riemannian homogeneous space of 
a connected Lie group. If H"(G/B) ~ {0}, any G-invariant form a on G/BE 
has the unique decomposition a—=a),+a,+ 4, such that a, is a G-invariani 
harmonic form, a,€ dC*(G/B) and a.€ C*(G/B). 


III. The Ricci curvature. 


6. Let G/B be a reductive homogeneous space admitting a G-invariant 
Kaehlerian structure which is defined by the pair of an invariant complet 
structure J and an invariant Hermitian metric g. We take an ad B-stable 
decomposition g=b6-+m. The Ricci curvature r is equal to the canonical 
hermitian form defined by Koszul [6]. Hence the image x*a of the Rice 
form @ is an exterior differential of a left invariant 1-form on G@ by 3 
theorem of Koszul ([6], Theorem 1). We shall give a different approac 
to this fact from the view-point of differential geometry. 
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Let us consider the 1-form » in C*(G@) given by 
n(X) trim (ad X5) m for all XE g. 

Since J, commutes with the restriction (adb)m of adb on m for ali DE B, 
we have 

(ad bn) (X) =—trml.. (ad(ad b-X)5)m 

= — ttm (ad b) m, (ad X5) - (ad b) mw? =7(X), 

which implies that 7 is invariant by the right translation defined by any 
element in B. Since «.(X)dyn-+ di(X)n—0(X)y=—0 for all XY € b and since 
= 0 for all X € b, we have «(X)dy=0 for all X€b. It follows that 
in€ N*(G@:B). Moreover dy belongs to L*(G/B), because ad b-dy—dadb-y 
=0 for all b€ B. Next, let us consider the 1-form é in N*(G:B) defined by 


=—trmI.*Dx,, for all X€ g. 


Using (2.1) and the fact that (adb)m, b€ B, commutes with J., we have 


(ad bé) (X) = —trml.- Daa-vXm 
= — trm(ad (ad b) = €(X), 
which shows that é belongs to L1(G/B). Set ¢=7- then dp€ L?(G/B). 
By definition of the curvature tensor field R, we have 
dg (X,Y) ——44([X,¥]) (ad[X¥]o)m + 
= (R(X, Y) —[Dx, Dy]) 
for all X¥,YE€m. According to (2.5), we have 
trmI.-[Dx, Dy] =trm[Z.-Dx, Dy| =0. 
Therefore we have df(X,Y) =a*a(X,Y) for all ¥,¥€m. Since both dg 
and r*% are contained in L*(G/B), we have dfb—-7*a. Moreover, é being 


in L*(G/B), x*a and dy are cohomologous in L*(G/B). Thereby we have 
obtained the following proposition. 


(6.1) Let G/B be a reductive Kaehlerian homogeneous space of a 
connected Liz group G, and let g=b6-+m be an ad B-stable decomposition. 
The Ricct form « on G/B is cohomologous to the G-invariant 2-form y 
defined by? 

* Reading this manuscript, Koszul remarks that if a complex homogeneous space 


is reductive, the same result for the canonical Hermitian form is verified from his 
formula ([6], Theorem 1). 
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po(X,Y) —trml.- (ad[ X,Y ]s)m for all X,Y €m. 
We shall give a proof of the following fact: 


(6.2) The Ricci form « on a Kaehlerian homogeneous space is har. 


monic [7]. 


Since the fact that the Ricci form is harmonic does not depend upo 
the Lie group acting transitively on the space, we can assume the homo. 
geneous @/B to be reductive on account of (1,1). Therefore, applying th 
fact that we have dz—0. 

Let -,1Xm} be an orthogonal frame defined on a 
arbitrary open set. We set (—1)#*IXa, (—1) 41%, 
Since «(1X,1Y) =«a(X,Y) for all vector fields X,Y, we have 
a(Za,Zg) =a(Zae,Zge) =0, 1Sa,8=m. Moreover, isz 


1SaSm 


constant over the open set, because the scalar 3S @(Z,,Za+) is invariant 
by G. From the fact that da 0, we have 1SaSm 
0 = (da) (Zp, Za, Zas) 
= 4((Vz,%) (Za, + (Vz,%) Zp) + (Zp, Za)). 


It follows that (Vz,%) (Zas,Zg) =— (Vz,%) (Za, Zoe), 1Sa,Blm. Using 
this, we have 
(82) (Ze) (( Veet) + 


(V 2%) (Za, Za) = 0, 1<p<m. 


1SaSm 
By the same argument, we have (8«)(Zg-) =0, 1= Bm. Thus we have 
and 8d)a—0, completing the proof. 


IV. Theorems. 


7. When a homogeneous space G/B has a G-invariant and non-degen- 
erate 2-cocycle 2, we say an invariant symplectic structure is defined on G/B. 
If G/B admits an invariant Kaehlerian structure, the Kaehlerian form 2 
defines an invariant symplectic structure. When G/B has an invariant 
symplectic structure defined by a 2-cocycle ©, the dimension of G/B is an 
even integer 2m and 2”, the Grassmann m-th power of Q, is not zero. In 
general, an exterior form © of degree 2 on a real 2m-dimensional vector 
space is non-degenerate if and only if O"™=0. 

The purpose of this section is to prove the following: 
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Lemma 1. Let G be a connected Lie group and let B be a closed con- 
nected semi-simple subgroup of G. If the homogeneous space G/B admits 
an invariant symplectic structure and if H?™(G/B) =0, where 2m = dim G/B, 
then B ts a maximal connected semi-simple subgroup of G.° 


Let Q be a G-invariant 2-cocycle on G/B defining the invariant sym- 
plectic structure. We denote by / the left invariant 2-cocycle 7*Q on G. 


Since Q is non-degenerate, we see that an element X of g belongs to b if 
and only if h(X, Y) =O for all Y€g. Let S be a maximal connected semi- 
simple subgroup containing B. 

In order to prove the lemma, we introduce a filtration in C*(G@) by 
means of S. We denote by C? the ideal in C*(G) generated by N?(G:8). 
The sequence C*(G) =C°DC'D ---DCP?D--- defines a filtration in 
C*(G). Let Z?, be the set of all elements a€ C? such that da€ C?**, and 
put dZ?-*, == D?,. Then Z?*1,,+ D?,, is an ideal of Z?,. We denote by 
Ee, the factor algebra Z?,/Z*!,_, and by y?, the natural projection from Z?, 
onto H?,. Let H%?, be the subspace of H?, consisting of all elements which 
are images of elements of degree p-++q in Z?,. As for £%?,, it is known 
from a theorem of Koszul ([5], Theorem 15.2) that there is an isomorphism 
from H2(S) ®L°(G:8) onto #%?,, where H2(S) is the g-homogeneous part 
of the cohomology algebra H*(S). Since S is semi-simple, we have H1(S) 
= H?(S) = {0}. It follows that {0}, O=p. 

Since the form hf is a cocycle, h belongs to Z°, for any s. Since the 
degree of h is two, we have 7°,h€ H*°,. Hence we have 7%°h=0, which 
shows that / € Z', + D®, that is, h is cohomologous to an element h’ € Z',. 
The form h’ being a cocycle in Z‘,, we have h’ € Z', for all s. From the facts 
that {0} and that 7',h’€ we have 7',h’ =0 and h’€ Z?, + D',. 
Hence h’ is cohomologous to an element h” € Z*5. Since the degree of h” 
is two, h” is in N?(@:S8). Moreover, h” being a cocycle, we have 0(X)h” 
=1(V)dh” + di(X)h” =0 for all XY € 3, where § denotes the subalgebras of g 
corresponding to S. Therefore h” belongs to L?(G:8). It follows that the 
cocycle h is cohomologous to the cocycle h” which is in L?(G@:8), that is, 
h—h” —da for a certain a€ ('(G). 

Next we shall prove that h and h” are cohomologous to each other in 
L*(G:B). For this purpose, it is sufficient to show that a is contained in 
L*(G:B). Since BCS, we have L*(@G:B) D L*(G:8), and so h” and 
da are in L?(G:B). Hence we have 0(Y)a=.1(X)da+ d(X)a=0 for all 


* First the author dealt with the case where the isotopy group B= {e}. The 
generalization is due to Matsushima. 
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X€b, that is, a([X¥,¥]) —0 for all X€b and Y€g. Since b is semi. 
simple, the derived algebra [6,6] of 6 coincides with b. Therefore we have 
.(X)a—O0 for all XY € 6, and so we have ac L?(G:B). 

From our assumption, the 2m-cocycle h™ is not zero. Hence h™ is not 
cohomologous to zero in L*(G:B). This follows from our assumption that 
H*"(G/B) ~{0} and from the fact that G is connected. Suppose that } 
were not equal to 8, and let Y, be an element of § not contained in 6b. Sine 
h” € L*(G:8), we would have (c(X,)h”) (VY) =$h”"(Xo, Y) =0 for all 
Y€g and accordingly h”™—0. On the other hand, h” and h’™ are co. 
homologous to each other in L*(G@:6). This is impessible and hence we 
have b=8, which implies B=S. Thus the proof is completed. 


8. In this section we prepare two lemmas for the first theorem. 


Lemma 2. Let G/B be a Kaehlerian homogeneous space of dimension 
2m. If B is a connected semi-simple subgroup, and tf H®™(G/B) 4 {0}, 
then the Ricci curvature r is zero. 


From our assumption that B is a connected semi-simple subgroup, &/B 
is a reductive homogeneous space; let g=6-+m be an ad B-stable decom- 
position. Let us consider the complexification m° of m, and let m* (resp. nr) 
be the complex subspace spanned by all vectors XY —(—1)4J.X (resp. 
X + (—1)4.X), X€m. The space m* and nr are eigenspaces of J. 
belonging to the eigenvalues (—1)4 and — (—1)! respectively. If X€6. 
(ad X)m commutes with J, and so leaves m* and m™ stable respectively. 
Hence we have two representations of the subalgebra 6 given by Y > (ad 1), 
and X — (ad X)m-; these representations are mutually conjugate. Recalling 
that (ad XY) is skew symmetric with respect to the inner product g. on m. 
we have trpl.: (ad V)m—2(—1)*trm- (adX)m for all YE 6. Further- 
more, since 6 is semi-simple, we have trm+(ad X) m=O for all Ye 6. Thus 
we have trmJ.: (ad ¥)m=—0 for all XY € 6, which implies 


wo (X, Y = (ad X) m= 0 


for all X¥,¥¢€m. In virtue of (6.1), the Ricci form « is cohomologous to 
zero. On the other hand z is a harmonic form by (6.2). Accordingly we 
have a= 0 by proposition (5.2), completing the proof. 


Lemma 3. Let G/B be a Riemannian homogeneous space on which 
G acts effectively. If the restricted homogeneous holonomy group is «rre- 
ducible and if the Ricci curvature is zero, then the group G is unimodular. 
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Let us consider the left invariant 1-form ¢ on G defined by t(X) = trg ad X 
for all X€ g. Obviously ¢ is also right invariant and we have dt =0. Since 
G is effective on G/B, adX, X € 6, is skew symmetric with respect to an 
inner product of g by the argument in 1. Hence we have ¢(X) —0 for all 
X¥¢€b. These facts show that the 1-cocycle ¢ is contained in L'(G/B), and 
there is a QG-invariant 1-cocycle + on G/B such that 7*r=t. We have 
Ar = d8r + 5dr —0, because Sr is a constant over G/B. Since the Ricci 
curvature is zero, we see that r is a parallel field, on account of (5.1). As 
we assume that the restricted homogeneous holonomy group is irreducible, 
we can conclude that either ¢t is zero or the dimension 0. //B is equal to one. 
In the second case G is a 1-dimensional abelian group. In any case, the 
eroup G@ is unimodular. We have completed the proof. 


9. We shall prove the following 


THEOREM 1. Let G/B be a Kaehlerian homogeneous space of dimension 
2m. If B is a connected semi-simple subgroup and tf H*™(G/B) ¥ {0}, 
then the restricted homogeneous holonomy group reduces to the identity 


group. 


Since the Kaehlerian form © defines an invariant symplectic structure 
on G/B, B is a maximal connected semi-simple subgroup of G by Lemma 1. 
Let R be the radical of G, that is, the maximal connected solvable normal 
subgroup of G. Then by a well known theorem of Levi-Malcev, we have 
¢=B-R and BOR is a discrete normal subgroup, which we denote by D. 
Hence the solvable group R is transitive on G/B and the isotropy group of o 
is equal to D. We have a left invariant Kaehlerian structure on the group 
R which is locally isomorphic with given one on G/B by the projection from 
R onto G/B. By Lemma 2, the Ricci curvature of G/B is zero and accordingly 
the Ricci curvature of R is also zero. Therefore, in order to complete the 
proof, it is sufficient to prove the following 


Lemma 4. Let G be a connected solvable Lie group. If the Ricci 
curvature of a left invariant Riemannian metric is zero, then the restricted 


homogeneous holonomy group is equal to {e}. 


We take the universal covering group of G, then this space has a left 
invariant Riemannian metric naturally induced by that of G and the pro- 
jection is locally isometric. Therefore, for our purpose, we have only to prove 
that the homogeneous holonomy group reduces to {e}, when the group G 
is simply connected. Let @=G. XG: X Gs be the canonical decom- 
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position with respect to the homogeneous holonomy group. Each component 
G; is also a solvable Lie group and its Riemannian metric is left invariant, 
Moreover, the Ricci curvature 7; on G; is equal to zero. We shall show that 
the subgroups G;, 11s do not appear in the decomposition, which means 
that the homogeneous holonomy group of the Riemannian space G is equal 
to {e}. 

Assume that, say, dim G, =n, >0. Since the space G, is irreducible and 
since the Ricci curvature 7, is zero, the group G, is unimodular by Lemma 3 
and then we have H™(G) ~ {0}. Since the Lie algebra g, of G, is a non- 
zero solvable algebra, the dimension of the derived algebra g,’ is less than 
that of g,. It follows that dim H'(G,) —dimg,—dimg,’ +0. In virtue of 
(5.2), the dimension of H*(G,) is equal to that of the space of all lett 
invariant harmonic forms of degree 1. Therefore, there is a non-zero har- 
monic form of degree 1. Therefore, there is a non-zero harmonic form 4. 
By proposition (5.1), a is a parallel field. Since the homogeneous holonomy 
group is irreducible, we have dimG,—1, which is impossible. Thereby 
we have proved the lemma and completed the proof of Theorem 1. 

Now, we shall clarify the algebraic structure of solvable Lie groups ( 
which admit a locally flat Riemannian connection. Since the curvature 
tensor R is zero, we have [Dx, Dy] = D;x,y, for all XY, Y € g by (2.3). The 
correspondence XY — Dy gives a representation of the Lie algebra g. By a 
well known theorem of Lie, the derived algebra of a linear solvable Lie 
algebra consists of nilpotent linear mappings. Therefore D is nipotent for 
all X € gq’, where g’ is the derived algebra of g. On the other hand, Dx is a 
skew symmetric linear mapping with respect to the inner product g by (2.2), 
and hence we have Dy=O for all X€q’. If X,Y€q’, we have [X,Y] 
= DxyY — DyX =0, which shows that g’ is abelian. Thus we have shown 
that the group G@ is meta-abelian. Let § be the orthogonal complement of 
q’ with respect to the inner product g. If X€h and Y € g’, we have [X, | 
= DyY —DyX =DxY. Since q’ is an ideal, we have DyY€q’. Hence 
we see that gq’ and accordingly § are stable by Dy for all Y€ 5h, and that 
ad X and Dy induce the same linear mapping on q’ for all Y€ . It follows 
that if ¥,Y¢€h, [X¥,Y¥]—DxyY—DyX€h. On the other hand we have 
Cg’. According we have [5,5] =0. 

Now, let us assume that g is nilpotent. Then adX is nilpotent for 
all Y€g. If X€ 4h, the restriction on g’ of ad XY, which coincides with that 
of Dx, is simultaneously nilpotent and skew symmetric and accordingly is 
equal to zero. Hence we have [§,g’]—0. After all we have proved that g 
is abelian. From these considerations we have 
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THEOREM 2. Jf a unimodular Lie group G admits a left invariant 
Kaehlerian structure, then the restricted homogeneous holonomy group 1s 
equal to {e} and the group G@ is meta-abelian. Espectally tf the group G 
is nilpotent, then it must be abelian. 


If a Lie group G@ admits a left invariant Kaehlerian structure whose 
Ricci curvature is zero, then we have the same conclusion as above on account 
of Lemma 4. 


10. We now prove the following 


THerorEeM 3. Let G/B be a 2m-dimensional Kaehlerian homogeneous 
space having the non-degenerate Ricci curvature. If G acts effectively on 
G/B and if H?”(G/B) ¢ {0}, then the group G ts semi-simple. 


Since G is effective on G/B, the subgroup B is reductive in G by (1.1), 
and if b€ B, adb is orthogonal with respect to a certain positive definite 
symmetric bilinear form on g. Let g=6- 1m be an ad B-stable decomposi- 


tion of g. 


Since the Ricci curvature is non-degenerate, so is the Ricci form a. 
Hence we have «”=40, which shows that «” is not cohomologous to zero on 
account of our assumption that H?"(G/B) ~{0}. By (6.1), the cocycle a 
is cohomologous to the G-invariant cocycle y defined by 


wo(X, ¥) = (ad[X, Y]5)m 


for all X,Y €m. Hence wy”, being cohomologous to is not cohomologous 
to zero, and a fortiori, y” is not zero. Thus we see that y is non-degenerate, 
that is trmZ.-(ad[X,¥]s)m—=0 for all Y€ m, if and only if Y—0. 


Let a be an arbitrary abelian ideal of g. If X€a, adX is a nilpotent 
linear mapping. We can easily verify that aN b—{0}. In fact, if an 
element X is contained in aM b, adX is simultaneously skew symmetric and 
nilpotent. Hence we have adX¥ —0 for all Y€aMb which implies that 
aM b is an ideal contained in the center of g. Since G@ is effective on G/B, 
the subalgebra 6 cannot contain any ideal of g except the zero ideal, and 
hence we have aM b= {0}. Since the subgroup B is reductive in G, we 
can take an ad B-stable decomposition g=b6-+m such that m contains a. 
Let us apply the above consideration to this decomposition. If X€a and 
Y€qg, [X,Y] belongs to a and hence we have [X,Y]p5—0. It follows that 
if X€a, trml.- (ad[X, ¥]s)m—=O for all Y € m, which shows that a= {0}. 
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Thus we have seen that any abelian ideal in g reduces to {0}, and accordingly 


the algebra g is semi-simple, which completes the proof. 


NaGoya UNIVERSITY. 
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SINGULAR INTEGRAL OPERATORS AND DIFFERENTIAL 
EQUATIONS.* 


By A. P. CALDERON and A. ZYGMUND. 


1. Introduction. Let P(w) be a linear partial differential operator with 
smooth coefficients and of homogeneous order m. Then P—HA™ where A 
is a square root of the Laplacian (see definition [1] below) and H is a 
singular integral operator (see Theorem 7). This fact seems to call for a 
closer study of the properties of singular integral operators in their connection 
with the operator A and supplies the subject matter of the present paper. 

Our results can be briefly summarized as follows. With each singular 
integral operator there is associated a function (its “symbol” in the ter- 
minology of Giraud and Mihlin) in a one-to-one fashion. This correspondence 
is linear and pseudo-multiplicative in the sense that, modulo a class of regular 
operators, singular integral operators can be multiplied (in the sense of 
operator composition) by simply multiplying their symbols. The regular 
operators in that class have the property of remaining bounded after being 
multiplied on the left or on the right by A. An algebraic formulation of 
these facts will be found in Theorem 6. The reader familiar with the work 
of Giraud, Mihlin and Tricomi** will recognize the similarity of some of our 
results with theirs. The main distinctive feature is that we are concerned with 
the operator A which they do not consider, and that our operators act on 
LD’, 1<p<o, instead of on LZ? only. For many applications, though, it 
suffices to consider the case of Z?, and, in this respect and as far as mean 
convergence of the singular integrals goes, the paper is self-contained. To 
conclude these preliminary remarks, we want to stress the fact that many 
of the assumptions on which our results are obtained can be considerably 
relaxed. Since these improvements do not seem to be of particular relevance 
at the present time, we prefer not to burden the reader and postpone their 


discussion to another opportunity. 


* Received June 12, 1957. 

? This research was partly supported by the United States Air Force under contract 
No. AF18 (600) -685 monitored by the Office of Scientific Research. 

18 A description of the work of these authors can be found in the paper “ Singular 
integral equations ” by S. G. Mihlin, Uspekhi Matematicheskikh Nauk, No. 25 (1948), 
29-112. 
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2. Definitions and notation. We will be concerned with functions 
defined in the k-dimensional Euclidean space Z£,. Points in ££, will be 
denoted by Yx) etc. and we will use the 

k 
yx), The sphere |r| —1 in 
1 
will be denoted by &, the element of surface area on & by do, and dz will 
stand for the volume element in L;. By Cy, «20, we shall denote the class 
of complex valued continuous bounded functions on EF, with bounded con- 
tinuous derivatives up to order [a] (integral part of «) and with derivatives 
of order [a] satisfying a (uniform) Ho6lder condition of order [a]. 
When dealing with functions depending on more than one argument, we 
will denote by C,® the class of functions in C, which are in C® with respect 
to the last argument and whose derivatives of all orders with respect to 
variables in the last argument are in Cy. Given a subclass of C, or C.”. 
we shall say that the subclass is uniform if the bounds and Holder conditions 
on the functions and their derivatives are uniform in the subclass. 

We shall also consider the class LZ,” of functioas in L?(£;,) with deriva- 
tives up to order r in L?(H,). The notion of derivative used here is that 
of Schwartz; that is, g=0f/dx; means (f,06/0r;) =—(g,¢) for every 
¢€ C” vanishing outside a bounded set, where here, as in the rest of the 
paper, (f,g) stands for the integral of fg over Ey. By A and C we will 
denote constants, though they will not be necessarily the same in different 


occurrences. 


3. In this section we shall establish some properties of expansions of 
functions in spherical harmonics. Let Y,(2’) be a normalized real spherical 


harmonic of degree n, that is, such that 


f Y,(2’)?.do = 1 


and YVum(2’), m=1,2,-- a complete orthogonal system of normalized 
harmonics of degree n. Our first objective is to obtain bounds for the Y,,(2’) 
and their successive derivatives. Consider first the case k=3. Then we 
have the formula (see [4]) 


(1) Snm¥ m(2’) = 40 (A) (n +A) P,(2’-y’) ¥n(y’) do 


where A= 4(k—2), 8nm is Kronecker’s delta and P,(t) is the ultraspherical 
polynomial defined by 
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(1— 2wt + w?)-> = w"P,(t). 
0 
| For each z, the function P,(2’:2’) is a spherical harmonic of degree n, 


whence, replacing in (1) and setting x’ 2’, we obtain 


P,(1) = (A) (m+ A) 2)? do. 


Qn the other hand, from (2) it follows that 
(1—w)-*? w*P,(1), 
0 


which implies that P,*(1) is of the order n** as no. Hence 


P,*(y -2')* de 

is of order n*-*, and Schwarz’s inequality applied to (1) gives 


(3) n= 1, 


where C is a constant depending only on k&. In order to estimate the 
derivatives of Y,,(2’), let Pn(a) denote temporarily the solid harmonic coin- 
ciding with Y,(z’) on 3. Then, if S denotes the sphere and 0P,/dv 
is the derivative of P, in the direction of the outer normal to the boundary 


of S, we have 


f F, (0P,,/dv) do | grad dx. 
z Ss 


Now P, and | grad P,, |? are homogeneous functions of degrees n and 2n— 2, 
respectively, and from this it follows readily that the two integrals are 


respectively equal to 


nf P,?do=n and (2n+k—2)"? f | grad P,, |? do, 


which implies that 
f | OP |? do Cn’. 
z 


But @P,/d2; is a homogeneous harmonic polynomial of degree n—1, and 
therefore we can write 0P,/02%;—=APn., where Py is a solid harmonic coin- 
ciding with a normalized spherical harmonic of degree n—1 on 3%, and 
=Cn. 

Now we write Y,(2’) =|2|-"P, (x), and by differentiating and applying 
(3) and the formula above to the successive derivatives of P,, we obtain 


903 
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(4) | n(x’) | S Onder, 21, 


where D,Y, denotes a derivative of Y, of order r and C is a constant 
depending on r and k. If k= 2, a normalized spherical harmonic is the real 
part of (w | w|-*)", where w=, + iz, and is a real number. Clearly 
(3) still holds in this case and (4) is obtained by differentiation. 

Our next step will be to establish the formula (8) for the coelficients 
of the expansion of a function in spherical harmonics. 

Let F(x) =F (2’), G(x) =G(2’) be two homogeneous functions of 
degree zero, and let S, be the spherical shell between the spheres of radii | 
1+. Since F and G are homogeneous of degree zero, their normal deriva- 
tives at points of the boundary of S, are zero. Consequently, if we apply 
Green’s formula to the pair F, G, the surface integral vanishes and we obtain 


dre = f GAF dz; 
Se S 


dividing by ¢ and letting « tend to zero it follows that 


FAG do = 
If we define now 


(5) L(F) =|«|?AaF(z), 


then, since |z|—1 on 3%, it follows that 


FL(G)do— f GL(F) de. 


But if F is homogeneous of degree zero, so is L(F’), and a repeated application 


of the last formula gives 


= 


which holds, of course, if F and G have sufficiently many continuous deriva- 
tives in |x| >0. 
Let us consider now a spherical harmonic Yy,»,(2’). Then | a |*Y wm (2) 


is a solid harmonic and its Laplacian vanishes. Since the gradients 0i 
Ynm(a’) and ||" are mutually orthogonal, we have that 


O=A[| |"Ynm(2’)] =| |"A¥am + n(n + k—2)] |"? ¥nm 5 
whence, we obtain 


(7) L[¥am(2’)] =—n(n + k—-2) Yam (2’). 
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Let now F(x’) be a homogeneous function of degree zero and let 


1 


n= 


be its expansion in spherical harmonics. Then 


ham = f F(z’) am (2’) do, 


and an application of (7) and (6) to the last integral gives 


>» 


Now we shall compute compute the Fourier transforms of homogeneous 
functions coinciding with a normalized spherical harmonic on 3. Let us 
write 

Y nm (€, 5, r) — 

0 otherwise, 

(9) 
0 otherwise. 


Yan(e, 2) = 


Then 
(e, 5, = f et nV (y’) | y dy 
€ 


S|y|S6 
Now we set r—=|a|, p=|y]| and denote by y the angle between x and y, 


and the integral above becomes 
; Yum (y’) | y dy 
5 6r 
(10) = cos 4 Yom(y’)do— ds/s | de, 
Zz >» 


and since the integral of Ym over & is zero, the last integral can be written as 
or 
as/s (eiscosy — V,,,(y’) do 
ver 


> er 


Now the inner integral can be estimated readily by integrating between er 
and 1, and 1 and Sr, and one verifies that it is dominated in absolute value 
by log C/| cosy | and that it converges as e—>0 and S->0. Hence, applying 
Schwarz’s inequality to the last integral, we obtain 


(11) | SOC, 
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where C depends only on k. Further, as e>0 and 8-2, both functions 
converge to the same limit which we shall denote by Yum(2). 

Now we wish to obtain an explicit expression for Ynm(2) (see also [2]), 
For this purpose, let us revert to (10) and assume first that k= 3. The 


from the expansion 
eiscosy — (n + n.y(s) /8*P (Cosy), A= 4(k—2), 
n=0 


where J;, is Bessel’s function of order & and which converges uniformly in y 
and s for s in any finite interval (see [5], p. 368), and from (1), we obtain 


Letting « tend to zero and 68 tend to infinity and on account of the formula 
(see [5], p. 391) 


(12) ds = k]), 
0 

we obtain 

(13) Yam (2) = (4n)/T(4A[k + 2]) Yum (2’). 


In the case k = 2, we write y,; = pcos ¢, yo=psing, x, =r sind, 
and the inner integral on the right-hand side of (10) becomes 


cos (9-9) cos — dy) db = (s8)i" cos do), 
0 


and integrating and applying (12) we obtain (13). 


4. In this section we shall consider the Riesz transforms and the 
operator A. 
The Riesz transforms are defined as follows. Let 


(14) Rine(f) = OD[4(k +1)] (2m —Ym)/|x—y f(y) dy. 
€<|a- 

Then 

(15) R,,(f) =1.i.m. Rne(f). 


e>0 


TueorEM 1. Jf fe l<p<o, the limit on the right of (19) 
exists as a limit in the mean of order p, and 


(16) | An Il f lle 


where A, depends only on pand k, and \f ||, is the L®-norm of f. If f€ Li’, 
r=>1, then € L,? 
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(17) (8/02n) Rim = Rm (0/02n), 

(18) Ry (0/02n) = Ry(0/02m), 

where 6/0x, is the operator differentiation with respect to 2p. 
Finally, is selfadjoint in the sense that if f€ L>and ge 

pitg?=1, then (Runf,g) = (f,Rmg), and 


k 


m=1 
where I is the identity operator. 
In order to establish these results it will be convenient to prove first the 
following 


Lemma 1. Let f€ L,*, then there exists a sequence of functions f, in 
(*, each vanishing outside a bounded set, such that || fra—f ||p—0 and 
Difu— Dif for each derwative Dif of f of order jSr. 


Let ¢(z) and w(x) be two functions in C® vanishing outside a bounded 
st. Assume that ¢(2) =1 in a neighborhood of «0 and that 


dr = 1. 
e Ex 


Let dn—¢(2/n) and Then, if denotes the con- 
volution of y, and f, we have that 
(20) —f |lp>O 
and 
|| Yn* Dif — Dif > 0 
as n—>oo. Now, since y» is in C® and vanishes outside a bounded set, 
from the definition of derivatives of functions in L,? (see Section 2) and by 
differentiation under the integral sign, we obtain that 
D;(Wn*f) (Djbn)*f = Df. 
Consequently, 
(21) || Dj — Dif 0. 
Now since ¢,(x)—>1 for each z, and since each derivative of ¢,(2) con- 
verges uniformly to zero as n—>oo, we have that 
| — nD; (Wn*f) 0 
| bnDj(Yn*f) —Dj(yn*f) ||p 9. 
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If we set now fny=¢n(Wn*f), the desired result follows from (20), (21) 
and (22). 

We revert now to the proof of Theorem 1. If f¢€ L? the fact that Ry-(f) 
converges in the mean of order 2 follows by taking Fourier transforms jn 
*(14). In the previous section, we showed that the Fourier transform o0/ 
the kernel of the integral operator (14)* converges boundedly to zx, 2\* 
as e— 0, and this clearly implies the convergence of P»<(f) and (16). 

In the general case, the convergence in the mean of Ry-(f) and (16 
follows from Theorem 1 in [3] (see also the remark on page 306 of th 
same paper). 

In order to show that R,,(f) belongs to L,” if f does, it will be sufficient 
to consider the case r= 1; the general case will follow from (17). 

Let f¢€ Ly? and let f, be a sequence of functions as in the preceding 
lemma. Then by differentiating under the integral sign, we obtain 


(0/021) Rinefn (0/021) fn 
and, if g is in C* and vanishes outside a bounded set, 
(9, Rime (0/021) fn) (9, (0/02;) Ruf n) ( (0/021) 9, ) 


and letting first « tend to zero and then n tend to infinity, on account oi 
(16) we obtain 
(9, Ry» (0/021) f) =: ( (0/021) 9, Ruf), 


which shows that R,,f € Z,? and that (17) holds. 

In order to establish (18), we observe that, for every g in C* vanishing 
outside a bounded set, we have R,,0g/0x;—= R,0g/0rm (as one readily sees by 
taking Fourier transforms), and replacing g by the f, of Lemma 1 and 
passing to the limit, we obtain R,,0f/0x, = R,0f/0x», for every f in L,?, r21. 

Finally, if f and g are bounded and vanish outside a bounded set, wi 
have (Rnf,g) = (f.Rmg) by interchanging the order of integration, and 


k 
Rn? (f) =f, RyRy (f) = (Ff) 
m=1 


by taking Fourier transforms. whence the general case follows from. the 
Q fo) 


continuity of R, in L?2, 1<p<o. 
Definition 1. Let fe Then 


k k 


* Observe that this kernel coincides, except for a numerical factor, with one of the 
functions Y, ,,(e,7) in (9). 
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(23) = R,Af = ARgf. 
If fe r= 2 then 


(24) Af = f/dz,y,? — A*f. 


The first assertion follows from the definition of A and the fact that the 
operators R,, preserve the classes L,?. The formulas (23) and (24) are 
obtained from the definition of A by using (18) and (19). 


5. We proceed to present the main results of the paper. We begin 
with 
THEOREM 2. Let h(a,z); Ey, be a function in Cg”, B= 0, homo- 
geneous of degree ke in z, that is, such that h(a,rAz) =A*h(a,z) for 
every A> 0, and assume that h(2x,z)do =0 for every x, where ws the 


sphere |z|—=1. Let a(x) be a function in Cg, and consider the operator 


(25) H f =a(x)f (2) +f h(a,«—y)f(y)dy 


and its adjoint 


(26) H =a(x)f(z) +f h(y,y—«x)f(y) dy. 
Then 
1) H, and H,* are defined for 1 < and as «> 0, A,(f) 
and H,*(f) converge in the mean of order p. If H(f) and H*(f) denote 
their respective limits, we have 
\ Hf Uf Apsup a(e)| + |h(2,2))), 


(27) 


H*f f |p Aqsup (| a(z)| + | h(a, z)]), 
|e|=1 
where p?+ q-*—1 and A, depends only on p and k. 
li) i with then Hf und H*f belong to L,?, 


ili) if fe L2,1<p<,and is Holder-continuous of order 4,0<a< B, 
Hf and H*f are Holder continuous of the same order. 


Part of i) concerning the operators H, and H was proved in [3], 
Theorem 2. The estimate of || Hf ||p, which also holds for | Hf |p, is not 
given explicitly there but is contained in the proof of the theorem. We 


shall therefore concentrate in the case p=2. We begin with 
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LemMMaA 2. Let 
z-y|>€ 
where Ynm(e,x) ts the function defined in (9). Then if fE L Vp, 


there ts a constant A, depending on p and k such that 


I ip = A, i f || p> 


and as 0, Tnmef converges in the mean of order p to a limtt Ii 
fEL,, then € The operators Tym commute with the Ry, of Theorem 


1 and when acting on L,?, they also commute with the 0/dxry. 


The proof of this lemma proceeds as that of Theorem 1 and we need not 
repeat it here. 
Now we revert to the operator H,. Let us expand the function h(.,2) 


in spherical harmonics 


(31) h(x, z) = Sdam(£) Ynm(2’)| 2 


where the dnm(2) can be calculated by means of formula (8) after replacing 
F by h. Since, for each n, the number of distinct spherical harmonics J, 
is of the order n*-* and since, according to (3), Yum has a bound of the 
order n4*-*), it follows from the formula (8), by choosing r sufficiently large. 
that the series of absolute values of the terms of the series above is dominated 
by a multiple of |z|-*. Consequently, given f€ L?, we can replace h by the 
series in (25) and (26) and integrate term by term obtaining 


(32) Hf (x)f + Sanam (x) H *f a(x) f + > (—- 


Now the dnm(z) are dominated in absolute value by the terms of a conver- 
gent numerical series, and according to (29), the Tnmef are bounded in norm 
and converge in the mean as e>0. Hence H,f converges in the mean. 
Similarly, the functions Tnme(Gnmf) converge in the mean and their norms 
are dominated by the terms of a convergent numerical series. which implies 
that H,*f also converges. 

Passing to the limit we obtain 


(33) Af =a(xr)f + Sdnm(r) Tamf, H*f = a(x) f + 3(—1)"T am ). 


the series converging in the mean of order p. If f and g vanish outside 2 
bounded set and are bounded, from absolute integrability, it follows that 
(H.f,9) = (f,H.*g) and from the continuity of the operators H, and H-* 
in every L?,1 << we obtain (H.f,g) = (f,H.*g) for f€ and g€ L’. 
pt+qt=1, which justifies the assertion that H,* is the adjoint of He. 
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By a passage to the limit we obtain that also H* is the adjoint of H. 
Our next step will be establishing (27) in the case p—2. In the first 


place, we have that 


| a(x) | dum(2)|? [| a(e)|*+ | h(a, 2) |? do] =C?, 
g|=1 


and from (33) and Schwarz’s inequality, we obtain 
| Af |? f |? + | Tomf 


Integrating and applying Plancherel’s theorem to the right hand side, we 


obtain (see formula (13)) 


| Hf ||? SC [1 + (dn) + }2¥ nm | f(x) |? de. 


Now the sum of the squares of the spherical harmonics of a given degree n 
is a constant equal to the number of such harmonics divided by the area 
of ¥ (see [1], p. 242). Since this number is of the order n*-*, the series 
in the last integral is absolutely convergent and represents a constant, and 


we obtain 
Hy | f | f le’, 


where A,? is the value of the series, which is the first inequality in (27). 
The second is obtained from the fact that H* is the adjoint of H. 

We turn now to the proof of ii). Since the a,»(x) can be calculated 
by means of formula (8), replacing the function F' there by h(z,z), it follows 
readily by choosing r sufficiently large, that the dim(z) and their derivatives 
of order less than or equal to B are dominated in absolute value by the terms 
of a convergent numerical series. Now if f€ then and Tram ) 
helong to L,”, and from (29) it follows that the series in (33) can be differ- 
entiated term by term, which establishes ii). 

In order to establish iii), we shall first investigate the Hélder con- 
tinuity of Thmf. Write h(x) = Yum(2’)| x |-* and let S be any set contained 
in a sphere of radius p with center at x. Then if f(x) is Hélder continuous 
of order a2, O0<%<1, and | f(z,) —f(a.)| SA inequality (3) 


gives 


(34) lf h(x—y)[f(y) —f(z) | CA | ¢ — y dy 
|2-y|Sp 
= C/a 
In particular, we have 


| 
(35) | | h(x—y)f(y)dy| f h(x—y) (f(y) —f(a) |dy 
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Let now 2, and zz be two points. Set p==-2|x,—2,| and write of 
A do 
— (Lnmf) (2) 
|a,-y|Sp 
(3 
— A(tz—y) (f(y) —f (42) Jdy + h(t2—y) (f(y) —F (a2) 

|z1-v|Sp wh 
where the integrals over | y— 2, | =p are understood as the limit as Roa § an 
of the integrals extended over p= | y—-az,|!=R. Then from (34) and (25), § (3 
we obtain 

(Tanf) (x1) (Twa (X2) | = C, x A natk- re} 

le 
h(x,;—h) —h(«#.—y)| | f(y) —f(22)| dy 
se 

to (4), | h(a, —h(x,—y)| S Cn* | x, — 2, | | | 
in |a,—y | =p, and since y) and |y—r, oy 
= 2 in |a,—y|=p, follows that 
(Zeal ) (x, ) nm] 2) N= C/a de 


(36) 
+ CAnk/? | | s*? ds S [1/a +1/(1— 2) |CAnk? |x, —2,|*, 


where the constant C in the last expression depends only on k. or 
since || T’nmf ||p is bounded, as is readily verified, (36) implies that (Tnnf) (z) 
has a bound of the order n*/*. Now we can estimate (Hf) (2) — (Hf) (2.) wh 
from the series in (33). To obtain the desired result, it suffices to observe 
that, for every r, the functions @,»(v)n" are uniformly bounded and uni- 
formly Hélder continuous. This follows from formula (8) and allows us to 
estimate the preceding difference by estimating the corresponding differences 


of the terms of the series. The Holder continuity of H*f is established by a . 
similar argument. 

Remark. Infinite differentiability of h(.,z) with respect to z is not wl 
indispensable for the validity of the preceding theorem, and, indeed, the Fr 
argument used in its proof remains valid under weaker assumptions. be 

Another fact worth mentioning is this. Not only do the functions Hf un 
and H,*f converge in the mean of order p if f is in L?, 1 << p<, but they an 
converge pointwise almost everywhere and are dominated in absolute value ho 
by functions in LZ’. For H,f, this result is contained in Theorem 2 of [3]. 

The result for H,*f can be obtained by applying Theorem 1 in [3]? to each ob 


* See also the remark on page 306 of the same paper. 
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of the terms of the expansion in (33) after observing that the dnm(x) are 
dominated in absolute value by the terms of a convergent numerical series. 


Definition 2. A singular integral operator of type Cg® is an operator 
such as the H of Theorem 2. The symbol of the operator H is the function 


(37) o(H) == + (2) ); 
where a(x) ts the function in (25), the dum(x) are the functions in (31), 
and 


(38) Yn = (dn) 


The reader will notice that, on account of (13) the summation sign in (37) 
represents in a sense the Fourier transform of h(x,z) with respect to z. This 
fact could be used in defining the symbol! o(//) of H, but in the present 
set-up we find the preceding definition more convenient. 


THEOREM 3. Jf H ws a singular integral operator of type Cg” tts 
symbol is a homogeneous function of degree zero with respect to z and in Cg” 
in | z2| 21. Conversely, every function of x and z which is homogeneous of 
legree zero with respect to z and belongs to Cg® 4% = 1 is the symbol 
of a unique operator of type Cg*. If M is a bound for the absolute value 
of (H) and its derivatives with respect to the coordinates of z in |z| 21 
of order 2k, then 


(39) Bf MA, | f 
where A, depends only on p and k. 
According to formula (8), we have 


f h(x, 2’) 


Anm(2 = ( iy Yn "(n +k aye (HT) (2, 2) \¥ nm(2’ )do, 


where L is the operator defined in (5) and zx is regarded as a parameter. 
From this representation it follows readily that, if h(a,z) or o(H) (2,z) 
belongs to Cg” in |z| 21, then, for each r, the functions dpm(x)n" are 
uniformly in Cg. Conversely, if the latter holds, by taking (4) into account 
and differentiating the series (31) and (37) term by term, we obtain that 
both h(a,z) and o(H)(2#,z) belong to Cg® in 21. 

In order to establish (39) we just set rk in the last formula and 
obtain | dnm(x)| =< CMn-2* where C is a constant depending only on k. 

This combined with (3), (31) and the fact that the number of distinct 


6) 
(40) 
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spherical harmonics of degree n is of the order n*-* yields | h(z,z)| S CW. 
where again C depends only on k. But on account of (27), this implies (39), 


Definition 3. Let H, H, and H, be singular integral operators of type 
Cg”. We define H* and H,°oH, by the formulas 


o(H*) =a(H), o(H,°H,) =o(H,)o(H:2), 
where o(H) is the complex conjugate of o(H). 
THEOREM 4. If the symbols of H, H, and H, are independent of 1, 


then H* H*, where H,H, is the composition 
product of H, and Ho. 

Let f(x) be bounded and vanish outside a bounded set and let f be its 
Fourier transform. Then according to (32), we have = af + ume. 
where a and Gym are the same as those in (37) and are therefore assumed 
to be independent of z. Taking Fourier transforms and letting « tend io 


zero, we obtain on account of (13) 
(Hf)* af (z) + an (z’) f(z) 


that is, (Hf)* =o(H)f, whence 


(H*f)* —o(H)f = (H*f)*, = 


which implies that H*f—H*#f and (H,°H.)f—H,H.f. From this and 


the continuity of H in L?, the desired result follows. 


Corontary. If the symbol of the singular integral operator H 1s 
independent of x and does not vanish, then H has an inverse and the invers 


is also a singular integral operator. 


Clearly the operator H, defined by o(H,) =o(H)~! is an inverse of Il. 
The following theorem deals with the relationship between H* and H’. 


and H,H, and #1,°H, in the general case. 


TueoreM 5. Let H be an operator of type Cg* with B>1. Let 
be a bound for o(H)(x,z) and its derivatives with respect to coordinates 
of z of order 2k, the first derivatives of these with respect to the coordinates 
of x, and the Holder constants of the latter. Then for every f€ Ly’. 
l<p<o, we have 


| (HA—AH)f ApM | f | (H*#A— AH*)f ApM | f 


41) 
|| (H* —H*) Af A,M f | A(H* —H*)f |p ApM | f p- 
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where Ap depends only on p, k and B. Further, if H, and H, are two 
operators in and f€ L,” then 


|| H,— Af ||p S ApMiM; | f 
| A(H,°H,—H,H,2)f |p S ApMiMz | f lla, 
where, again, A, depends only on p, k and B and M, and M, are defined 


as above. 

Let c(z) be a function in Cg, T a singular integral operator with 
symbol independent of 2, and f a function in C® and vanishing outside a 
a bounded set. Denote by Y(z) the kernel of the operator 7’, and consider 


the expression 


e>0  |2-y|>€ 
where fz, stands for 0f/dx;. Since c(x)€ Cs, B>1, if 0<«=B—([B], 
and a= 1, we have 
cx, (a) — ee, (y)| SA 
—c(y) = yj) Cz, (2) + b(2z,y), 
J 

where | b(2,y)| SkA|ax—y|***. Now we replace this expression in the 
integral in (43) and integrate by parts, obtaining 


+ 95) Cos Yo (@— 9) f(y) dy 


+f fla dy 


+f _ fly) dy 
€<|z-y|S1 


[e(x) —e(y) ]¥(z—y) f(y) vido, 


|2-y|=€ 
where the last integral is extended over the surface of the sphere | x—y | =e 
and y»; is the i-th direction cosine of the normal to the spherical surface. 
Denote now by NV, a bound for | c(zx)|, | cz,| and the Holder constants for 
the derivatives c,,, and by N, a bound for | Y(z)| and | Y,,(z)| on | z| —1, 
and observe that the functions z;Y,,(z), are homogeneous of degree —k and 
their mean value over the sphere | z|—1 is zero (otherwise, if f(x) 0 and 
Cz, =8nj, the second integral in (44) would diverge as e tends to zero while 
the remaining terms and the whole expression converge). Thus if we let « 
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tend to zero in (44) and apply Theorem 1 in [3] (see also the remark on 
page 306 of the same paper) to the first two terms, we see that they represent 
a function of z whose L?-norm does not exceed AN,N, || f |p where A depends 
only on p and k. In the case f€ L*, we apply Theorem 2 to the first term. 
The second term is not suitable for a direct application of Theorem 2, but 


the convolution integrals 


f (x; — Va, f(y) dy 


€<|z-y|S1 
can be easily estimated by taking Fourier transforms and estimating the 
transform of z;Y,,(z) multiplied by the characteristic function of < | z| <1 
using the method used in Section 3. 

Since Y,,(z) is homogeneous of degree — k —1, it is absolutely integrable 
over |z|=1, and, on account of the estimate for b(x,y), one sees readily 
that the third and fourth terms in (44) are dominated by convolutions of 
'f(y)| with absolutely integrable functions. Hence, it follows from a 
theorem of Young that they represent functions whose L?-norms are less 
than or equal to || f ||, times the '-norms of those integrable functions, and 
an easy computation yields ANN, || f ||) as a bound for the L?-norms of those 
functions, where the constant A depends on k and @. Finally, one sees 


readily that, as « tends to zero, the last term in (44) tends to a limit whose 
absolute value is dominated by AN,N.|f(x)|, where A depends only on kf. 


Collecting results and applying Lemma 1, we obtain 


(45) | (eT —Tc) fe, |lp f llp- 


for every f in Ly’, 1 < p<, where A, depends only on p, & and «@ (or 8). 
Having established (45), we can proceed to prove the inequalities (41) 
and (42). 

Consider the representation of Hf and H*f given in (33). Write a)(z) 
for a(x) and TJ, for the identity operator. Then since the @y»(ax) are 
dominated in absolute value by a convergent numerical series and since the 
Tnm as operators on L?, 1 <p <oo, have bounded norm for each fixed p, we 
may write 


n=o n=0 
where the series on the right converge in the operator norm. If f is in 1’, 
then 


k 
i ~ Ri (Anm) nmf + > (Ridam — GnmP1) (Tend 
mn 
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since the (d@nm)z, are dominated by a convergent numerical series which 
justifies term by term differentiation of the first series above. Now we apply 
(45) to each of the terms of the last series, estimating V, each time from 
the second formula in (40), and use (29) obtaining readily the first inequality 
in (41). The second inequality in (41) follows by an argument almost 
identical to the preceding one. In order to prove the third inequality in 


(41), we write 
k 
(H* —H*) Af => (H* —H*) (Rif) 2 


In 


and again (45) combined with (40) and (4) yields the desired result. 
The last inequality in (41) is readily seen to be an immediate conse- 
quence of the preceding ones. 
Let now H,—3DamTnm, and consider the series of 
operators 
(46) nel vps 


the sum being extended over all indices, and the series of their symbols 
4 , , 
= Bam (2 ) (a ) (2 )ynyv 


= (3 Dam(2)Y nm(2’ yn) (& vu(2’)yv) = = A). 
From the estimate (4) of the successive derivatives of Y,(2’) and the 
formula (40) applied to the coefficients b,, and c,,, it follows that the first 
series in (47) converges uniformly as well as the series obtained from it by 
differentiating its terms with respect to coordinates of z any number of times. 
But then Theorem 3 implies that (46) converges in the operator norm and 
that (47) is precisely the symbol of (46), or, equivalently, that (46) is 
precisely H,oH.,. On the other hand, since the functions by»,(2#) and 


Com(x) are dominated by convergent numerical series we have 
4 ry’ rm 7 


Thus 
4 7 ryt mn 
> nm 1 nmC vp ) ( vale if Jay 

If we now compute the c,, and bam by means of (40) and apply (45) using 
(3) and (4) in order to estimate the kernel of 7,» and its first order deriva- 
tives, and bear in mind that the T,, are uniformly bounded in ZL? and that, 
for each n, the number of distinct Tnm is of the order n*-?, we obtain the 
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first inequality in (42). The second follows immediately from the first and 


the first inequality in (41). Theorem 5 is thus established. 


THeoreM 6. Let C, be the algebra of bounded operators on L?, 
L<p<o generated by all singular integral operators H of type C,*, 
B> 1, and their adjoints H* (see definition 2 and Theorem 2). Then 
there exists a homomorphism h, of Ay onto the algebra of all functions F (2,2) 
in Cg” which are homogeneous of degree zero with respect to z, such that. 
for every singular integral operator H, the identities hy(H) =o(H), h,(H*) 
=«6(H) hold. The kernel of hp can be characterized as follows: K belongs 
to the kernel of hy, or, equivalently, h)(K) =0, tf and only if there exists 
a positive constant A depending on K such that || KAf |p A || fllp for every 
fe Ly. If hp(K) ts bounded away from zero, then there exists K’€ (, 
with a two sided inverse, such that h,(K) =h,(K’). 


Every bounded operator on L® which commutes with every operator in 


CG, is a multiple of the identity operator. 


The algebras Gy, Aq corresponding to any two spaces L° and Li, 
l<p<q<o, are isomorphic and there is a natural tsomorphism @ between 


and such that hpy=hgd. 
We start with the following 


Lemma. Let H be a singular integral operator of type Cg”, B>1. 
Assume that for some positive constant A and every f€ L,” the inequalily 
| holds. Then H 


Let @ be the class of functions which are symbols of singular integral 
operators with the property that H7A is bounded in the sense just described. 
Then @ is linear, and, on account of (42) and the definition 3, it is closed 
under multiplication by functions F(x,z) in Cg* which are homogeneous 
of degree zero with respect to z. Let wu he a rotation of EH, about the point 2. 
Then, if we denote f[w(x)] by fu(z) and o(H) by F(z,z), and define H, 
and F, by 

F, (2,2) =o(H,) = F[u(2z),u(z+ 20) 
we have the following identities 
If lo= | fu lle, (Af)u= Afi, (Af) u = Aufu. 
Consequently, if F(z,z) € @ then 
HyAfu Ay (Af) wk (HAf) llp | HAf lp = A f llp =A |i fu lp 


which shows that F,,€ @. Assume now that F(z,.z) is not identically zero 
in z Then there exist finitely many rotations u; of FH, about 2) such that 


( 

a 
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=> | Fy, (a,2)|? has the property that G@(2,z) does not vanish. 
Let now a(x) be a function in Cg such that a(2)) 40 and vanishing outside 
a neighborhood of 2) where G(a,z) is bounded away from zero, and define 
=a(x) G(a,z)1, where a(x) and G,(az,z) =0 otherwise. Then 
G,Gz, | z =a(x)z,|z|7, and since F,, € @, it follows that a(x)z,|z|*€ 6. 
Now a(x)z,|2| is the symbol of the operator a(z)R, and therefore, on 
account of (23), we have that 
| a(x) RAF = || a(x) fe, 


for every function f in Z,?. But this is clearly impossible unless a(x) =0 
identically which contradicts our assumptions. Hence we must have F'(2», z) 
=() for every z. Since the same argument applies to an arbitrary point 2, 
we must have #'(2,z) 0 identically, and the only function in @ is zero. 
This establishes the lemma. 

Now let us revert to the proof of Theorem 6. Consider the class @ 
of opeartors K in @, with the property that there exists a singular integral 
operator H and a constant A such that || (K—H)Af|p>SA||f lp for every 
fe L,®. Then @ is clearly linear. Further, it follows from (41) and (42) 
that @ is closed under multiplication. Now every singular integral operator 
belongs to @, and the third inequality in (41) implies that their adjoints 
also belong to @, that is, @ is an algebra containing all singular integral 
operators and their adjoints. Hence @ coincides with Cp. 

The singular integral operator H associated with K in the manner 
described above is unique, as follows immediately from the preceding lemma. 
Now we define h,(K) to be o(H). Then hy, is clearly linear and, on account 
of (41) and (42), multiplicative. Since the mapping H—o(fH) is onto 
the class of all functions F(x,z) in Cg” which are homogeneous of degree 
zero with respect to z, the same applies to hy. The identity h,(H) =o(H) 
for every singular integral operator H is clear, and h(H*) —oa(H) follows 
from the third inequality in (41). Further, the fact that h,(K) =—0 if 
and only if KA is bounded in the sense described above is an immediate 
consequence of the definition of hp. 

Suppose now that h,(K) =F (2,z) is bounded away from zero. Let 
20 be a fixed point in HF, and set 

= F(z, 29) F (0, G (2, 2) = F (2, 2)-1. 
Then G(0.z) = G(a, 2) =1 and this, as is readily verified, implies that 
G(x,z) has an n-th root G(2,z)/" in Cg”. If we choose G(x,z)?/" so that 


@(0,z)1/"=-1, the boundedness of the first order derivatives of G(2x,z) and 
the fact that G(a.z)) =1 imply that @(z,z)!/" converges uniformly to 1 
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and its derivatives with respect to coordinates of z of order 2k converge 
uniformly to zero in |z| 21. Thus theorem (3) implies that, for n sufli- 
ciently large, the operator H defined by o(H) =G(z,z)*/ is close to the 
identity operator, or, more precisely, || 1— H || <4, where J is the identity 
and the norm is taken in the sense of operator norm. But this implies that 
H has a two sided inverse. Further, define H, and H, by o( Hz) = F(0,:) 
and o(H,) a(x). Then since a(x) is bounded away from zero, H, has 
an inverse, and since F'(0,z) does not vanish, according to the Corollary to 
Theorem 4, H. also has an inverse. Define now K’ —H,H.H". Then Kk’ 


has an inverse and 
hp(K’) 
=F (a, z) =h,(K) 


which establishes the corresponding statement in the Lemma. 

Let now K be a bounded operator on L? which commutes with all singular 
integral operators. In particular, K commutes with multiplication by fune- 
tions in Cg, that is, if a(x) then K(af) =aK(f) for every L’. 
Assume now that f is positive, continuous and in ZL? and consider the 
function y(x) =f K(f). Then for every g(x) of the form g(r) =f(z)a(z) 
with a(x) € Cg we have K(g) = K (af) =aK (f) =af[f?K (f) |] =g(2)y(2). 
Since K is continuous on ZL? and the functions of the form a(a)f(a) are 
dense in L?, it follows both that w(x) is essentially bounded and _ that 
K(g) =vg for every g€ L®. Let now & be a point at which w(x) is equal 
to the derivative of its indefinite integral and f,(2) a function which is 
constant on the sphere with center at @ and radius 1/n, vanishes outside 
this sphere and has integral equal to 1. If H is a singular integral operator 


with kernel h(x—y), then 


|a-y|>e 


HKf,—lim h(x—y) fn(y) dy 


e>0 


converges towards h(a—#)wW(Z) for all 2, eA %. On the other hand, 


KHf, =y(z) lim f h(a—y)fn(y) dy 


|z-y|>e 
converges towards h(a—Z)y(x). Since H and K commute we have 
KHf,=HKf,, and therefore h(a—Z)y(x) almost every- 
where. If we assume, as we may, that h(x) does not vanish identically on a 
set of positive measure, it follows that ¥(r) =y(#) almost evervwhere, an¢ 
this implies that K is a multiple of the identity. 
In order to prove the last part of the theorem, we observe that the 
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singular integral operators and their adjoints are defined in all spaces L?, 
1<p<o, and continuous in the corresponding topologies. Therefore an 
operator K in will map into itself, and since L¢ is dense 
in L%, the restriction of K to L?M L4 will have a unique continuous extension 
to L%, which we take as the definition of ¢(K). Then one verifies that ¢ is 
the desired isomorphism between @, and Q,. 

Theorem 6 is thus established. 


THEOREM 7. Let a= (@,° be a k-tuple of non-negative integers 
and write Dau = Zt - -2,%, Let P(u) 
=Daq(z)Dau be a linear partial differential operator of homogeneous 
order m with coefficients ag(x) in Cg, B20. Then if w€ P(u) = 
where H is a singular integral operator of type Cg” and 


o(H) = z|-™, where | z| = (2.2 + 2,?)8. 


According to (23), we have du/dxr, —-——1R,Au and therefore, since the /, 
and A commute, it follows that 
Du (— 1) - A™ — (— 1) mPpanmy 


and 


P(u) = Dou = (—1)™ 
a 
Now according to (14) and (37), o(R,) =z, !2{+ and from this the desired 
expression for 
o(H) =o[(—1)™ Saq(z) R*] 
a 
follows. This proves the theorem. 
MASSACHUSETTS INSTITUTE oF TECHNOLOGY, 


CoBNELL UNIVERSITY, 
UNIVERSITY OF CHICAGO. 


REFERENCES. 


H. Bateman, Higher transcendental functions, vol. 2, N. Y., 1953. 
] 8S. Bochner, “Theta relations with spherical harmonies,” Proceedings of the 
National Academy of Sciences, vol. 37 (1951), pp. 804-808. 
A. P. Calderén and A. Zygmund, “On singular integrals,” American Journal of 
Mathematics, vol. 78 (1956), pp. 289-309. 
. Heine, Handbuch der Kugelfunktionen, vols. I and II, 2d. ed., Berlin, 1878-1888. 
. N. Watson, A treatise on the theory of Bessel functions, Cambridge University 
Press, 1922. 


14 


rge 
the 
ity 
hat 
2) 
las 
to 
| 
a 
ar 
he 
|| 
re 
it 
al 
ls 
lo 
yr 

[2 
[3 

[4 
[5 

|_| 


ON SIMPLE GROUPS OF TYPE B,.* 


By JEAN DIEUDONNE. 


1, C. Chevalley [1] has recently defined simple linear groups over an 
arbitrary field AK, corresponding to the classes of simple Lie algebras over the 
complex field; and. with one exception, R. Ree [4] has identified the group: 
corresponding to the classes A,, B,. Cy. D, and G, to well-known classical 
groups. The exception concerns the class B, when n=22 and K is an 
impertect field of characteristic 2; I will prove in this note, using Ree’s 
other results and the general structure of orthogonal groups corresponding 
to defective quadratic forms [2, pp. 52-60], that in that exceptional case 
the Chevalley group is again isomorphic to the commutator subgroup of tl 
orthogonal group defined by the quadratic form Q(x) => &é4 (with respect 

i=0 
to a suitable basis (@;)_»<ic, of a (2n-+1)-dimensional space EF over K). 


2. It is proved in [4, p. 398] that the Chevalley group of type B, 
leaves invariant the 2n-dimensional subspace 17, of FE generated by the ¢; of 
index 0, and is isomorphic to its restriction HT to that subspace. More- 


over, H is generated by the matrices 


where ¢€ K, and i,j take the values +1,+2,:-:-:,+n, the Hj; being a 
usual the matrices such that Hj;-e;=e;, for kj. Now, in the 
case we are considering, the A’-subspace Mt of AK from the general theory 
of defective forms [2, p. 52] is reduced to K*; therefore, for fixed 4, th 
Viz constitute all singular orthogonal transvections [2, p. 55] corresponding 
to the vector e;. But, for fixed i, the Vi, and V_;; obviously generate the 


unimodular group SL.(k*) corresponding to the K?-plane P; generated by 


e; and e_;; there is therefore in that group a matrix U which transforms ¢. 
into a vector a€ P; such that O(a) 40; furthermore Q(a) € K*. hence th 
transformations UV;,,U-! constitute all semi-singular orthogonal transvection 


[2, p. 54] corresponding to the vector a. 


* Received May 21], 1957. 
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Next we remark that, as n= 2, the subgroup generated by the matrices 


W,;2 contains the commutator subgroup Q2,(K,@Q1), where @Q, is the restric- 
tion to , of the quadratic form Q [4, p. 397]. But from Witt’s theorem 
it is easy to deduce that for any vector b€ 2, such that Q(b) € K? and 
Q(b) AO, there is a transformation of Qo,(K,@,1) transforming a into a 
«alar multiple of 6, and that for any vector c€ /, such that Q(c) —0, 
there is a transformation of Q2,(K,Q,) sending e; into a scalar multiple of 
¢ [3,$10.7),p.65]. It follows that the group H contains all semi-singular 


transvections, and therefore the commutator subgroup Qon.,(K,Q) ([2], p. 59 
and [3], $11, p. 69); on the other hand, as W;,,;,; belongs to the orthogonal 
group Oon(W,@,). and a fortiori to the orthogonal group Oon.i(K,Q), the 
croup Qoy.1(K,Y) is a normal subgroup of //, and is not contained in the 
center of HZ; hence H = 

It may be remarked that the theorem still holds when n—1. Indeed, 
we have seen above that H is then the unimodular group SL.(K?*), hence H 
contains all semi-singular transvections corresponding to vectors £,e; + € 
such that €,¢,¢€ K*, and these are in fact all semi-singular transvections ; 


the argument is then concluded as above. 


NORTHWESTERN UNIVERSITY. 
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EXTENSIONS OF REPRESENTATIONS OF LIE GROUPS 
AND LIE ALGEBRAS, I.* 


By G. HocuscHIiLp ** and G. D. Mostow.+ 


1. Introduction. Let K be a group, G a subgroup of K, p a repre. 
sentation of G, V the representation space of p. We shall say that a repre 
sentation o of K is an extension of the representation p of G if th 
representation space W of o contains V as a G-stable subspace and ; 
coincides with p in V. If we insist on remaining within the category 0: 
finite dimensional representations, such an extension does not always exist 
In the case where G is normal in K and there is a complementary subgroup 
H in K such that K is a semidirect product H-G, the extension problem 


for finite dimensional representations can be analyzed in terms of repre- 


sentative functions. In fact, using the representative functions associated 
with the given representation p of V, we shall give a standard construction 
yielding a representation space W for K such that W contains V as a (- 
stable subspace, and is finite dimensional whenever such a representation 
space exists at all. If K is a connected Lie group, and for the category oi 
finite dimensional continuous representations, this gives a complete solution 
of the extendibility problem (Theorem 3.1). Moreover, we give a construc- 
tion that enables us to treat the more general case where K = HG, with HOG 
compact (Theorem 3.2). 

In Section 4, we shall show how some of the basic result on the existence 
of faithful representations for connected Lie groups can be proved compara- 
tively simply by means of the extension theorem. In particular, the use 0i 
Ado’s theorem on the existence of a faithful representation for a Lie algebra 
is completely eliminated. 

On the other hand, the extension theorem for representations has an 
analogue for Lie algebras, which is due to Zassenhaus and was used by him 
in proving Ado’s theorem. The technique of representative functions, here 
defined as functions on the universal enveloping algebra, gives a very simple 


* Received May 15, 1957. 
** John Simon Guggenheim Fellow. 
+ Supported in part by a research contract with the U. S. Airforce. 
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and natural proof of Zassenhaus’s extension theorem, and thus of Ado’s 
theorem. We shall give this proof in Section 5, which is quite independent 
of what precedes. 


2. Notation and general facts. Let F be a field, and let V be a vector 
space of finite dimension d over F. A representation p of a group G in V, 


or with representation space V, is a homomorphism of G into the group of 
all linear automorphisms of V. If r€ G and v€ V, we abbreviate p(x) (v) 
by c-v. Let E(V) denote the algebra of all linear endomorphisms of V. 
If A is any linear map of £(V) into F, the composite function A°p from 
(i to F is called a representative function on G associated with the repre- 
sentation p. These functions make up a finite dimensional vector space R(p) 
over F. If f is any function on G, and z€ G, we define the left translate 
rf as the function on G that is given by (x-f)(y) =f(yz), for all y€ G. 
Similarly, the right translate f-x is defined by (f-x)(y) =f(zy). In 
particular, if f€ R(p), then x-f and f-z belong to R(p), for every re G. 
Using only the left translations, we thus have a natural representation of 
(in R(p). 

Let p» be any linear map of V into F, and let ve V. Then we 
define a function p/v€ R(p) by setting (u/v)(y) =n(y-v). Observe that 
t(p/v) =p/xe-v. Now let be a basis for the dual space 
Homy(V,F) of V. Let d- R(p) stand for the direct sum of d copies of R(p), 
regarded as a representation space for G in the natural fashion. We define 
amap of V into d-R(p): v— It is immediately verified 
that this is a G-monomorphism. 

Let V=V,>--+-D V_z=(0) be a composition series for the repre- 
sentation space V. Let V’ be the direct sum of the factor representation 
spaces V;/V;,,, where « ranges from 0 to n—1. Then V’ is a semisimple 
representation space for G. Moreover, to within G-isomorphisms, V’ is 
independent of the particular choice of the composition series. Hence the 
representation p’ of G in V’ is essentially determined by p; we shall call it 
the semisimple representation associated with p. Clearly, if p is a semisimple 
representation, p’ may be identified with p. 

We shall say that a representation p of G@ is wnipotent if the repre- 
sentation space V has a descending series of G-stable subspaces such that 
the representation in each factor space of the series is trivial. It amounts 
to the same thing to say that p’ is trivial. More precisely, let K be a sub- 
group of G. Then, if p’ is trivial on K, it clearly follows that p is unipotent 
on K. Conversely, if K is normal in G, and if p is unipotent on K, then 
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p is trivial on K, because every semisimple representation space for @ j; 
then semisimple as a representation space for K. 

Let 1 stand for the identity transformation on V, and let K be an 
arbitrary subgroup of G. It is easily seen that the representation p of ( i; 
unipotent on K if and only if there is a positive integer n such that, jor 
every n-tuple of elements of K, 


-(1—p(2n)) =0. 


It is clear from this that, if p is unipotent on A, so is the representation 
of K in R(p), since aj) - (w/v) = p/(T(1 — (v). Et is equalh 
evident that a subrepresentation or a factor representation of a unipotent 
representation is unipotent. Similarly, a sum of unipotent representations 
is unipotent. Finally, the tensor product of two unipotent representations , 


and o is unipotent, as is seen from the relation 
1@1—p(zr) @o(z) = (1— p(xr)) p(z) (1—a(z)). 


It has been shown by Kolchin that p is unipotent if, for every <€ 6, 
the transformation 1—p(z) is nilpotent. We remark that this follows 
readily from Wedderburn’s theorem on simple algebras. Observe first that 
we may asume without loss of generality that F is algebraically closed. Next, 
note that if we proceed by induction on the dimension of V we reduce the 
problem to the case where V is a simple representation space for G. Now 
let A be the algebra of linear endomorphisms of V that is generated by the 
endomorphisms 1—p(2x), with r€G. Clearly, an A-stable subspace of V 
is also G-stable, so that V is simple as an A-module. Hence, if A + (0), it 
follows from Wedderburn’s theorem that A is the algebra of all linear 
transformations of V. On the other hand, we see immediately that every 
element of A is actually a finite linear combination of elements 1—p(2). 
with c€ G. If every such element is nilpotent it follows that every element 
of A has trace 0. Hence A cannot contain every linear transformation of J, 
and therefore must be (0). 


3. Extensions of representations. Let ( be a Lie group. By a repre- 
sentation of G we shall mean a continuous representation by linear trans- 
formations of a finite dimensional vector space over the field of the real 
numbers. The radical of G is defined as the unique maximum solvable 
normal analytic subgroup of G. It is closed in G, and its Lie algebra is 
the radical (maximum solvable ideal) of the Lie algebra of G. 


LemMA 3.1. Let G be a connected Lie group, R the radical of G, 84 
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maximal semisimple analytic subgroup of G. Let p be a representation of G, 
and let A be a set of analytic automorphisms a of G such that (1): for 
every ER, p'(a(x)a*) =1, and (2): for every 8, p(a(x)a*) —1. 
Then, tf f is any representative function associated with p, the space spanned 
by the functions foa, with a€ A, ts finite dimensional. 


Proof. First we show that we may assume G to be simply connected. 
Let G* be the simply connected covering group of G, and let p: G*—->G be 
the covering epimorphism. Then fop is a representative function on G* 
that is associated with the representation pop of G*. The map f—fop is 
evidently a linear monomorphism of the space of functions on G into that 
of G*. Hence it suffices to show that the space spanned by the functions 
foaop, with a€ A, is finite dimensional. Now, for every a€ A, there is 
one and only one analytic automorphism a* of G* such that poat=—aop. 
We have foaop=fopoa*. Clearly, p’op is the semisimple representation 
of G* that is associated with the representation pop of G*. If Rt is the 
radical of G*t, then p(R*)=—R. For Rt, we have (p’°p) (at(x)a*) 
=p'(a(p(x))p(x)-*) =1. Similarly, there is a maximal semisimple analytic 
subgroup S* of G* such that p(S*) = 8S, and if «€ S*, we have (p° p)(a*(x) a") 
=p(a(p(x))p(v)-') =1. Hence the automorphisms a* satisfy the con- 
ditions of our lemma for the representation pop of G*. Hence it suffices to 
prove the lemma in the case where G is simply connected, which we shall 
now assume. 

Then G is the semidirect product S-R. Let % be the Lie algebra of &, 
and let Z be the Lie algebra of the kernel of p’ in R. Since R is normal in 
(, p’ yields a semisimple representation of R, and its differential yields a 
semisimple representation of Jt. Hence we may apply Lie’s theorem to 
conclude that CZ. Let be representatives in for a 
basis of R/T. Then TC C- -C - +, an) —R is a sequence 
of ideals of 9. Since FR is simply connected, the analytic subgroup T of R 
that corresponds to the ideal T of M# is closed in R and simply connected.? 
Since Z is nilpotent, the exponential map is a homeomorphism of Z into 7.2 
Moreover, R can be reached from T by successively constructing semidirect 
products according to our series of ideals from & to Ht. Hence we have a 


* According to a well known result due to Maleev, every normal analytic subgroup 
of a simply connected Lie group is closed and simply connected. The proof is obtained 
by reconstructing the group through a sequence of semidirect products, as is done below 
for R in order to define y. 

*This well known result is proved by induction on the length of the ascending 


central series for T, using the result of footnote 1. 
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homeomorphism y of # onto R, where, for w€ XT and real numbers {, 


y(u+ > tia,) —exp(u)exp(t,7,)- -exp(tntn). 
| 
Every analytic automorphism a€ A induces an automorphism a: of §f. 


It follows from condition (1) that we have a-(X) C &, and a-(2;) =a,;+z, 


n 
with a,€ , for each i. If z—u-+ St,z;, we have therefore 
i=1 


a(y(z)) =exp(a-(w) )exp(t: (a, 41)) -exp(tn(@n+ tn) ). 


Now let p: stand for the representation of 9 that is induved by p, ani 
write a—p'(ai), (zi). Then we have 


p(a(y(z))) =exp(pa-(u) )exp(ti(% -exp(tn(%n + fn) ). 


Choose a basis for and write a-(yj;) =D djxy,, and 
k=1 


The representation p: is nilpotent on Z, and p:(Z) is an ideal in p(t). 
It follows that, if d is the dimension of the representation space V of ». 
every monomial in elements of p:($t) in which there occur more than d—1 
factors in p:(Z) is 0. 
Writing out the exponential series in our expression for p(a(¥(z)}). 
we obtain the absolutely convergent series 


where the summation goes over all (n-+1)-tuples -,@,) of non- 
negative integers, with e<d. Write u= cxyx, so that pa-(u) = 
k jk 


qg q 
k=1 


Now substitute this for pa-(u), and S\aixm, for a, in the above, and then 
k 


multiply out each term of the series in full. Each term can be written in 
the form p19:(@,@:,° *,@n) +: *,@n), Where the p; are 
the various monomials of degree [e+ e,+----+ e, in the coefficients 
and ai, of a-, and the gi(e,@:,: - -,@n) are certain homogeneous (non-commt- 
tative) polynomials in the 7; and £; whose coefficients depend on the ¢, and 
the cx, i.e., on z, but not on the automorphism a. It is easily seen by the 
usual estimate of the size of the elements of a product of matrices that, for 


each 1, the series = gile,é:,° is absolutely convergent. More- 
over, it is clear from our remark above that =0 wheneve? 


p; is of degree greater than d—1. Hence we conclude that, if pi,- °°.) 
are all the monomials of degree < d in the coefficients of a-, there are certain 


and 
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maps of into L(V) (whose values are given by the sums of the 
series >) i(@,@1,° *,-€n)) such that 


(€s€y» *** »€n) 
p(a(y(z))) = pifi(z) +° Dofe(2)- 
Now let denote the projection S:-R—R, and put gs—fioy torn. 
Then, with z€ G, we have 
p(a(ar(x))) = pegs(2), 


and, using condition (2), 


p(a(x)) )p(a(x(z) )) 
where hj(z) =p(am(x)*)gi(x). Clearly, this gives the conclusion of 
Lemma 3. 1. 

THEOREM 3.1. Let K be a connected Lie group, and suppose that K 
is a semidirect product H-G, with G normal in K. Let R be the radical 
of G, and let p be a representation of G such that, tf p’ is the associated 
semisimple representation, p’ (yxy*a-1) =1, for every y€ K and every x€ R. 
Then the representation space V of p can be G-monemorphically imbedded 


in a representation space W of a representation o of K, and the kernel of o’ 


contains the kernel of p’. 


Proof. Let S be a maximal semisimple analytic subgroup of G. Let 
y€ K, and consider the automorphism of G/F that is induced by the con- 
jugation «-> yay of G. Since G/R is semisimple, the connected component 
of the identity in the group of all continuous automorphisms of G/R? 
is the group of the inner automorphisms of G/F. Hence there is an element 
u€ @ such that the conjugation x— (yu)-‘x(yu) induces the identity auto- 
morphism of G/R. It follows that, for every s€ S, (yu)-s(yu)st€ R. On 
the other hand, by a well known result due to Harish-Chandra,? any two 
maximal semisimple analytic subgroups of G are conjugate to each other by 
un inner automorphism effected by an element of R. Hence there is an 
element R such that (yu)-*S(yw) =rSr*. Hence, for every s€ 8, we 
have (yur)-*s(yur)s*+€ 8. On the other hand, it follows from our first result 
that this element lies in R. 

Now consider the continuous map s— (yur)-'s(yur)s? of the analytic 
group S into SM R. Since 8 RF is a discrete subgroup of the analytic group 


* Cor. 3, in [4). 
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S, this map must be constant, whence we conclude that yur commutes with 
every element of 8S. 

We extend the left G-translations of functions on G to K-operations on 
these functions: let f be a function on G, h an element of H, x and y 
elements of G. Then the function (hx)-f on G is defined by setting 


((hx)-f)(y) =f(htyhr). 


Clearly, if f is continuous, so is (ha)-f. Furthermore, it is easily verified 
that w- (v-f) = (uv) -f, for all uw and v in K. 

By what we have shown above, given any element h€ H, we can find 
an element z€ @ such that hz commutes with every element of S. Let a be 
the automorphism (hz)-*x(hz). Then we have h-f = (z!-f-z)oua. 

Now suppose that f¢€ R(p). By the assumption of our theorem, the 
automorphism a@ satisfies the conditions of Lemma 3.1. Since the functions 
z-1-f-z lie in the finite dimensional space R(p), it follows therefore from 
Lemma 3.1 that the space spanned by the functions h-f, as h ranges over 
H and f ranges over R(p), is finite dimensional. Hence the K-transforms 
of the elements of R(p) make up a finite dimensional space U of functions 
on G, and U is a representation space for K containing R(p) as a (-stable 
subspace. We have seen in Section 2 that there is a G-monomorphism of 
into d-R(p). Composing this with the injection R(p)—-U, we obtain a 
(-monomorphism of V into the representation space d-U for K. Let o 
denote the representation of K in d-U. There remains only to show that 
the kernel of o’ contains the kernel of p’. 

it follows from the condition of our theorem that the kernel of p’ is 
normal in K, not only in G. Indeed, let z be an element of the kernel of /’, 
and let y€ K. We can write z=sr, with s€ S and r€ Rk. As we have seen 
above, there is an element w€ G@ such that uy commutes with every element 
of S. We have 


= (ysy)(yry) = (wsu)(yry?) = 


Since the kernel of p’ is normal in G, we have p’(u'zu) =1. Applying p 


to the last expression for yzy?, and using the condition of our theorem, we 
find therefore p’(yzy!) =1, and we have shown that the kernel of p’ is 
normal in K. 

Hence it suffices to show that the representation of the kernel of »’ 
in U is unipotent. The elements of U are linear combinations of function 
yf, with y€ K and f€ R(p). Tf z lies in the kernel of p’, so does eac! 


conjugate ytzy, and we have Since, as we have 
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seen in Section 2, the representation of the kernel of p’ in R(p) is unipotent, 
this shows that the representation of the kernel of p’ in U is unipotent. 
This completes the proof of Theorem 3.1. 

Although we shall need Theorem 3.1 only in the form stated above, 
we point out the following generalization. 


THEOREM 3.2. Let K be a connected Lie group, G a closed connected 
normal subgroup of K, p a representation of G satisfying the condition of 
Theorem 3.1. Suppose that H is an analytic subgroup of K such that 
K=HG and HG is a compact subgroup of the analytic group H. Assume 
that there is a representation of H that is faithful on HOG. Then p can 
be extended to a representation + of K such that the kernel of 7’ contains 
the kernel of p’. 


Proof. We construct the appropriate semidirect product H-G, so that 
we have the natural epimorphism H:-G—HG=K, whose kernel consists 
of the elements z-a", with x¢ HN G. Let W be the representation space 
for the semidirect product H-G, as defined in the proof of Theorem 3.1. 
The right translations of representative functions give us the structure of a 
right G-module on W, because W is a direct sum of copies of a space of 
representative functions on G that is stable under the right translations. 


Now let A denote the group algebra, over the real number field, of the 
group HMG. The right G-module structure of W allows us to regard W 
as a right A-module. Let U be a representative space for H. Then we may 
also regard U as a left A-module, and we can form the tensor product W @, U. 
This is the canonical homomorphic image of the tensor product W®U over 
the real number field, the kernel consisting of all finite sums of elements of 
the form where we W, U, and ce HNG. Clearly, 
W®U is a representation space for H-G such that, with h¢ H and g€ G, 


(h-g)-(w@u) =((h-g)-w) @(h-u), 


where h-g stands for the product of h and g in the semidirect product H- G, 
not in K. It is easily verified that (h-g)-(w-r) =((h-g)-w)-heh", 
while h: (x-u) = (hah-*)-(h-u). Hence we see that the kernel of the 
canonical epimorphism W®U— W @4,U is stable under the operations with 
the elements of H-G, so that we obtain the structure of a representation 
space for H-G on W@,4U. Moreover, if r€ HNG, we have (z-21-w 
=w-zx, whence we see that the representation of H-G in W @, U is trivial 
on the kernel of the epimorphism H-G—K. Thus we obtain a repre- 
sentation of K in W®@, U. 
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Let 7 be a representation of H by complex linear automorphisms that 
is faithful on HN G. Since G is compact, the restriction of 7 to HN G 
and the dua! representation of H ™ G generate all representations of H 1 G, 
by the processes of forming direct sums, tensor products, and subrepresen- 
tations. This well known fact is the content of Prop. 3, p. 190, in [0]. It 
follows that every representation space for 7M G is an H M G—subspace of 
some representation space for //. 

Now let J denote the set of all elements a€ A such that w-a=—0, for 
every w€ W. Then J is a two-sided ideal of A, and A/J is finite dimen- 
sional. Regard A/J as a representation space for HM G. The natural anti- 
monomorphism of A// into F(W) shows that the representation of HN ( 
in A/J is continuous. By what we have seen above, there is a representation 
space U for H that contains A/J as an HM G—stable subspace. As a 
representation space for H1(~ G, U is semisimple, so that U is the direct 
sum of A/J and another H (, G-stable subspace P. Thus we have the direct 
decomposition 

W®,0U=W®, (A/J)+W@4P, 


and each of the two direct summands on the right is clearly a G-stable 
subspace of W@4U. Moreover, since J annihilates W from the right, the 
first summand is canonically isomorphic with W, as a representation space 
for G. 

Thus, if + is the representation of K in W@,U, then 7 is an exten- 
sion of the given representation p of G, via the representation of (@ in 
WV—=W®@,(A/J) CW®,U. Furthermore, since the kernel of o’ (where 
o is the representation of H-G in W) contains the kernel of p’, and since, 
for c€ G, (w@u) = (x-w) @u, it follows that the kernel of 7’ contains 
the kernel of p’. This completes the proof of Theorem 3. 2. 

Observe that the condition imposed on p in the statement of Theorem 
3.1 is necessary for p to be extendible to a representation of K. Indeed, 
the commutators yry‘z1, where y€ K and x€ R, belong to the connected 
component of the identity in the intersection of the commutator subgroup of 
G with R, on which every representation of K must be unipotent, by Lie’s 
theorem. 

Let K be a group, G a normal subgroup of K, H a subgroup of K 
such that K—HG (not necessarily semidirect). We remark that if a 
representation p of K is unipotent on G@ and on H then p is unipotent. 
In showing this, let us operate with the group algebra of K. Let he H, 
xé€G. We have 
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(1—hr) =h(1—2z)+ (1—h), and 


Hence a product of such elements, (1—/%,)- - (1—Agarq), can be written 
as a sum of products of the form hu, where h € H and wu is a product whose 
factors are either of the form 1—z, with x€ G, or of the form 1—h, with 
h€ H, the total number of factors being g. We have 


(1—2)(1—h) = (1— —A(1— heh). 


Hence each wu can be rewritten as an integral linear combination of products 
of the form h(1—h,)- - - -(1— where h and the 
h; are in H, the 2; are in G, and ¢ is the number of factors of the form 
1—za, with x€ G, that occurred in the original form of u. Hence the 
endomorphism that corresponds to wu in our representation p is 0 whenever 
t exceeds d—1, where d is the dimension of the representation space of p. 
On the other hand, if ¢< d and g=4d?, u must contain at least d successive 
factors of the form 1—h, so that the corresponding endomorphism must again 
be 0. Thus the endomorphism corresponding to (1—hix1)- - (1—hgtq) 
is 0 whenever g = d*, which means that p is unipotent. 


LemMMA 3.2. In the situation of Theorem 3.1, suppose that G is simply 
connected and nilpotent, and that p ts a unipotent representation of G. 
Assume also that the representation of H in the Ine algebra & of G that ts 
obtained from the adjoint representation of K is unipotent. Then the 
representation o of K that is constructed in the proof of Theorem 3.1 is 


unipotent. 


Proof. The exponential map is a homeomorphism of & onto G. Further- 
more, if f is any element of the representation space U for K that we have 
constructed in the proof of Theorem 3.1, the composite map fo°exp is a 
polynomial function on © of degree <d, where d is the dimension of the 
representation space V of p; since f °exp—=A°p%exp =A exp Op, where A is 
a linear function on E(V). For every h€ H, we have 


(h-f) cexp =f oexpo 


Since the representation of H in @ is unipotent, so is the dual representation 
with operations »—> 0° (h-) in the space of the linear functions on ©. 
The space of the polynomial functions of degree < d on & is a homomorphic 
image of a direct sum of tensor powers of the space of the linear functions 
on &, whence we see that the representation of H in this space of polynomial 
functions is unipotent. The map f—foexp is an H-monomorphism of U 
into the space of these polynomial functions, so that we may conclude that 


‘ 
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the representation of H in U is unipotent. Hence the representation o of 
K in d-U is unipotent on H. We know from Theorem 3.1 that oa is 
unipotent on G. By what we have seen above, this implies that o is unipotent. 


4, Existence of faithful representations. The results of the preceding 
Section greatly facilitate the proofs for the known basic results on the exis- 
tence of faithful representations of connected Lie groups. We shall sketch 


these proofs. 


THEOREM 4.1. (E. Cartan). Let G be a simply connected solvable Lie 
group, and let N be the maximum nilpotent normal analytic subgroup of G. 
Then there exists a faithful representation of G that is unipotent on N. 


Proof. Wet Z be the connected component of the identity in the center 
of N (actually, it is known that the center of N is connected). Then Z is 
closed and normal in G, and Z is simply connected. Furthermore, Z is non- 
trivial (unless G is trivial) so that, making an induction on the dimension 
of G, we may assume that there is a faithful representation of G/Z that is 
unipotent on NV/Z. This may be regarded as a representation p of @ that 
is unipotent on N and whose kernel is precisely Z. On the other hand, Z is 
a vector group, and we can clearly find a faithful unipotent representation 
of Z. We can reach N from Z by making a sequence of constructions of 
semidirect products each of which statisfies the requirement of Lemma 3. 2. 
Hence, by applying Lemma 3. 2 at each level, we can extend our representation 
of Z to a unipotent representation of N. Now we can reach G from N by 
making a sequence of constructions of semidirect products. Since the com- 
mutator subgroup of G lies in N, we can apply Theorem 3.1 at each level 
to extend our representation of NV to a representation o of G that is unipotent 
on N and faithful on Z. The direct sum of p and o satisfies the requirements 
of Theorem 4.1. 

For the next proofs, we need the following two facts: 


1. If a semisimple connected Lie group has a faithful representation 


then its center 1s finite. 


2. Let G be a Lie group, and let P be a finite normal subgroup of G. 
Then, if G has a faithful representation, so has G/P. 


1. is well known and easy to prove.* As to 2., note that if G is connected, 


then a finite normal subgroup is necessarily in the center of G. This is the 
only case we need, and it is covered by a result of Goto.® However. it seems 


4Lemma 5, in [2]. > Lemma 8, in [3]. 
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worth while pointing out the following proof, which establishes a result that 
is more general than either 2. or the result of Goto. 
Let p be the given faithful representation of G, V the representation 


space of p, L the group of all linear automorphisms of V. Let N be the 


normalizer of p(P) in L. Then MN is an algebraic linear group, and p(P) 
is a normal subgroup of VN. Moreover, since p(P) is finite, it is an algebraic 
subgroup of V. By a theorem of Chevalley,® there is a rational representation 
; of N whose kernel is exactly p(P). The representation r°p of G has 
exactly P for its kernel, and thus yields a faithful representation of G/P. 


THEOREM 4.2 (Goto).* Let G be a connected Lie group, and let 8 
be a maximal semisimple analytic subgroup of G. Suppose that S has a 
faithful representation, and that the radical T of the commutator subgroup 
(’ of G is closed in G, and simply connected. Then G has a faithful 


representation. 


Proof. Wet R be the radical of G. Then R/T is a connected abelian 
Lie group, whence R/T =A  X V, the direct product of a toroidal group A 
and a vector group V. Let M denote the full preimage of V in R. Since 
T and M/T are simply connected, M is simply connected. Now R/M=—A, 
and, since A is compact and M is simply connected and solvable, it follows 
that P is a semidirect product B-M.8 By Theorem 4.1, there exists a faithful 
representation of M that is unipotent on the maximum nilpotent normal 
analytic subgroup of M. Since 7’ is contained in this maximum nilpotent 
normal analytic subgroup, our representation is unipotent on 7. Hence we 
can apply Theorem 3.1 to extend our representation of M to a representation 
of R that is faithful on M and unipotent on 7. On the other hand, since 
B is compact, there is a representation of R whose kernel is precisely M. 
Taking the direct sum of these two representations of R, we obtain a faithful 
representation of # that is unipotent on T. 

Now let S-# be the semidirect product in which the multiplication is 
given by (8,71) (S2, 12) = (8182, By Theorem 3.1, our faithful 
representation of # can be extended to a representation of S- PR. 

Now observe that the kernel of the natural epimorphism of S-F onto 
G@ is contained in (SN R)-(SNR). Since SNR is a discrete subgroup 
of the analytic group S, it is contained in the center of S. Since S§ has a 


“Prop: 1), p. 119, im [11. 

* Essentially, Th. 10, in [3]. 

® This result is easily proved by induction from the special case where M is a vector 
group, which is due to Iwasawa; the generalization is given as Lemma 8.1, in [5]. 
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faithful representation, the center of S is finite. Hence the kernel of the 
epimorphism S-R—G is finite. By what we have said before stating 
Theorem 4.2, it suffices therefore to show that the semidirect product S-R 
has a faithful representation. We have already obtained a representation of 
S-R that is faithful on #. Using a faithful representation of S in addition, 
we obtain a faithful representation of S-R. This completes the proof. 

We remark that the conditions of Theorem 4.2 are necessary for the 


existence of a faithful representation.® 


THEOREM 4.3 (Malcev).*° Let G be a connected Ine group, R the 
radical of G. Suppose that R has a faithful representation, and that one 
(and hence every) maximal semisimple analytic subgroup of G has a faithful 
representation. Then G has a faithful representation. 


Proof. By Lie’s theorem, every representation of F# is unipotent on the 
commutator subgroup R’ of R. It follows that the image of R’ under the 
representation is closed in the full linear group, and simply connected. 
Since F has a faithful representation, it follows that R’ is closed in R, and 
simply connected. Hence we can proceed exactly as in the beginning of our 
proof of Theorem 4.2, using Ff’ in the place of 7, to show that FP is a semi- 
direct product A-1/, where A is a toroidal group and M is a simply con- 
nected normal closed subgroup of R# that contains R’. 

Let &, #, W denote the Lie algebras of G, R, A, respectively. Since A 
is compact, the representation of A in © that is obtained from the adjoint 
representation of @ is semisimple. Hence @ is semisimple as an %{-module, 
whence is the direct sum of the submodule [%,@G] and the centralizer } 
of 2% in G. Since [M,G] CR, we have therefore G=—="+R. Now let S 
be a maximal semisimple subalgebra of $$. Clearly, © is then also a maximal 
semisimple subalgebra of G. Now [#,#] is an S-submodule of and 
19 [RR] — (0). Hence we can write the G-module # as a direct sum 
+B, where is an G-submodule containing [R,#]. Hence B is an 
ideal of G, the corresponding analytic subgroup B of FR is normal in G, and 
AB. Furthermore, our Lie algebra decomposition shows that the radical 
T of G’ is contained in B, because the Lie algebra of T is [6,R] =[S,R] 
[R. KR] [S,B] + [RR] CB. 

Now consider the natural epimorphism B/R’—> R/(AR’). The kernel 
of this epimorphism is the discrete subgroup B/R’NM (AR’)/R’ of the 
analytic group B/R’. On the other hand, the image R/(AR’) is isomorphic 

"See [8]: or Th. 7.3, in [5]. 

or Th. 7, mm 
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with M/R’, which is a vector group. Hence R/(AR’) has no non-trivial 
covering, whence our epimorphism must be an isomorphism. Thus we have 
B/R’ 0 (AR’)/R’ = (1), and B/R’ is simply connected. It is clear from the 
former that the natural epimorphism (AR’)/R’ X B/R’—R/R’ is an iso- 
morphism. Consequently, B/R’ is closed in R/R’. Hence B is closed in R, 
and therefore in G. In addition, B is simply connected, because both R’ 
and B/R’ are simply connected. 

As a normal analytic subgroup of the simply connected group B, the 
radical JT of G’ is closed in B, and simply connected. Hence it is clear that 
the assumptions of Theorem 4.2 are satisfied. We conclude from Theorem 
4,2 that G has a faithful representation, and our proof is complete. 

It is evident that the conditions of Theorem 4.3 are necessary for the 
existence of a faithful representation of G. 


5. Faithful representations of Lie algebras. Let L be a finite dimen- 
sional Lie algebra over a field F of characteristic 0, and let K be an ideal 
of L. We assume that there is a subalgebra H of L such that L is the semi- 
direct sum H+K. Let U(L), U(K) denote the universal enveloping 
algebras of L, K, respectively. We define right L-operations on U(K) as 
follows: let we U(K), hE H, K. We define u- (h+ kh) =uh—hu- uk, 


observing that, since K is an ideal of LZ, uh—hu lies in U(K), where we 
regard U(K) as a subalgebra of U(L) in the natural fashion. It can be 
verified immediately that, for arbitrary elements x and y of L, we have 


-y— 


It follows that these right L-operators on U(K) define the structure of a 
tight U(Z)-module on U(K). We make the dual space Homr(U(K), F) 
into a left U(Z)-module accordingly: (z-f)(u) =f(u-z). 

A representation p of K gives rise in the canonical fashion to a repre- 
sentation, which we still denote by p, of the associative algebra U(K). If V 
is the representation space of p, and is any linear map of F(V) into F, 
then the composite function A°p on U(K) is called a representative function 
associated with p. As before, we shall always assume that V is finite 
dimensional. 

The kernel of p in U(K) is a two sided ideal J of U(K). Since V is 
finite dimensional, U(K)/I is finite dimensional, i.e., J is of finite codimen- 
sion in U(K). The representative functions associated with p vanish on J, 
and constitute a finite dimensional space R(p) over F. Clearly, R(p) is a 
U(K)-submodule (though not always a U’(L)-submodule) of Homp(U(K), F). 
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U(K) has a natural increasing filtration by the subspaces U(K),, 
(m=0,1,---) consisting of the elements that can be written as (non- 
commutative) polynomials of degree = m in the elements of K(U(K). =F). 
The associated graded algebra SU(K)m/U(K)m4+ is isomorphic with the 


m 

symmetric algebra built over K, i.e., with a polynomial algebra in n variables, 
where n is the dimension of K. One verifies easily from this that U(K) 
satisfies the maximal condition for ideals. On the other hand, one shows 
easily that, if A is any algebra, and J and J are ideals of finite codimension 
in A one of which is finitely generated as an A-module, then the product 
ideal IJ is of finite codimension in /(K). Hence the important fact (first 
proved and utilized by Zassenhaus) that the product of ideals of finite co- 
dimension in U(K) 1s of finite codimension. 

In these terms, we can give a simple proof for the following extension 


theorem. 


THEOREM 5.1 (Zassenhaus)."? Let L bea finite dimensional Ine algebra 
over a field F of characteristic 0, let K be an ideal of L, and suppose that L 
is a semidirect sum H+ K, where H is a subalgebra. Let p be a finite 
dimensional representation of K, and suppose that p’({[H, K]) = (0), where 
p’ ts the semisimple representation associated with p. Then the representation 


space V of p can be K-monomorphically imbedded in a finite dimensional 
representation space W for L. If o is the representation of L in W the 
kernel of o’ contains the kernel of p’. Furthermore, if H is nilpotent on XK, 
under the adjoint representation, then o’(H) = (0). 


Proof. Let I, I’ be the kernels of p, p’, respectively, in U(K). Then 
it is clear that (1’)¢ C I, where d is the dimension of V. Since [H,K] CI, 
it follows that uh I’, for every U(K) and every hE H. Hence 
(I’)¢ is a U(L)-submodule of U(K). Hence, for every f€ R(p) and every 
x€U(L), the function x«-f vanishes on (I’)* Since, by what we have 
said above, (1’)¢ is of finite codimension in U(K), it follows that the U(L)- 
submodule S of Homy(U(K),F) that is generated by R(p) is finite dimen- 
sional and is annihiliated by (J’)4. 

Now (cf. §2) we have a U(K)-monomorphism V > d-R(p). Composing 
this with the injection R(p) > S, we obtain a U(K)-monomorphism V —> d:8 
=W. Since (J’)4 annihilates S, our representation o of Z in W is nilpotent 
on the ideal I’M K of L. Hence, using that, for any ideal P of L, and 
any L-module M, P-M is an L-submodule of M, we conclude that the 


11See [7], which also establishes the required facts concerning the universal 


enveloping algebra. 
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associated semisimple representation o’ annihilates I’M K, i.e., the kernel 
of o” contains the kernel of p’. 

Now suppose that H is nilpotent on K. Then, for every we U(K), 
there is an integer m such that u- (hi: - -hn) =0, for all hi€ H. Since 
U(K)/(1’)¢ is finite dimensional, this shows that the (anti-) representation 
of H in U(K)/(I)¢@ is nilpotent, whence the representation of H in S is 
nilpotent. Thus our representation o is nilpotent on the ideal J’ K and 
on the subalgebra H. By an elementary combinatorial argument (easier than 
the group analogue of §3), it follows that o is nilpotent on H+/]’'N K. 
Since this is an ideal of L, it must therefore be contained in the kernel of o’. 
This completes the proof of Theorem 5.1. 

The existence of a faithful representation for a finite dimensional Lie 
algebra L over a field F' of characteristic 0 is easily deduced from Theorem 5. 1. 
Let NV be the maximum nilpotent ideal of LZ, R the radical of L, S a maximal 
semisimple subalgebra of Z. We shall prove that there 1s a faithful repre- 
sentation of L that is nilpotent on N. 

Let Z be the center of LZ. The adjoint representation of L is nilpotent 
on NV and has kernel Z. There is a chain N—N,D--:-DWN,=—Z of ideals 
of N such that each 'V;/Nj;,, is 1-dimensional, so that N; is a semidirect sum 
of N;,, and the 1-dimensional Lie algebra. Starting with a faithful nilpotent 
representation of Z, we apply Theorem 5.1 repeatedly to construct a nilpotent 
representation of N that is faithful on Z. 

Now there is a chain R=R,D---DR,=—N of ideals of R such that 
each R;/R;,, is 1-dimensional. Using only the first part of Theorem 5.1, 
noting that [#, R] C N, we extend our representation of N to a representation 
ot R that is still nilpotent on N and faithful on Z. 

Finally, since Z is the semidirect sum S+R and [8,R] CN, we can 
extend our representation of R to a representation of LZ that is nilpotent on 
V and faithful on Z. The direct sum of this representation and the adjoint 


representation satisfies our requirements. 


6. Correspondence between representative functions. Let G be a 
connected Lie group, let © be the Lie algebra of G, and let U(G) be the 
wiversal enveloping algebra of ©. Let A be the algebra of all real analytic 
functions on G. The elements of & are left invariant infinitesimal trans- 
formations on G, in the sense of §II, Ch. IV of [0]. Hence A has the 
structure of a G-module, the elements of & acting as derivations on A that 
commute with the right translations. Accordingly, we may regard 4 as a 
left 7 (®)-module. 
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For an element u of &, we denote by e, the corresponding homomorphism 
of the additive group R of the real line into G, i.e., e,(7r) =exp(ru), for 
every real number r. Let f€ A, c€ G, and put g(r) = (rexp(ru)). Then 
g is a real analytic function on #, and it follows from the definition of 
the exponential map exp that the n-th derivative g™ of g is equal to 
(u"-(f-x))°e, where wu” is the n-th power of u in U(G). Since the 
U(G)-operations on A commute with the right translations, we have g 
= ((u"-f)-x)oe,. Hence, for all r in a sufficiently small neighborhood o| 
0 in R, 


f(xexp(ru)) = > (u*-f) (x) -r*/n! 


Now, for every f€ A, let us define the function f- on U(G) by setting 
f-(u) = (u-f)(1), for every w€ U(G), where 1 denotes the identity element 
of G. Clearly, the map f—f: is a linear map of A into the dual space 
Homr(U(G),R) of U(G). Moreover, if f- 0, we conclude from the above 
that, for every u€ G, foe, vanishes on some neighborhood of 0 in F, whence 
we conclude that f vanishes on some neighborhood of 1 in G. Since f is 
analytic everywhere on G, and since G@ is connected, this implies that f=0. 
Thus our map f—f- is a linear monomorphism. 

Now let p be a representation of G, and let V be the representation 
space of p. Let f—=A°p be a representative function on G that is associated 
with p, i.e., A is a linear function on H(V). Let p- be the representation of 
U(G) in V that is induced by p. We claim that (Acp)-—Aop. The 
proof is as follows. 

Let G, G. We have 


(u-(A°p))(x) = ((w = (u- ((A&p) -@))(1) = p(x) © p))(1) 


where A- p(x) is the linear function on L(V) that is defined by (A- p(z)) (@) 
=A(p(x)e). By the above, with r in a neighborhood of 0 in R, 


The expression on the left can be written A(p(z)exp(rp-(u))). If we expand 
this in a power series in r, and then compare the coefficients of r on the two 


sides above, we find that 
A(p(x) p(w) ) = (uw p(x)) (1). 


Hence we see from the first result of this proof that u-(A° p) = (p:(u) - A) op: 
where (p:(w) -A)(e) =A(ep(u)). Clearly, this last result generalizes imme- 
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diately to arbitrary elements u of U(G). Evaluating these functions at 1, 
we obtain (A°p)-(w) =A(p'(u)), which is the result to be proved. 

Let W be a finite dimensional space consisting of representative func- 
tions on G, and suppose that W is stable under the left translations, so that 
W is a representation space for G. Let + denote the representation of G 
in W, and let + be the induced representation of U(G) in W. If we G, 
and r is any real number, the left translation on W that is effected by the 
element exp(ru) of G is then given by exp(rr(w)). Thus we have, for 


every x€ G and every f€ W, 


Comparing this with our general result (for 7 in some neighborhood of 0 
in R) we find that 7(w)(f) =w-f, for every f€ W and every we &. This 
generalizes immediately to arbitrary elements u€ U(®%). Thus W isa U(G)- 
stable subspace of A, and the U(@)-module structure of W that is induced 
by that of A coincides with the U(G)-module structure given by 7+. In 
particular, it follows immediately from this that the image W° of W under 
the map f—>f-: is a U(@)-submodule of Homer(U(G),#), for the module 
structure we have defined at the beginning of Section 5, and that this U(G)- 
module structure of W coincides with the structure that is obtained by 
transporting 7 to W through the isomorphism f—f. 

Now let us consider a semidirect product H-G and a representation p 
of (@f, as in Theorem 3.1. We have R(p)'—R(p-), by the above. In the 
proof of Theorem 3.1 we have obtained a representation space U for H:G. 
l’ is the space of representative functions on G that is spanned by the trans- 
forms h(f), with he H and R(p), where =f(h ch). Let a, 
denote the conjugation with h in G, i.e., =hah. Then h(f) =f ° 
Let h- denote the automorphism of & that is induced by a,. Then we have, 


with we &. 
u-(h(f)) =u- (f° = ((h-1) f) (an)? = A((h-") - (u) - f). 


Passing to the induced Lie algebra representation of the Lie algebra § of 
H, we deduce that, with v€ §, 


u-(v(f)) =v(u-f) + [u, 0] -f. 


This generalizes immediately to arbitrary elements u¢ U(G), where [u,v] 
=uv—vu. Since, for every f€ U, h(f)(1) =f(1), for every hE H, we 
have v(f)(1) =0, for every v€ §. Hence, evaluating the above at 1, we 
find that (v(f))-(u) =f: ([u,v]). 
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Thus our isomorphism f—f: transports the §-operations on U to the 
§-operations we have defined at the beginning of Section 5. Since U is the 
§-module generated by R(p), it follows that U’ is the §-module generated 
by R(p)'—R(p'). Moreover, we can conclude from what we have seen 
above that, if o is the representation of H-G in U, the isomorphism U > 
transports the representation o- of the Lie algebra 6+ © of H-G to the 
representation of § + © in U' that we have used in the proof of Theorem 5. 1. 
Thus the representation of § + © that is obtained in Theorem 5.1 may be 
identified with the differential of the representation of H-G that is obtained 
in Theorem 3.1. 

We can therefore apply Theorem 5.1 to conclude that, if the repre- 
sentation of H in ©& that 1s obtained from the adjoint representation of H-G 
is unipotent, then H 1s contained in the kernel of the representation o’ of 
Theorem 3.1. 


INSTITUTE FOR ADVANCED STUDY. 
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NOTE ON CONVERGENCE OF THE PRODUCT OF BASIC SETS 
OF POLYNOMIALS.* 


By M. Nassir. 


1. In his paper [1], W. F. Newns considered my note which appeared 
in this Journal some time ago [2]. Newns has shown that Theorem I of 
[2] is false and consequently, Theorem II, which depends for its proof on 
Theorem I, remains unproved. In the present note a modified version of 
the unproved- Theorem II is established. For simplicity the notations used 
here, apart from those newly defined, are those of Newns paper to which 
the reader is referred. Let {*pn(z)} be the inverse of the W-basic set {pn(z)} 
[1; p. 455, 1.17] and let V(r) =lim{M,(r) }*/" as no, if the limit exists. 
The result to be established is the following theorem. 


THEorREM. Let {p,%(z)} be a W-basic set of polynomials and let 
{ pn) (z)} be another W-basic set for which? 


(1.1) d,") = O(n), *d,,@) == O(n), 


as n tends to infinity. Suppose further that the set {p,@(z)} 1s effective 
in |z| SR, where 


(1.2) M®)(R) =aR, 0<acwo;R>0, 


and that «(aR -+-) is finite. Then the product set {pn(z)} of the two sets 


{pn (z)} and {p,(z)}, in the given order, will be effective in |z| SR ¢f, 
and only if, the set {pa%(z)} ts effective in |z| SaR. 


In our notations, C denotes positive finite constants which are not 
generally of the same value at different occurrences, and p will be always 
written for aR. Now, for any set {p,(z)} satisfying (1.1), there exist finite 
numbers > 1, 8 >1 such that 


* Received March 5, 1956; revised January 20, 1957. 

* Newns’ notations used here are those defined in the following places of his paper: 
p. 445, 1. 30; p. 446, ll. 8, 11, 23, 27-29; p. 447, 1. 2; p. 455, 1. 25; p. 458, ll. 7, 8 and 
finally p. 464, 1. 16. 

* Newns convention of notations [cf. 1: p. 456, 1. 7] is adopted here also. Thus d,® 
and *d,® are the degrees of the polynomials p,(z) and *p,®(z) respectively. 
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(1. 3a) dyn San, (1. 3b) *d, = Bn. 


The proof of the above theorem depends on two lemmas. 


2. Lemma 1. Let {p,(z)} be a W-basic set which is effective in 
SR, where 
(2.1) M(R) =p. 
If *d,y—=O(n), then 
(2.2) *M(p) = R. 
If, moreover, d,==O(n) then the inverse set {*p,(z)} will be effective in 
|z|Sp. 


This lemma can be derived from Theorem 18.1 of Newns paper |[cf. 1; 
pp. 459, 460]. For sake of completeness a direct proof is given here. 


In fact, choosing a positive number p, <p and finite numbers p, >, 
R,>R then it follows from (2.1) and the effectiveness of {pn(z)} in 
|z| that 


< CM, (R) < Cp." 
won(R) < CR". 


Hence, in view of (1.3b), (2.3) and (2.4) vield 


(2. 5) *Mn(p) > | Tnk | p* 
k 


It readily follows, in view of (1.3a), that 


(2.6) = 3 | pax | *Me(o) <C(an +1) Mn (Rs). 
Also, applying (1.3b) and (2.3) we obtain 
Sw, (Ff) —2 | | Mi (R) << C(Bn + 1)*Mn(p2). 
Now, from (1.3) and (2.1) it easily follows that 
(2.8) w(R,)/Ri* S p(R)/R* = p/R*; *v(p2)/po® S *v(p) /p?. 


Taking the n-th root and making n tend to infinity, (2.5), (2.7) and (2.6) 
respectively yield 


*u(p) S (p/pi)®R,; RS*v(p2); *A(p) S (p/or) ). 


(n= 1) 
(2.3) 
(2.4) 

(n= 0). 
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Hence (2.8) gives 
*u(p) S (e/p:)? Ri; RS *A(p) Sp (Bi /B)*. 


Finally, since R, can be taken as near to & as we please and p, and pz are 
taken arbitrarily near to p we conlclude that 


*u(p) SR; *v(p) ZR; *A(p) So. 


The first two relations imply (2.2) and the third implies that the inverse 
set {*pn(z)} is effective in |z|<p; and the lemma is proved. 

The following examples show that, in both assertions of the lemma 
the condition that *d,—O(n) cannot be dropped, while if *d,—O(n) 
and limsupd,/n=o, (2.2) may hold although the inverse set may not 

@ 

be effective in |z| Sp. 

Example 1. Let m);==2**, where k& is a positive integer or zero, and 
let ¢ be a real number greater than 1. It is easily seen that, for the set 
{pn(z)}, given by 


Pm, (2) == Pn(2) ( — nAm;k=0, 


M(r)=r; r>0, d,—O(n), limsup*d,/n=—o ; 


and that the set is effective in |z| <1. For the inverse set {*p,(z)}, it can 
be verified that *,(1) 2c > 1, and that it is not effective in |z|<1. 


Example 2. It is easily verified that the set {p»(z)}, given by 


Mk+1 
j=n 


where m, and c¢ are defined in Example 1, is effective in |z|<1 where 
M(1) 1. It is also seen that *d,==-O(n), while limsupd,/n=0o. Now 


n> 
the inverse set {*p,(z)} can be shown to be not effective in |z| <1 while 
*M(1) =1. 


3. LemMaA 2. Let {pn (z)} be any W-basic set of polynomials and 
let {pn(z)} be another W-basic set satisfying (1.1) and (1.2). Then, 
for the product set {pn(z)}, we have 


For let »’ be any finite number greater than p and choose the numbers 
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p. and pe such that O0<pix<p<p2<p’<o. Then choosing the number 
r >R such that (r/R)* < p2/p, it easily follows from (1.2), (1.3) and the 
properties of »(r) that < pe; so that 


(3.2) M,® (r) < Cpo” (n= 0). 
Also, (1.2) implies that 
(3.3) pi® < CM, (R) (n=0). 


Now choose the integers s, and ¢, for the product set {p,(z)}, so that 


(3. 4) F,(r) max » Tnipi (2) | — | |, 


|=r 4=8n 


te tn 
where fx(z) = pi(z). Write gx(z) = pi(z), then if 
i=8n 4=8n 


= > 9x;2/, it follows that 
(3.5) f(z) = guspi? (2). 


Let A,(r) |f,(z)|; applying Cauchy’s inequality to g;,(z) we 
jzl=r 


easily obtain from (3.2) and (3.5), 


< (r) Fu < C8 (050°) (0"), 
=0 


where S(p2,p’) is bounded. Inserting this in (3.4) and applying (3.3) 
it follows that 


(3.6) Fa(r) | Ax(r) < CS(p2, | | 
< C'S(po; 

where Fo,)(p’)/pi:% = max F;,)(p’)/pi* > 1. If on remains finite as n tends 

to infinity, (3.6) yields 

(3.7) SA (RK). 

If, on the other hand, limsupo, =, (3.6) gives, in view of (1.3), 

(3.8) SAP (R) /pr}F. 


Finally, since p’ and p, can be taken arbitrarily near to p, and since r tends to 
R as p’ tends to p, the required relation (3.1) *ollows readily from (3.7) 
and (3.8). 
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4. Proof of the Theorem. Suppose that the set {p,‘?)(z)} satisfies the 
conditions of the theorem, and that x“(p-+-) is finite. To prove the first 
part of the theorem suppose that the set {pq)(z)} is effective in |z| <p; 
then the known properties of «(r) [cf. 1; p. 449, Theorem 11.3] imply that 
kK) (p+) =p and (3.1) of Lemma 2 shows that x(R) —R, so that the 


product set {pn(z)} is effective in |z| SR. 


To complete the proof of the theorem we first note that since «™(p +) 
is finite and the set {p,(z)} is effective in |z|<R, (3.1) implies that 
«(2 +) is finite. Also Lemma 1 implies that the inverse set {*p,(z)} is 
effective in |z| =p, where *M@)(p) exists and is equal to R. Suppose now 
that the product set {p,(z)} is effective in |z| SR. As we can put 
(z) } = {pn(z) } {*pn@(z)}, then the set {pn(z)}, as an outer set, and 
{*p,(z)}, as an inner set, both satisfy the conditions of the “if”-state- 
ment of the theorem for |z|—p and with 1/a for a. Consequently the 
product set {p,“)(z)} will be effective in |z| <p and the theorem is there- 
fore established. 


It should be observed that to prove the “if”-statement of the theorem 
the condition that d,°)= O(n) can be dispensed with. In fact, with the 
procedure of Lemma 2, the exclusion of the above condition leads to the 
“weaker” relation «(R) SA®(R){ck™(p+)/p}4, from which the “if”- 
statment of the theorem can be deduced. This result has been given by 
Newns [cf. 1; p. 464, Theorem 22.1]. The fact that the other condition, 
*d,°) = O(n), cannot be dropped is illustrated by the following example. 


Example 3. Let m, and c be defined as in Example 1, and consider 
the sets {pn™(z)}, {pn(z)} given by 


Pa) (z) = 2", (neven); = odd) ; 
Dmg? (2) = 23 pn?) (z) =z" — 2", kZO. 


The set {pa%(z)} is effective in |z| Sr and x«™(r) is finite for r> 0. 
Also it is seen that the set {p,)(z)} satisfies the conditions of the theorem 
for 0 <r<1 and with a1, except that lim sup *d,@/n =o. The product 


set is easily seen to be not effective in |z| <1. 


We finally append the following examples* to show that the theorem 
does not remain true if the condition «“(aR-+) << is omitted or even 
weakened to +) =x«®(aR—). 


* These examples were suggested to me by the referee. 


T 
e 
t 


M. NASSIF. 
Example 4. Let {pa(z)} be the product of {pn%(z)} and {p_®(z)}, 
where 
pa) (z) =z" (neven); pn) (z) == 2" + 22” (n odd) ; 


po (z) =1, (z) =n" +2" (neven>0); pr®(z) (nodd). 


The inner set is a simple set with leading coefficient unity, effective in 
|z| <r for all r=1. The outer set is effective in |z| <r for r<1, but 


x2) (1+) =o. Now we find that 
Po(z) =1, pa(z) =n" +2" (n even=0), pn(z) = + 2" 
(nodd), and that for all r. 

Example 5. Consider now the product set {pa(z)} = {pn(z)} {*pa©(z)} 
where {p,“(z)} and {p,(z)} are given in Example 4. The inner set 
satisfies the hypotheses of the theorem at R=1 with a=1. The outer set 
is no where effective, in fact «(1—) =x(1+) =o. However, the product 
set {pn (z)} is effective in |z| <1. 

Finally, I should like to express my thanks to the referee of this note 
for the examples provided by him and for his other helpful and constructive 
suggestions. 


ASSIUT UNIVERSITY, 
Ea@ypr. 
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A PROOF OF THE UNIQUENESS OF MINKOWSKI’S PROBLEM 
FOR CONVEX SURFACES.* 


By SHIING-SHEN CHERN. 


For C” closed convex surfaces in ordinary Euclidean space F the unique- 
ness of Minkowski’s problem says that the knowledge of the Gaussian curvature 
(supposed to be strictly positive) as a function of the unit normal vector 
determines the surface up to a translation. Let S, be the unit sphere about 
the origin 0 in #. Since the normal map onto S, of a convex surface M 
with Gaussian curvature K >0 is one-one, M can be defined by a vector- 
valued function z(é), €€ So. 

Let T be the space of all right-handed rectangular frames 0¢e,¢2¢; about 0. 
Then 7’ is a circle bundle over So, the projection being defined by mapping 
the frame into the end-point of the last vector e;. Let 0; 04 dee;. 
(Throughout this note small Latin indices run from 1 to 3 and small 
Greek indices from 1 to 2.) Then we have 


(1) 465 —= Ox 9x;- 


On the other hand, let F' be the space of all right-handed rectangular frames 
afifofs in (dimF=—6). If we put 


dz fi, — df if j, 


dz = wif, df; = 
we have 


(4) dw; = A dui = Swix A 
j k 


The mapping zr: S,—M defined by sending €€ 8, into the point 
a(é) € M at which the unit normal vector is é induces a mapping z: T—> F, 
which sends the frame 0e,e.e, to Let oj = be 
the differential forms in T induced by z. Then we have oj, —Ox, o; 0 


and we can put 


= gs; Aap = Aga: 


where Ar1A22 = 1/K (€) 


* Received February 5, 1957. 
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Suppose there be a second convex surface M’ defined by the vector- 
valued function 2z’(é), with the same Gaussian curvature K(é). We denote 
by dashes notions pertaining to M’. Then we have wij = dy, 
and 


It suffices to prove that For then will be a 
one-one map under which 2") 04; = By a well- 
known theorem on moving frames (E. Cartan, La théorie des groupes finis 
et continus . . . Paris, 1937), z’z is the identity, if it is the identity for 
one frame of z(7'). But this can be achieved by a translation. 

To complete the proof we derive from (3), (5), (6) the formula 


d(x, 2’, dx’) = p’ (a. &,—6, + 2pa’; A 


Ate 2 

— Des )} 13 25 
where p(é) is the distance from 0 to the tangent plane at x(&). By Stokes 
Theorem we get 


2p 
+ K 02; = 0. 


N12 — Ar | 


Azer | 
Since (Agg) and (A’qg) are positive definite symmetric matrices with the 
same determinant, it is well-known that 

| Ni2— Are <9 

and that the equality sign holds only when A’ag—Agg. It follows that 


1 , 
Sfz A 023 S90 


(p’ <0, by choosing 0 to be in the interior of M’). But the relationship 
between Mf and M’ is symmetrical, so that the relation still holds, when p 
and p’ are interchanged. Hence the above integral is zero, and we have 


, 11 11 12 12 
6 623 = 0. 

Here the integrand keeps a constant sign; the relation is possible, only when 
the integrand vanishes identically, which in turn implies \’ag—Agg. This 
completes our proof. 


UNIVERSITY OF CHICAGO. 


950 


CORRESPONDENCE.* 


A correspondent, who wishes to remain anonymous, writes as follows: 


.. . Una notissima congettura di F. Severi (Rend. Pal. 28 (1909), p. 45) 
asserisce che “ogni varieta dotata di punti multipli st pud considerare come 


limite di una senza singolarita, appartenente allo stesso spazio.” 


Secondo una notizia orora diffusa da Nancago dall’agenzia “ United 
Press.” Vipotesi dell’illustre autore sarebbe stata confutata dall’egregio geo- 
metra francese Renato Thom, basandosi sull’esempio dei coni del 3° ordine 
nello spazio S, e mediante assai delicate considerazioni topologiche. 

Forse non dispiacera ai lettori del Suo pregiato periodico trovare qui 
una trattazione geometrica elementare dell’esempio di Thom. Di fatti, si 
determineranno tutte le varieta del 3° ordine in uno spazio S, qualunque. 
Questo trarrd con sé, come conseguenza immediata, la falsita dell’ipotesi 
suddetta. 

Sia V, una varieta del 3° ordine nello spazio S,, di dimensione r << n—1, 
non contenuta in un iperpiano. Sia C il cono, proiettante la V, da un punto 
semplice qualunque M di V,; sia M’ un altro punto di V,, semplice sul 
cono C. Il cono C é del secondo ordine; quindi la sua proiezione da M’ é 
una varieta lineare di dimensione r+ 1, sicché la V, @ contenuta in una 
varieta lineare di dimensione r+ 2. E dunque r—=n—2, e C ha la dimen- 
sione n—1. Lo stesso vale per il cono C’, proiettante V, da M’. I coni C, 
( sono distinti, giacché M’ é@ semplice sul cono C; la loro intersezione é 
dunque una varieta riducibile del 4° ordine, spezzata nella V, e una varieta 
lineare. Siano A 0, BO le equazioni di quest’ultima. Allora si possono 
scrivere le equazioni dei coni C, C’ nella forma: 


(1) AP=BQ, AP’=BQ’, 


denotando con P, Q, P’, Q’ quattro forme lineari nelle coordinate omogenee 
nello spazio. Sia s il numero di forme indipendenti fra le sei forme A, B, 
P,Q, P’, Q’; questo é almeno 4, giacché, se fosse 2, i coni C, C’ non sarebbero 
irriducibili, e, se fosse 3, la loro intersezione si spezzerebbe in quattro varieta 
lineari distinte o coincidenti. I valori possibili per s sono quindi 4, 5 e 6. 


* Received June 3, 1957. 
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Sia LZ la varieta lineare, di dimensione n—s, definita dalle equazioni 
A=B=0, P=Q=P’=(’=0. Ogni varieta lineare, proiettante da 
un punto dell’intersezione di C e ©’, é contenuta in questa, come si vede 
subito sulle equazioni (1). Proiettando V, da L, si ottiene quindi wna 
varieta W del 3° ordine di dimensione s—3 in uno spazio S;-,; e V, non é 
altro che il cono proiettante W da LZ. Nello spazio Ss, si pud prendere per 
coordinate omogenee s forme indipendenti fra le forme A, B, P, Q, P’, Q’; 
allora le equazioni (1) vi definiscono una varieta del 4° ordine, spezzata 
nella W e una varieta lineare. Adesso distinguiamo tre casi: 


(a) s—6: W é la varieta di Segre W; immersa in S;, immagine bi- 
razionale senza eccezione del prodotto di un piano e una retta; come ¢ noto, 


é priva di punti multiph. 


(b) s—5: W é sezione iperpiana della sopradetta W;. E facile vedere 
che tutte le sezioni iperpiane irriducibili della W,; sono proiettivamente 


equivalenti fra di loro; denotando con W, una di esse, é anch’essa una varieta 
razionale senza punti multipli. 


(c) s=4: W é la ben nota cubica razionale W, immersa in S83. 


Cosi é dimostrato che ogni varieta del 3° ordine appartiene a uno dei 
seguenti tipi: 

1° le varieta di dimensione r, contenute in una varieta lineare di 
dimensione r+ 1; 

2° le tre varieta razionali W,, W., W, enumerate disopra ; 

3° i coni proiettanti una di queste tre da una varieta lineare di dimen- 
sione qualunque. 

Evidentemente, una varieta del secondo o terzo tipo non puo essere 
limite di una varieta del primo tipo, e percid una varieta del terzo tipo, 
di dimensione maggiore di 3, non pud essere limite di varieta prive di punti 


multipli. 
X. X. X. 
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